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Based on the quantum information theory, we have investigated the entropy squeezing of a moving two-level

atom interacting with the coherent field via the quantum mechanical channel of the two-photon process. The results

are compared with those of atomic squeezing based on the Heisenberg uncertainty relation. The influences of the

atomic motion and field-mode structure parameter on the atomic entropy squeezing and on the control of noise of the

quantum mechanical channel via the two-photon process are examined. Our results show that the squeezed period,

duration of optimal entropy squeezing of a two-level atom and the noise of the quantum mechanical channel can be

controlled by appropriately choosing the atomic motion and the field-mode structure parameter, respectively. The

quantum mechanical channel of two-photon process is an ideal channel for quantum information (atomic quantum

state) transmission. Quantum information entropy is a remarkably accurate measure of the atomic squeezing.

Keywords: entropy squeezing, atomic motion and field-mode structure, quantum mechanical chan-

nel, two-photon process
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1. Introduction

The squeezing of a two-level atom has been an at-

tractive subject of theoretical and experimental stud-

ies in the quantum optics field over the past few years,

which is not only because it has extensive potential ap-

plications in high-resolution spectroscopy,[1] the high-

precision atomic fountain clocks,[2] high-precision spin

polarization measurements,[3] generation of quantum

controlled few-photon states,[4] control of quantum

noise, atomic spin polarization measurements,[5] and

generation of squeezed light[6] that has been recently

applied to quantum information theory, for exam-

ple in quantum teleportation,[7,8] cryptography,[9,10]

and dense coding,[11] but also because it is an impor-

tant quantum system of double state that can serve

as a qubit for quantum information and quantum

computation.[12] It is important to note that all these

studies of atomic squeezing are based on the Heisen-

berg uncertainty relation (HUR), which is regarded

as a standard limitation on measurements of quan-

tum fluctuations. The HUR is formulated based on

the variance of the system observable. However, the

HUR cannot give us sufficient information on atomic

squeezing in such cases as shown in Ref.[13]

There is an elegant entropic way of reformulating

the HUR. Several authors,[14,15] have studied quan-

tum uncertainty by using quantum entropy theory,

and obtained an entropic uncertainty relation (EUR)

for position and momentum, which can be free from

the triviality of the HUR. The authors of Ref.[13]

have presented EUR for a two-level atom and deter-

mined the entropy squeezing for the two-level atom

by using the quantum information theory. More re-

cently, much work on atomic information entropy

squeezing in one-photon and nonlinear multiquan-

tum Jaynes–Cumming (JC) model (JCM) has been

reported.[16−18]

On the other hand, the two-photon JC model

(TPJCM) has aroused much interest in recent years

because of two-photon microwave maser running suc-

cessfully and its property of the periodicity of quan-
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tum mechanical channels.[19] Therefore it is an impor-

tant tool for transmitting quantum information cor-

rectly in the quantum communicate field.[20−23] In

Refs.[18,24,25], the authors have studied the quan-

tum reduced entropy of the two-photon process. Fang

et al
[19] have researched quantum mechanical channel

and quantum mutual entropy in the TPJCM.

Even so, all these theoretical results are obtained

only on condition that the atomic motion is neglected

and the field-mode structure is not taken into account.

Recently, the atomic spatial motion has been con-

sidered in order to achieve cooled atoms and super-

cooled atoms with the development of laser cooling

and trapping atom technology.[26] Schlicher, and Joshi

and Lawande [27] have examined the influences of the

atomic motion and the field-mode structure on the

atomic dynamics. Joshi and Lawande and Bartzzis[28]

have analysed influences of the atomic motion and

the field-mode structure on the squeezing of the field.

Fang, and Zhu and Zhang[29] have studied the effects

of the atomic motion and the field-mode structure on

field entropy and Schrödinger-cat states in JCM. But

their results show that the quantum effect due to the

atomic motion cannot be underrated in experiment.

The fidelity[30] is a measure of distance between

quantum states via the quantum mechanical channel

and an important concept in the quantum information

and quantum communication theories. In Ref.[31], the

authors have studied the influence of entanglement

states of atomic dipole–dipole interaction on the fi-

delity of quantum states.

However, less attention has been paid to the study

on the squeezing of a moving atom interacting with the

coherent field via the quantum mechanical channel of

the two-photon process, and on the relation between

the squeezing and fidelity of this channel for atomic

quantum states, by using the quantum information

entropy theory, which are to be studied in this pa-

per. The obtained results are compared with those

of atomic squeezing based on the HUR; the influences

of the initial state of the system, atomic motion and

field-mode structure on the atomic entropy squeezing

are also examined in the paper. The results show that

the quantum information entropy is a remarkably ac-

curate measure of the atomic squeezing, and that the

quantum mechanical channel of the two-photon pro-

cess is an ideal quantum channel. Therefore, the ob-

tained results may be important for the experimental

realization of the preparation of squeezing atom and

the control of quantum noise in quantum computation

and quantum information.

2. The model and the atomic en-

tropy squeezing

2.1. The model

The present cavity quantum electrodynamics

experiments[32] are provided with an atomic beam

passing along the axis of the rectangular or cylindrical

cavity so that one can investigate the interaction of an

atom in motion with different field modes. The system

considered here consists of a two-level atom in motion

interacting with a quantized field via the two-quantum

transition processes. The effective Hamiltonian in the

rotating-wave approximation[27] is

H = ω0Sz + ωa+a

+g[f(z)]2(S+a
2 + a+2S−), (~ = 1), (1)

where a+
j (aj) is the photon creation (annihilation)

operator of the field mode with a frequency w; Sz and

S± are the atomic inversion and transition operators,

respectively, ω0 is the atomic transition frequency, g

is the atom–field coupling constant, f(z) is the shape

function of the cavity field mode. We restrict our stud-

ies to the atomic motion along the z-axis so that the z-

dependence of the field-mode function should be taken

into account. The atomic motion can be involved in a

usual way[33]

f(z) → f(vt), (2)

where υ denotes the atomic motion velocity. For the

convenience of discussion, a TEMmnp mode is defined

as

f(z) = sin

(

pπvt

L

)

, (3)

where p represents the number of half-wavelengths of

a field mode inside a cavity with a length L.

For simplicity, we consider the two-photon reso-

nant case, that is ω0 = 2ω, and assume that the atom

at the time t = 0 enters the cavity and leaves the

cavity after passing through p half-wavelengths of an

electric field mode. In an interaction picture and two-

dimensional atomic space, the time evolution of the

Dyson operator can be written as

UI(t) =





û11 −iû12

−iû21 û22



 , (4)
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where

û11 = cos(Âgθ(t)),

û21 = a+2 sin(Âgθ(t))

Â
,

û22 = cos(B̂gθ(t)),

û12 = a2 sin(B̂gθ(t))

B̂
,

Â =
√
a2a+2, B̂ =

√
a+2a2,

θ(t) =

∫ t

0

[f(vt′dt′)] =

∫ t

0

[

sin

(

pπυt′

L

)]2

dt′

=
1

2

[

t− L

2pπυt
sin(2pgt)

]

. (5)

We consider at the time t = 0 the atom to be in

a coherent superposition state of the excited state | e〉
and the ground state | g〉, i.e.

| ψA(0)〉 = cos(θ/2) | e〉 + exp(iϕ) sin(θ/2) | g〉. (6)

And the field is in the coherent state

| α > =

∞
∑

n=0

Fn, | n >,

Fn = exp(−n̄)
αn

√
n!

(7)

where 0 ≪ θ ≪ π denotes the atomic distribu-

tion, 0 ≪ ϕ ≪ 2π is the phase of the atom dipole,

α =
√
n̄ exp (iβ), and n̄ and β represent the initial av-

erage photon number and the phase of the coherent

field, respectively.

The initial state of the system can be written as

ρ(0) = ρA(0) ⊗ ρF (0), (8)

Let ξ∗t denote the rise operator of the atomic time evo-

lution, Π∗
t represents the quantum mechanical channel

of the two-photon process, that is[33]

ξ∗t : A→ A⊗ F, (9)

Π∗
t : A→ A. (10)

After the moving atom has interacted with the coher-

ent field via the quantum mechanical channel of the

two-photon process, the final state of the system can

be given by[33]

ξ∗t ρA = UI(t)ρA ⊗ ρFU
+
I (t). (11)

From the rise operator and quantum mechanical chan-

nel, the atomic final state can be rewritten as[32,33]

Π∗
t ρA = TrF (UI(t)ρA ⊗ ρFU

+
I (t)) =





ρ22 ρ21

ρ12 ρ11



 , (12)

where

ρ22 =

∞
∑

n=0

|Fn|2{cos(θ/2)2 cos(
√

(n+ 1)(n+ 2)gθ(t))2

+n̄2/(n+ 1)(n+ 2) sin(θ/2)2 sin(
√

(n+ 1)(n+ 2)gθ(t))2

+
1

2

n̄
√

(n+ 1)(n+ 2)
sin(θ) sin(ϕ− 2β) sin(2

√

(n+ 1)(n+ 2)gθ(t))}, (13)

ρ21 = ρ∗12 =
1

2
sin(θ)

∞
∑

n=0

|Fn|2{exp[i(ϕ+ 4β)] cos(
√

(n+ 1)(n+ 2)gθ(t)) cos(
√

(n)(n− 1)gθ(t))

+ exp(−iϕ) sin(
√

(n+ 1)(n+ 2))gθ(t)) sin(
√

(n)(n− 1)gθ(t))}
+i exp(i2β){FnF

∗
n−2 cos(θ/2)2 cos(

√

(n+ 1)(n+ 2)gθ(t)) sin(
√

(n− 1)(n)gθ(t))

+Fn+2F
∗
n sin(θ/2)2 sin(

√

(n+ 1)(n+ 2)gθ(t)) cos(
√

(n+ 1)(n+ 2)gθ(t))}, (14)

ρ11 = 1 − ρ22. (15)

The quantum mutual entropy[19] shows the measure that how much information of atomic initial state ρA can

be transmitted to final state Π∗
t ρA, being defined as follows:
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S(ρA : Π∗
t ρA) = S(σE , σ0) =

2
∑

k=1

λkS(Π∗
tσE ,Π

∗
t ρA)

=

2
∑

k=1

λkTrΠ∗
tEk(ln Π∗

tEk − Π∗
t ρA), (16)

that is

S(ρA : Π∗
t ρA) =

2
∑

k=1

λk(νk
+(ln νk

+ − lnµ+) + νk
−(ln νk

− − lnµ−)), (17)

where µ±, λk ν
k
+(k = 1, 2) are the eigenvalues of Π∗

t ρA,

ρA(0) and Π∗
tEk respectively. E1 = |0 >< 0|;E2 =

|1 >< 1| is the one-dimensional projection of the ρA.

The fidelity of the quantum mechanical channel

for atomic quantum states can be defined as[31]

F (ρA(0),Π∗
t ρA(t))

= [Tr(
√

ρA(0)Π∗
t ρA(t)

√

ρA(0))1/2]2, (18)

where ρA(0) is atomic initial state, Π∗
t ρA(t) is atomic

final state. F (ρA(0),Π∗
t ρA(t)) reflects the deviation of

atomic initial state states from atomic final state.

If F (ρA(0),Π∗
t ρA(t)) = 0, showing that the infor-

mation (atomic states) lacks the fidelity completely,

the quantum mechanical channel becomes invalid. If

F (ρA(0),Π∗
t ρA(t)) = 1, showing that the informa-

tion transmission process is ideal, that is, atomic

initial state and final state are identical, the quan-

tum mechanical channel is good. Generally, 0 <

F (ρA(0),Π∗
t ρA(t)) < 1.

2.2. The atomic entropy squeezing

Here we determine the entropy squeezing of the

two-level atom by using the quantum information en-

tropy theory.[13] The information entropy of the Pauli

operators Sα (α = x, y, z) for a two-level atom system

is

H(Sα) = −
2

∑

i=1

Pi(Sα) lnPi(Sα), α = x, y, z, (19)

where Pi(Sα) = 〈ψαi|ρ|ψαi〉 (i = 1, 2), which are

the probability distributions for two possible measure-

ments of an operator Sα. H(Sx), H(Sy), H(Sz) satisfy

H(Sx) +H(Sy) ≥ 2 ln 2 −H(Sz), (20)

which may also be rewritten as

δH(Sx)δH(Sy) ≥ 4

δH(Sz)
, (21)

where δH(Sα) = exp[H(Sα)].The squeezing of the

atom is determined by using the EUR (21) named

entropy squeezing, which has received little attention

in the available publications. The fluctuation in the

component S(α) (α ≡ x or y) of the atomic dipole

is said to be squeezed in entropy if the information

entropy H(Sα) satisfies the following condition:

E(Sα) = δH(Sα) − 2
√

|δH(Sz)|
< 0,

(α ≡ x or y). (22)

We recall the HUR

∆S(x)∆S(y) ≥ |〈SZ〉|/2. (23)

Based on the HUR the fluctuation in the compo-

nent Sα of the atomic dipole is said to be squeezed if

S(α) satisfies the condition

V (Sα) = ∆S(α) −
√

|〈SZ〉|/2 < 0,

(α ≡ x or y), (24)

where ∆Sα = [〈S2
α〉−〈Sα〉2]1/2. Next, we calculate the

atomic entropy squeezing in the considered system.

By using the reduced atomic density operator ρA(t),

we obtain the information entropies of the atomic op-

erators Sx, Sy, Sz as follows:
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H(Sx) = −
[

1

2
+ Re(ρ21(t))

]

ln

[

1

2
+ Re(ρ21(t))

]

−
[

1

2
− Re(ρ21(t))

]

ln

[

1

2
− Re(ρ21(t))

]

, (25a)

H(Sy) = −
[

1

2
+ Im(ρ21(t))

]

ln

[

1

2
+ Im(ρ21(t))

]

−
[

1

2
− Im(ρ21(t))

]

ln

[

1

2
− Im(ρ21(t))

]

, (25b)

H(Sz) = −ρ22(t) ln ρ22(t) − ρ11 ln ρ11(t), (25c)

where, ρij(t) is given by the expressions (13)–(15).

Obviously, the formula (22) directly relates the

quantum information with quantum fluctuations, and

contains all order statistical moments; while the con-

dition (24) only contains the second-order statistical

moments. Meaningful information can be retrieved

from the formula (22) in the case of < Sz >= 0 since

the right-hand side of expression (15) is always non-

zero whereas the inequality (23) is trivially satisfied.

Next, examine some numerical results about the

atomic information entropy squeezing.

3. Numerical results and discus-

sion

On the basis of the analytical solution presented

in the previous section, we numerically examine the

properties of the atomic information entropy squeez-

ing. For comparison we also consider the atomic vari-

ance squeezing in the different initial states of the sys-

tem.

3.1.Comparing atomic entropy squeez-

ing with variance squeezing

In Figs.1(a)–(d) we show the time evolution of the

entropy squeezing E(Sx), E(Sy) as well as the vari-

ance squeezing V (Sx) and V (Sy), while the atomic

inversion is shown in Figs.2(a) and (b) for the atom

initially in coherent superposition state with θ = π/2,

ϕ = 0 and the field in the coherent state with the

average photon number n̄ = 36 and the phase β = 0

of the coherent fields, field-mode structure parameter

p = 1.

Fig.1. The time evolution of the squeezing factors. The atom is initially in a coherent superposition state with

θ = π/2, and ϕ = 0, and the field is in a coherent state with an initial average photon number n̄ = 36, phase

β = 0 and field-mode structure parameter p = 1. Information entropy squeezing factors: (a) E(Sx) and (b) E(Sy).

Variance squeezing factors: (c) V (Sx) and (d) V (Sy) .
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Fig.2. The time evolution of the atomic inversion. The field is initially in a coherent state with an average photon

number n̄ = 36 and phase β = 0, and field-mode structure parameter p = 1. (a) is for the atom being initially in

the excited state with θ = 0; (b) for the atom initially in the coherent superposition state with θ = π/2.

It is interesting to find that there is an alternative

information entropy squeezing in the atomic polariza-

tion components Sx and Sy as illustrated in Fig.1(a)

and Fig.1(b),whereas neither V (Sx) nor V (Sy) dis-

plays variance squeezing, (cf. Fig.1(c) and Fig.1(d)).

This can be quantitatively interpreted by using the re-

sult in Ref.[25]. At the time t = tR/4 = (2k + 1)π/2g

(k = 0, 1, . . .), i.e. a quarter of the revival time of the

inversion < Sz >, the atomic reduced entropy tends

to 0, and the atom and the coherent fields are dis-

entangled; therefore the atom has achieved its pure

state[25]

| ψA(tR/4)〉 ≃ (|+〉 + i|−〉)/
√

2, (26)

which is just eigenstate of the atomic Pauli operator

Sy. From the expression(13), we obtain information

entropies of atomic Pauli operators Sx, Sy, and Sz

at this time and they are, respectively, H(Sy) = 0.0,

H(Sx) = H(Sz) = ln 2. Correspondingly, δH(Sy) =

1, and δH(Sx) = δH(Sz) = 2. By using these re-

sults the entropy squeezing factors are calculated to

be E(Sy) ≃ −0.414 < 0 and E(Sx) = 0.586 > 0.

This shows that the operator Sy exhibits optimal en-

tropy squeezing at t = tR/4. This analytical result

is in accord with the numerical calculation as shown

in Fig.3(b). The interpretation of Fig.3(a) is similar

to that of Fig.3(b). The difference between the results

of variance squeezing and those of information entropy

squeezing can be interpreted as follows. Due to the in-

fluence of the initial atomic coherence, the amplitude

of the atomic inversion 〈Sz〉 evolves to very small val-

ues, close to zero as shown in Fig.2(b). Therefore the

definition of the variance based on the HUR is almost

no longer valid, which means that the information en-

tropy is a measure sensitive to the atomic squeezing.

Fig.3. The time evolutions of the information entropy squeezing factors E(Sx). The atom is initially in the coherent super-

position with θ = π/2 and ϕ = 0, the field is in the coherent state with an initial average photon number n̄ = 36 and phase

β = π/4. (a) is for the atomic motion being neglected; (b) for the atom in motion at a velocity v = gL/π and p = 1; (c) for the

atom in motion at a velocity v = gL/π and p = 2.



426 Zhou Bing-Ju et al Vol. 16

3.2. Influences of atomic motion and

field-mode structure parameter on

entropy squeezing

Furthermore, we discuss the influences of atomic

motion and field-mode structure parameter on the en-

tropy squeezing. The atom is initially in the coherent

superposition with θ = π/2, and ϕ = 0, the field in

the coherent state with an initial average photon num-

ber n̄ = 36 and phase β = π/4. Figure 3(a) presents

the time evolution of E(Sx) when the atomic motion

is not taken into account, this corresponds to the re-

sult obtained in Ref.[34]. It can be seen that if the

atomic motion is neglected, the E(Sx) evolves with

π/2. Figures 3(b) and (c) illustrate the time evolu-

tion of E(Sx) when we take atom speed as v = gL/π,

but field-mode structure parameter p = 1 and p = 2

respectively, and Sx exhibits optimal entropy squeez-

ing at time to = mπ (m = 1, 2, 3, . . .) nearly, where

to denotes the optimal entropy squeezing time.

From these figures we can conclude as follows: (1)

Atomic motion leads the evolution period T of the en-

tropy squeezing to be the double of the evolution pe-

riod in the case of atomic motion being neglected.[34]

that is T = π (see Figs.3(a)–(b)). (2) The field-mode

structure parameter p leads the optimum squeezing

time to to extend (Fig.3(b)). (3) The increase of the

field-mode structure parameter p causes the range of

optimal entropy squeezing time to decrease (Fig.3(c)).

Physically, all these features may be attributed to

the change in the atom–field interaction time due to

atomic motion. Actually, the change in the atom–field

interaction time is due to the difference in the entropy

squeezing factor E(Sx) between the case in which the

atomic motion is neglected and the case in which the

atomic motion is taken into account resulting from

the time factor. The time factor is the scaled time gt

when the atomic motion is neglected, i.e. gθ(t), which

is gθ(t)=
1

2g

[

gt− 1

2p
sin(2pgt)

]

when the atomic mo-

tion is taken into account. This is made up of two

parts: one is linear part 1/2gt, and the other is nonlin-

ear part
1

4p
sin(2pgt); its value is very small(≤ 1/4p),

so gθ(t)≈ 1/2gt, this just leads the period of squeezing

factors to a twofold increase, but the nonlinear part

determines the range of to. It is shown that the range

of to can be controlled by choosing the parameters of

atomic motion and field-mode structure.

3.3. Influences of atomic motion and

field-mode structure on control of

noise of the quantum mechanical

channel

Finally, we examine the relation between atomic

entropy squeezing and control of noise of the quantum

mechanical channel, in the same case as the above one.

For the convenience of comparison, using the re-

sults in our paper,[35] Figs.4(a) and (b) illustrate the

time evolutions of quantum mutual entropy S(ρA :

Π∗
t ρA) that expresses the ability to transmit the infor-

mation of atomic initial state ρA to final state Π∗
t ρA,

when we take atom speed as v = gL/π, and field-mode

structure parameters p = 1 and p = 2 respectively.

Fig.4. The time evolutions of the quantum mutual entropy. The atom is initially in the coherent superposition with

θ = π/2 and ϕ = 0; the field is in the coherent state with an initial average photon number n̄ = 36 and phase β = π/4.

(a) the atom being in motion at a velocity v = gL/π and p = 1; (b) the atom in motion at velocity v = gL/π and p = 2.
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Obviously, when the revival time of the atomic

inversion t = tR = nπ, n = 2, 4, . . ., quantum mu-

tual entropy S(ρA : Π∗
t ρA) takes its maximal value.

The quantum mechanical channel of the two-photon

process is open nearly at tR,[35] that is, tR reflects

the open time of the quantum mechanical channel

and both the atom and the field (environment) being

disentangled.[35]

An important phenomenon has been found that

tR is contained just in atomic optimal entropy squeez-

ing time to = mπ(m = 1, 2, 3, . . .), when m =

2, 4, 8, . . ., to = tR (see Figs.3(b) and (c) and Fig.4).

This point can be quantitatively interpreted by

using the expressions (15) and (18) after a straight-

forward calculation. Therefore we can obtain the fi-

delity of the quantum mechanical channel for atomic

quantum states when θ = π/2, ϕ = 0 and β = π/4 at

t = tR as follows:

F (ρA(0),Π∗
t ρA(tR))

= [Tr(
√

ρA(0)Π∗
t ρA(tR)

√

ρA(0))1/2]2 = 1, (27)

which means that all the information of atomic ini-

tial state can be transmitted to its final state via this

channel correctly,[35] in the above case. From an in-

formation entropy squeezing point of view, this comes

from the fact that to represents just the time when

the quantum fluctuation (or quantum noise) of the

atomic states due to coupling the field (environment)

is minimum via the quantum mechanical channel of

two-photon process, which means that the atom and

the field (environment) are disentangled in an infor-

mation transmission process, too. Therefore tR is

contained in to certainly, this is just the physical in-

terpretation that the quantum mechanical channel of

two-photon process is an ideal quantum channel be-

cause F (ρA(0),Π∗
t ρA(t)) = 1 from quantum informa-

tion point of view.

Once time to is controlled, we can control the

noise of quantum mechanical channel of two-photon

process in time to by choosing the parameters of

atomic motion and field-mode structure. These re-

sults are important for controlling the quantum noise

in quantum computation and quantum information.

4. Conclusions

In conclusion, based on quantum information the-

ory, we have investigated the entropy squeezing of a

moving two-level atom interacting with the coherent

field and the control of noise of the quantum mechan-

ical channel via a two-photon process. We can con-

clude, first, that quantum information entropy is a

remarkably accurate measure of atomic squeezing and

it is free from the triviality of the variance squeez-

ing originating from the HUR. In particular, when an

atom is in the eigenstate of the operator Sx or Sy, the

entropy squeezing is quite a good measure. Second,

the period T of the entropy squeezing is determined by

choosing the parameters of atomic motion. Third, the

duration of the optimal information entropy squeezing

can be determine by choosing the field-mode structure

parameter p. Finally, open time tR of the quantum

mechanical channel is just included in optimal entropy

squeezing time to of atom. The noise in a quantum

mechanical channel also can be controlled by choosing

the field-mode structure parameter p. The quantum

mechanical channel of two-photon process is an ideal

channel of quantum information transmission, for its

fidelity for atomic quantum states is equal to 1. Our

results are important for the experimental realization

of the atomic squeezing and the control of quantum

noise in quantum computation and quantum informa-

tion.
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