
Vol 16 No 2, February 2007 c© 2007 Chin. Phys. Soc.

1009-1963/2007/16(02)/0374-08 Chinese Physics and IOP Publishing Ltd

Radiative decay from doubly to singly excited states

of He via generalization of Laguerre-type

orbitals: A non-orthogonal formalism∗

Xiong Zhuang(= B)a)† and Bacalis N Cb)

a)AMS Research Center, Southeast University, Nanjing 210096, China
b)Theoretical and Physical Chemistry Institute, National Hellenic Research Foundation,

Vasileos Constantinou 48, Athens 11635, Greece

(Received 14 April 2006; revised manuscript received 4 September 2006)

By taking full account of the non-orthogonality of the orbitals between the low-lying doubly excited states 1P o and

the singly excited states 1Se and 1De of He, the corresponding radiative decay rates have been investigated theoretically

via analytic generalized Laguerre-type atomic orbitals at a nearly numerical multi-configuration self-consistent field

accuracy in a general non-orthogonal configuration interaction scheme. From these rates, we calculate the VUV photon

emission and metastable atom spectra, and both are found to be in good qualitative agreement with recent excellent

measurements. We obtain, successfully, the enhancement of the VUV photon spectrum, experimentally observed at

the energy of (2s4p-4s2p)/(2p,3d) 1P o as compared with other nearby lying states. The mechanism proposed by

Odling-Smee et al is verified, implying that taking appropriate account of the overlap existing between orbitals of

the low-lying doubly excited and singly excited states (especially important for the compact orbitals) can reveal basic

physical dominant mechanism and is crucial in understanding these spectra.
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1. Introduction

Over the last few decades, a detailed understand-

ing of He doubly excited states, which is fundamen-

tal for understanding electron correlation, has been

achieved through the advances of synchrotron radia-

tion sources,[1] experimental improvement of spectral

resolution[2] and various theoretical approaches.[3−7]

The radiative decay of these states, however, has been

tacitly neglected, with autoionization considered to be

the main decay mechanism, until the recent experi-

ments of Odling-Smee et al
[8] and Rubensson et al.[9]

There was shown an unexpected feature: an enhance-

ment of the VUV photon yield at the energy of (2s4p-

2p4s)/(2p3d) 1P o (see Fig.3), compared with both

the lower lying 2s3p-2p3s and the higher lying (2s5p-

2p5s)/(2p4d) (and even higher lying, which give even

smaller yields). There are two theoretical approaches

to this phenomenon, one is Liu et al’s approach,[10]

in which B-spline basis functions are used in cal-

culation and a good qualitative agreement between

the calculation and measurement of metastable atom

yield has been achieved, but the VUV photon yield

was predicted to have a maximum at the energy of

(2s5p-2p5s)/(2p4d) instead, and the other is Zitnik

et al’s approach,[11] in which the calculation is per-

formed by large expansions in single configurations

composed of orthogonal hydrogenlike helium orbitals

and gives a maximum at (2s4p-2p4s)/(2p3d). Liu

et al
[10] attributed their discrepancy to experimen-

tal inconsistencies, but these experimental values at

least agree with other relevant data obtained from all

other existing experiments (see Refs.[11–13] and ref-

erences therein). Since Zitnik et al’s[11] results are

also in agreement with other experimental data, in our

opinion, the measurements concerning the above en-

hancement are consistent within an experimental er-

ror. Therefore, we think that it is worth examining

the disputed enhancement by using other technique

based on analytic multi-configuration global energy
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minimization, via analytic, accurate, but concise and

practical orbitals.

We have developed a method with analytic,

semiorthogonal[14,15] basis functions, which satisfac-

torily approximates the accuracy of numerical multi-

configuration self-consistent field (NMCSCF) and is

one of the most accurate methods. Therefore these

orbitals are concise and clearly interpretable. We ap-

ply them to doubly excited states of He below the 2nd

ionization threshold and, in addition, we develop a

general non-orthogonal formalism of radiative decay.

Thus we have successfully achieved good qualitative

agreement for both the metastable atom and the VUV

photon spectra with the above measurements,[8,9] in

favour of Zitink et al’s results;[11] therefore we strongly

support the proposition of Odling-Smee et al in Ref.[8]

that the radiative decay of the energetically narrow

2pnd states, preferentially to 1smd (n ≈ m), is essen-

tial to understanding the observed VUV spectra. It

also suggests that taking account of the inherent over-

lap (non-orthogonality) between the orbitals of doubly

and singly excited states is necessary in calculating

these radiative transitions.

2. Theory

The spherical tensor operator for electric dipole

transitions, after expanding the ith electron’s position

operator in angular and radial parts, is

T 1
m =

n
∑

i=1

Y1m(i)r(i), (1)

where Y1m(i) (m = 0,±1) are spherical harmon-

ics, and r(i) is the distance of electron from the

nucleus.[16] In the LS coupling approximation, the

multiplet strength for an electric dipole transition be-

tween an initial state γSL and a final state γ′SL′ is

given by[17]

S(γSL, γ′SL′) = (2S + 1)
∑

m,MJ ,M ′

J

|〈γLSJMJ |T 1
m|γ′L′SJ ′M ′

J〉|2 = (2S + 1)|〈γL||T 1||γ′L′〉|2, (2)

where γ represents the electron configuration and all additional quantum numbers needed to completely specify

the state.

In the multi-configuration approximation the wavefunction is given by an expansion in terms of Slater

determinants, i.e. for an N -electron system, the wavefunctions of the initial and final states, having Nc and N ′
c

configurations out of Nd and N ′
d Slater determinants Di and D′

j respectively, are

Ψ(γSL) =

Nc
∑

p=1

cpΓp with Γp =

Nd
∑

i=1

fipDi, Di = |α1i, . . . , αki, . . . , αNi|, (3)

and

Ψ
′(γ′SL′) =

N ′

c
∑

q=1

c′qΓ
′
q with Γ

′
q =

N ′

d
∑

i=1

f ′
i,qD

′
j , D′

j = |α′
1j , . . . , α

′
kj , . . . , α

′
Nj|, (4)

where cp and c′q are the configuration coefficients, fi,p and f ′
j,q are the LS terms coefficients, aki, a′

kj are the

spin-orbitals for the initial and the final states. In aki and a′
kj , we use the orbitals that we have developed in

the following form:[14,15]

〈r|n, l, m〉 = An,l,mLn,l({g}, r, zn,l, bn,l, qn,l)Yl,m(θ, ϕ), (5)

where An,l,m is a normalization constant and Yl,m(θ, ϕ) are the spherical harmonics. The generalized, varia-

tionally optimized, Laguerre-type functions, that we proposed, are (in a.u.)

Ln,l({g}, r, zn,l, bn,l, qn,l) =

n−l−1
∑

k=0

ck(n, l, zn,l)gk(n, l, {zi,l, bi,l, qi}n
i=1)r

l+k

× exp(−zn,lr/n) + bn,l exp(−qn,lzn,lr/n)δ1,0, (6)



376 Xiong Zhuang et al Vol. 16

where ck are the associated Laguerre-polynomial co-

efficients and the gk factors are a function of zn,l, al-

lowing the orthogonalization to lower-n orbitals of any

known state, either ground (g) or excited (e). (For ex-

ample, 2se can be orthogonalized to either 1se or 1sg,

as desired). The parameters zn,l describing the ex-

tent of the orbitals are determined variationally from

a (non-linear) minimization of the desired root of the

secular equation.

In a general non-orthogonal formalism, the re-

duced matrix elements are

〈γL||T 1||γ′l′〉 =

Nc,N
c′

∑

p,q=1

Nd,N
d′

∑

i,j=1

cpc
′
qfpif

′
qj〈Di||T 1||D′

j〉, (7)

where

〈Di||T 1||D′
j〉 =

1√
DaaDa′a′

N
∑

ki,kj=1

〈aki||Y 1r||a′
kj〉Daa′(aki, a

′
kj). (8)

Here Daa′(aki, a
′
kj) is the cofactor of the el-

ement 〈aki|a′
kj〉 in the determinant Daa′ =

det |〈a1|a′
1〉〈a2|a′

2〉 . . . 〈an|a′
N 〉|, and Daa′ , Da′a′ are

similar normalization factors.[18] Equation (8) holds

generally for non-orthogonal orbitals between the ini-

tial and the final states. The one-electron reduced

matrix elements are given by

〈aki||Y 1r||a′
kj〉 ≡ 〈nl||Y 1r||n′l′〉

= 〈l||Y 1||l′〉〈nl|r|n′l′〉, (9)

where

〈nl|r|n′l′〉 =

∫

RnlRn′l′r
3dr, (10)

and Rnl and Rn′l′ are the orbital radial functions [see

Eq.(6)], and, by the properties of the 3j-symbol,

〈l||Y 1||l′〉 = ±
√

max(l, l′)δl′,l∓1. (11)

Then the radiative decay rate from the state γSL with

energy E, to the state γ′SL′ with energy E′ is given

by[19]

A(γSL, γ′SL′) =
4[α(E′ − E)]3

3g
S(γSL, γ′Sl′), (12)

where α is the fine structure constant (α = e2/(~c) =

1/137), and g is the statistical weight for the initial

state (for the LS coupling, g = (2L + 1)(2S + 1)).

3. Initial and final states

We treat the doubly excited (e) states (ns n′l′)

of 1P o symmetry as bound states. According to the

Eckart theorem,[20] these states must be orthogonal to

all lower lying singly (s) excited states of 1P o symme-

try, i.e. 〈nsn′l′|1ssn
′′ps〉 = 0. In calculating various

singly excited states (1ssn
′′ps), we have observed that

the orbital effective charges z1ss are at most 2.003 a.u.,

tending to 2.000 a.u. as n′′ → ∞. Therefore, in order

to avoid variational collapse, we keep 2s orthogonal

to 1ss with z1ss = 2.003, and all other ns orthogo-

nal to the 2s. This approximation leads to energy

values comparable with those in the literature[21−23]

(Table 1). We have employed the 10-dimensional 2s,

2p, 3s, 3p, 3d, 4s, 4p, 4d, 5s, 5p basis space and we

varied them according to the desired nth root of the

secular equation, following the Hylleraas–Undheim–

MacDonald (HUM) theorem.[24] Since our orbitals re-

semble NMCSCF functions accurately enough, this

basis set is adequate. We identify each state by using

their dominant configurations. Thus, if 2n± denote

2snp±2pns, then the optimized lowest nine roots lead

to the 2s2p, 2n+, 2n−, n = 3, 4, 5 and 2p3d and 2p4d

states. Their energies compare fairly well with those in

the literature (cf. Table 1), though a strict comparison

should be made for the resonance (complex) energies.

(Treating the states as bound states[21−23] compared

to treating them as resonance states,[25−31] flips the

energy between 24− and 2p3d, as well as between 25−

and 2p4d, by 0.001–0.006 a.u.) In all these states, the

root-mean square (RMS) spatial extent (
√

〈r2〉) of the

n = 2 shell is ≈ 3 a.u., and those of 2n−, n= 3, 4, 5

shells are around 9, 18, and 24 a.u. respectively, while

for 2p3d, and 2p4d they are 14 and 28 a.u., which are

reasonable.
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Table 1. A comparison of energies (-E in atomic units) for the He doubly excited 1P o sequence.

State Main configurations This work Ref.[21] Ref.[22] Ref.[23]

22+ 0.94 [2s2p] − 0.30 [2p3d] + · · · 0.6915 0.6910 0.6883 0.6886

23+ 0.63 [2p3s] + 0.52 [2s3p] + · · · 0.5636 0.5637 0.5629 0.5637

24+ 0.74 [2p4s] + 0.65 [2s4p] + · · · 0.5325 0.5335 0.5338 0.5343

25+ 0.70 [2p5s] + 0.69 [2s5p] + · · · 0.5198 0.5205 0.5212 0.5199

23- 0.70 [2s3p] − 0.66 [2p3s] + · · · 0.5970 0.5971 0.5967 0.5971

24- 0.74 [2s4p] − 0.60 [2p4s] + · · · 0.5467 0.5468 0.5466 0.5475

25- 0.92 [2s5p] − 0.26 [2p5s] + · · · 0.5273 0.5272 0.5212 0.5280

2p3d 0.88 [2p3d] − 0.37 [2s3p] + · · · 0.5456 0.5463 0.5452 0.5471

2p4d 0.59 [2p4d] + 0.51 [2p3s] + · · · 0.5261 0.5269 0.5212 0.5240

The singly excited states 1sns 1Se and 1snd 1De

are obtained directly via the HUM theorem[24] by de-

manding that all orbitals be orthogonal to each other.

Their energies are comparable quite well with those in

the literature[32,33] (see Table 2). In all these states,

the n = 1 shell has RMS spatial extent ≈ 1 a.u., and

the n = 2, 3, 4, 5 shells around 5, 11, 23 and 38 a.u.

respectively. Thus, the orbital overlaps between the

doubly and singly excited states are not negligible (see

Fig.1). Consequentially, the general non-orthogonal

treatment of them is needed.

Table 2. A comparison of energies (-E in atomic units)

for He singly excited states 1Se and 1De.

State This work Ref. [32]

1s1s 2.9030 2.9036

1s2s 2.1460 2.1460

1s3s 2.0611 2.0613

1s4s 2.0335 2.0336

1s5s 2.0211 2.0212

1s3d 2.0556 2.0556

1s4d 2.0313 2.0313

1s5d 2.0200 2.0200

Fig.1. Our calculated orbitals of doubly excited state He (23−) 1P o and singly excited (1s2s) and (1s3s) 1Se. The

overlap between the 3s orbital of the doubly excited (23−) and the 2s and 3s orbitals of the singly excited states is large.
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4. VUV photon and metastable

atom yield calculation

As indicated in Fig.2, the one-step radiative decay

of doubly excited states can proceed either directly to

the ground state, producing a VUV photon, or to 1s2s
1Se state, producing a VUV photon and a metastable

atom. Radiative decays into other 1sns 1Se and 1snd
1De states will be followed by cascade fluorescence

through 1smp 1P e (m < n) states into either the 1s2

1Se or 1s2s 1Se.

Fig.2. Schematic diagram of radiative decay scheme. Transitions shown with wider solid lines produce VUV photons.

Other possible transitions are shown in thin lines.

Therefore, summing over one-step and cascade processes, and neglecting the VUV processes higher than

one-step, whose contribution is very weak, the VUV photon yield intensity Fn and the metastable atom yield

Mn, from a given doubly excited state n, can be described by the following formulas:[11]

Fn =
fn

Γn





∑

i

(ci + di+2) +
∑

i>2,j

ciPijQj1 +
∑

ij

diRijQj1



 , (13)

Mn =
fn

Γn



c2 +
∑

i>2,j

ciPijQj2 +
∑

i,j

diRijQj2



 , (14)

where ci and di are the radiative decay rates to the

1sis 1Se and 1sid 1De states, respectively, fn is the os-

cillator strength from the ground state to the doubly

excited state n, and

Γn = Γα + Γr,s + Γr,d (15)

is the total decay rate, where Γα is the Auger decay

rate,

Γr,s =
∑

i

ci (16)

and

Γr,d =
∑

i

di (17)
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are the radiative decay rates from the doubly ex-

cited state n to 1Se and 1De singly excited states

respectively. Pi,j and Ri,j are the fluorescence branch-

ing ratios corresponding to 1sis→1sjp and 1sid→1sjp

transitions, respectively, and Qi,j is the fluorescence

branching ratio from 1sip to 1sjs. Our results are

shown in Table 3 and Table 4, and are summarized in

Table 5.

Table 3. Radiative decay rates ci and di of doubly excited states corresponding, respectively, to transitions into

1sis 1Se and 1sid 1De singly excited states. All decay rates are in units of s−1.

State c1 c2 c3 c4 c5 d3 d4

22+ 3.5E+08 6.4E+09 2.1E+08 5.1E+07 1.9E+07 9.5E+07 3.5E+07

23+ 7.7E+07 4.0E+07 5.7E+09 4.4E+07 1.5E+07 8.1E+08 4.4E+06

24+ 2.9E+07 5.4E+05 1.8E+07 5.9E+09 1.9E+06 3.0E+05 6.0E+06

25+ 1.5E+07 6.3E+06 5.9E+05 2.4E+07 5.7E+09 4.8E+05 2.2E+05

23- 2.2E+06 2.7E+09 1.5E+09 1.6E+08 5.1E+07 1.9E+08 1.8E+07

24- 7.7E+05 4.9E+08 1.2E+09 1.4E+09 1.9E+08 1.7E+07 1.3E+08

25- 6.4E+05 1.4E+08 9.9E+07 6.4E+07 3.1E+08 1.3E+07 2.9E+08

2p3d 1.4E+06 1.1E+07 6.2E+08 1.3E+08 1.2E+07 4.4E+09 3.5E+08

2p4d 4.2E+05 6.9E+07 1.3E+08 1.6E+09 2.2E+09 1.1E+08 1.5E+09

As seen from Table 3 (around the main diago-

nal), radiative decay proceeds preferentially form each

doubly excited state n to 1sms or 1smd with n ≈ m.

As proposed by Odling-Smee et al,[8] for the contri-

bution to the VUV photon yield, the radiative decay

of 2p3d into 1s3d (4.4 × 109 s−1) and 2p4d into1s4d

(1.5× 109 s−1) is indeed significant and stronger than

the autoionization at rates of (6.2× 108 s−1 and 1.2×
108 s−1) respectively,[11] contrary to the decay rates of

2n± states, which are dominated by autoionization.[11]

Table 4. A comparison of radiative decay rates (in s−1)

from the doubly excited 1P o sequence into singly excited

state 1s2s 1Se.

State present work Dickinson’s[21]

22+ 6.4E+09 6.6E+09

23+ 4.0E+07 5.6E+07

24+ 5.4E+05 1.7E+06

25+ 6.4E+06 1.1E+07

23- 2.7E+09 2.8E+09

24- 4.9E+08 4.1E+08

25- 1.4E+08 1.1E+08

2p3d 1.1E+07 5.6E+07

2p4d 6.9E+07 4.2E+07

Table 5. Total (Γ ) and total radiative decay rates (Γr), compared with these in Ref.[10], and the cascade rates of

Eqs.13 and 14, corresponding, respectively, to transitions into 1sis 1Se (c(Fn), c(Mn)) and 1sid 1De (d(Fn), d(Mn))

(in s−1), (5.713 means 5.7 × 1013).

State Γ Γr Γr[10] c(F ) d(F ) c(M) d(M)

(sp,22+) 5.713 7.29 6.949 2.88 1.38 2.18 5.17

(sp,23+) 1.213 6.79 7.229 5.89 8.18 5.79 4.47

(sp,24+) 5.312 6.09 7.529 5.99 6.36 1.87 5.99

(sp,25+) 2.612 5.89 7.679 5.69 7.15 5.95 2.47

(sp,23−) 1.711 4.69 5.339 1.79 2.18 1.59 1.68

(sp,24−) 8.810 3.59 7.379 2.89 1.58 1.29 1.49

(sp,25−) 4.210 9.28 7.889 4.68 3.08 9.97 6.47

(2p,3d) 6.29 5.69 4.229 7.78 4.89 6.28 1.38

(2p,4d) 5.89 5.79 3.779 3.99 1.69 1.38 1.69

We consider the oscillator strengths given by Liu

et al,[10] as well as the branching ratios for singly ex-

cited states presented by Theodosiou[34] to be very

accurate, because the orbital overlap between the

ground state 1s2 (RMS spatial extent ≈1 a.u.) and

the excited states (relevant orbital RMS spatial extent
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being larger than 15 a.u.) is insignificant. Therefore

we calculate the metastable atom (Mn) and the VUV

photon yields (Fn) (see Fig.3) by using our radiative

rates ci and di from Table 3; the Auger rates, oscil-

lator strengths, and branching ratios were cited from

Chen,[25] Liu et al
[10] and Theodosiou[34] respectively.

Fig.3. Relative peak intensities of metastable He atom

and VUV photon yields, VUV photon yields normalized

to the sum of He 24− and 2p3d, and compared with the

experimental results of Odling-Smee et al[8] and Rubens-

son et al[9] (obtained by adding the abscissas of the cor-

responding filled circles in Fig.3 of Ref.[9]) and with the

calculations of Liu et al.[10] and Zitnik et al[11] (obtained

by adding the abscissae of the corresponding columns in

Fig.4 of Ref.[11]).

5. Results and discussion

In Fig.3, we show a comparison of our

metastable atom and VUV photon yields with the

experimental[8,9] and the theoretical ones.[10,11] In the

experimental metastable atom spectrum, the intensi-

ties of 2n−1P o states decrease as n increases. In the

VUV photon spectrum, there appears an enhanced

yield at the energy of 24−/2p3d 1P o state in both ex-

periments. Actually, as Penent et al
[12] clearly men-

tioned (in the 2nd paragraph, p.2759), five exper-

imental results[8,9,11−13] agree with the comparable

intensities—at least in a common energy region 64–

65 eV. Our results qualitatively agree with these ex-

perimental results. Liu et al
[10] have obtained good

qualitative agreement with experimental results on

metastable atom yields while their VUV photon yields

show poor agreement (they did not predict the above

enhancement).[10] Their calculations, using large B

spline basis sets, are very accurate; however, it is not

evident whether they considered non-orthogonality for

the radiative transition between the doubly and the

singly excited states if the orbitals appreciably over-

lap. Our wavefunctions compare well with those in

the literature[21−23] as seen from Tables (1 and 2).

In addition, our radiative decay rates (c2) are com-

pared reasonably with the only ones available in the

literature[21] (see Table 5); our calculated lifetime of

161ps for the 2p3d state is more reasonable than 207

ps of Liu et al
[10] because it is in accordance with

the experimentally[35] determined upper limit for the

lifetime of 190±30ps (3.5±0.6 µeV in width). There-

fore, we consider that our analytic calculations, due

to nearly NMCSCF quality, are trustable. Therefore,

we regard the experimental results, within an experi-

mental error, as consistent, as predicted by Zitnik et

al.[11] We attribute our results in fairly good agree-

ment with the experimental ones to the inevitable

non-orthogonality formalism, necessary for the main

effect between the orbitals under consideration; The

electrons spend some time in the excited state before

they cascade to lower states. When they change their

states, both the initial and the final orbitals instanta-

neously accommodate the same electron, so these two

orbitals overlap each other, since, by the very physical

understanding of the process, at places where the ini-

tial orbital had a maximum electron probability, the

final orbital (although it may not be maximum there),

certainly is not zero. Thus, the initial and final or-

bitals are not orthogonal, since orthogonality of two

orbitals means that the second orbital has nodes in

places where the first one is maximum. Therefore, the

employed non-orthogonal formalism is essential.

6. conclusion

In conclusion, by presenting a general non-

orthogonal calculation scheme for dipole matrix ele-

ments in the LS coupling, we calculate the radiative

decay of low-lying doubly excited 1P o states of He

below the He+(N = 2) ionization threshold. From
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these rates, we calculate the VUV photon emission

and metastable atom spectra. The good qualitative

agreement of our calculations with the recent experi-

mental results[8,9,11−13] on both metastable atom and

VUV photon yields, strongly supports the proposition

presented by Odling-Smee et al
[8] that the radiative

decay of the energetically narrow 2pnd states, prefer-

entially to 1smd (n ≈ m), is the key to understand-

ing the observed VUV spectra. It also suggests that

taking account of the non-orthogonality between the

orbitals of doubly and singly excited states is essential

in calculating these radiative transitions.
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