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Multi-fractal analysis of highway traffic data*
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The purpose of the present study is to investigate the presence of multi-fractal behaviours in the traffic time series

not only by statistical approaches but also by geometrical approaches. The pointwise Holder exponent of a function is

calculated by developing an algorithm for the numerical evaluation of Hélder exponent of time series. The traffic time

series observed on the Beijing Yuquanying highway are analysed. The results from all these methods indicate that the

traffic data exhibit the multi-fractal behaviour.
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1. Introduction

It is well known that the geometrical complexity
of a ‘fractal’ set may be described, at least in a global
way, by giving its dimension. In order to provide
more detailed information, multi-fractal analysis is
concerned with describing the local singular behaviour
of measures, distributions, or functions in geometrical
and statistical fashions. It was first introduced in the
context of turbulence,"?] and then studied as a math-
ematical t0ol® in many applications such as the
investigation of diffusion limited aggregation (DLA)

(8]

pattern,[” earth quake distribution analysis,® signal

processing,[?1% condensed matter,'1? and road traf-

fic analysis.['?]

Transportation systems are complex
entities.'*=16] Their current state and future evo-
lution depend greatly on many properties of interac-
tions, often highly variable physical and human ele-
ments. The investigation of the existence of a fractal
nature in traffic flow has gained considerable attention
in recent years. Prigogine and Robert'” modelled
traffic integrating statistical mechanics with individ-
ual choice behaviour and showed that it exhibited
a high degree of complexity. Disbro and Frame 4
demonstrated how the theoretically derived, Gazis,
Herman and Rothery (GHR) traffic modell™ was

highly chaotic, even when applied to small (eight-car)

systems. Zuylen et all'8 discussed the implications
of human behaviour, chaos and unpredictability for
urban and transportation planning and forecasting.

(19]

Safanov et al showed that fractal behaviour in

traffic might be due to the delays in human reac-

[20] have indicated that fractal and

tion. Shang and Li
chaotic characteristics exist in the traffic system and
the techniques based on phase space dynamics can be

used to predict the traffic speeds.

The results of such studies, on the one hand,
nearly unanimously indicated the presence of a frac-
tal nature in traffic flow and, hence, the possibility of
transformation of traffic data from one scale to an-
other. On the other hand, most of the studies have
also revealed the insufficiency of the mono-fractal ap-
proaches to characterizing the highly irregular traf-
fic flow. Therefore, we are motivated to employ the
multi-fractal approaches directly, to identify fractals
and, if so, to ascertain whether its type is mono-
In Ref.[13], which is most
closely related to the present work, Vojak et al stud-

fractal or multi-fractal.

ied the structure of road traffic with the help of multi-
fractal tools. They predicted that, under some circum-
stances, the traffic could possess a multi-fractal struc-
ture similar to the ones of multiplicative processes,
and verified this behaviour on six-minute data of traf-
fic flows.

The purpose of the present study is to investigate
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the presence of multi-fractal behaviours in the traffic
time series not only by statistical approaches but also
by geometrical approaches. Especially, we calculate
the pointwise Holder exponent of a function by devel-
oping an algorithm for numerical evaluation of Holder
exponent of time series, which becomes our primary
quantitative tool. The traffic time series observed on
the Beijing Yuquanying highway are analysed, and
the study deals with the multi-fractal analyses only
in time.

The necessity of a good understanding of the traf-
fic is essential. In fact, multi-fractal analysis can
be used for classifying signals that exhibit a rough
behaviour.['3] This behaviour is quantified by calcu-
lating pointwise Holder exponents using multi-fractal
analysis. Indeed, multi-fractal behaviours in the traf-
fic allow us to classify the highly complex signals of
traffic flows, and give some perspectives for solving the
difficult problem of nonlinear traffic prediction. If one
wants to make robust forecasting, the first important
thing to do is identify the structure of the process; if it
is approximately linear, then a linear method (for in-
stance an autoregressive one) can be helpful. On the
contrary, if it is (multi-)fractal, completely different
types should be used. One should further be able to
distinguish among server nonlinear behaviours, since
it is likely that the more irregular the process is, the
more “nonlinear” the methods should be. In other
words, one has to quantify it by how much the pro-
cess departs from a linear one, in order to determine
whether linear methods with small corrections can be
used, or what sort of more complex model is needed.

The rest of this paper is organized as follows. In
Section 2, we discuss the methods employed in the
present study to identify the presence of multi-fractals
in a time series. The details of the data used, analyses
carried out and results achieved are presented in Sec-
tion 3. Section 4 gives some remarks, and is devoted
to introducing other multi-fractal analysis techniques,
including the empirical probability distribution func-
tion, to verify multi-fractality of road traffic. Finally,
important conclusions drawn from this study are pro-
vided in Section 5.

2. Proposed methods

Multi-fractal analysis of a set of data can be per-
formed in two different ways: the statistical and the
geometrical. The statistical approach is to define an

appropriate intensive variable depending on a resolu-
tion parameter, and then calculate its statistical mo-
ments by averaging over an ensemble realized and at
It is said that the variable is
multi-fractal if those moments exhibit power-law de-

random base points.

pendence on the resolution parameter. On the other
hand, the geometrical approach is to assess a local
power-law dependence on the resolution parameter
for the same intensive variables at each particular
point.[19]

While the geometrical approach is informative in
the spatial localization of self-similar (fractal) struc-
tures, it has been much less used because of the greater
technical difficulty in retrieving the recent scaling ex-
ponents. However, in the latest years an important
effort has been made to improve the sensibility and
performance of the geometrical technique has.['9~24
In fact, we will apply the geometrical approach in this
paper as a valuable tool to understanding the geome-
try and dynamics of traffic time series.

2.1. The multi-fractal formalism

In this section, the notion of the multi-fractal
spectrum is introduced along with the multi-fractal
formalism that is essential in this context. See also
Refs.[13, 23-28].

Let i be a Borel probability measured in a range
[0,1]. To show what the multi-fractal spectrum is, we
consider a normalized time range I = [0, 1] and divide
it into v, equal intervals with the ¢th interval being

Lin = [ KRR

vy Un

], i=0,1, ..., vp—1,

where v, is an ascending sequence of positive integer.
The approximate scaling exponent for the i¢th interval
is
- log p(I;
alzj — glu( Ln) . (1)
" —logv,
The exact scaling exponent at « € I; ,, can be obtained
as
lim o . (2)

2 —x
Vn

a(z) =

Obviously, a(x) may take many different values in the
whole range of I. Define
1, o, €(la—ca+e),

Pi(a,e) =
" 0, otherwise,

Let

vn—1

Np(a,e) = Z Pi(a,e¢),
i=0
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where N, (a,¢) is the number of afjn taking values
within (a« —e, @ +¢). The (grained) multi-fractal spec-
trum is defined as

log N, (e, €)
log vy,

, (3)

fo(a) = lim lim

e—0n—oo

So fa(a) is the frequency that a(t) takes the value

of a. It is formally called the large deviation multi-
fractal spectrum.

In practice, a more numerically accessible multi-

fractal spectrum, the Legendre spectrum, is often used

as a substitute. Let us introduce this notion step by

step.
Firstly, we calculate the following statistical mo-
ments:
Up—1
M(n,q) =Y [p(Tin))?, (4)
i=0

where )" means that the summation runs over those

indices ¢ such that p(1; ) # 0. Secondly, define par-

tition function as

log M(n, q)
—logv,

7(q) = lim (5)

n—oo

We shall say that p has a multi-fractal behaviour if
the 7(g) curve departs from a straight line. Since 7(q)
is obtained by averaging, it depends more regularly on
the data than f(«) and is easier to compute. Conse-
quently, we define the Legendre multi-fractal spectrum
as follows:

Jula) = inf (ga = (q)) (6)

This spectrum is sometimes referred to the spectrum
obtained by the method of moments.

Mathematically fg(a) < fL(a); when 7(q) exists
and is differentiable with respect to all real values of
q, fa(a) = fu(a) holds.

Moreover, 7(q) is related to a notion of general-
ized dimensions. Indeed, if we define

R STt )
Dy =ty 710 ©

then Dy is the fractal dimension of the support of pu,
Dy is the information dimension, Dy the correlation
dimension, etc.
Set I, (z) = {Lin/x € I, ,}. We define
1 I,
Ea=ze(0,1)) lim 28AR@) g

n—oo —logu,

E,, can then be seen as the subset of points having the
same scaling behaviour, described by a.. The geometry
of the singular distribution p can then be character-
ized by giving the ‘size’ of the set E,, more precisely
their Hausdorff dimension!!

fH (a) = dlmH (Ea )

This definition is most useful in purely mathemati-
cal settings. Under very general assumptions, it has
been proven that (see Ref.[14]) fu(a) < f(G)(a) <
fL(Oz).
including multinomial measures, we have equality
fu(a) = fu(a). For the interested reader we refer
to Refs.[5,6,27] for further details.

For certain special classes of measures,

2.2. The Holder exponent method

The basic numerical expression used in the multi-
fractal analysis is the so-called Holder exponent. Es-
sentially, it is the parameter «, defined in the expres-
sion (2) of Section 2.1. However, this parameter is

more sensitive to noise7[22"6]

since it is computed inde-
pendently at each point. Moreover, such an analysis
is complicated by the fact that the traffic flow is both
irregular and non-stationary. Here we focus on the
pointwise Holder exponent of a function, which be-
comes our primary quantitative tool.

The Holder exponent of a function is a local char-
acteristic value calculated at each point where the
function is defined. It reflects the decay rate of the am-
plitude of the function fluctuation in the neighbour-
hood of that point as the size of the neighbourhood
shrinks to zero. A highly irregular point (or singular-
ity) in a function is characterized by a lower value of
Holder exponent and a smoother portion of a func-
tion will have a higher value of Holder exponent.[?8 A
function may have different Holder exponents at dif-
ferent points due to a variation in the local degree of
irregularity (or singularity).

A function f defined in a neighbourhood of a
point zo has a Holder exponent « at xg if and only if

(see Ref.[29])
|f(zo +h) — P(h)]
|h[Y

(a) for every real v < o }llli%
=0 and

(b) if « < oo,
i up 20 1) = P(0)

h—0 A
where P is a polynomial whose degree is less than or

for each real v >

= +OO,

equal to a. We denote the Holder exponent of a func-
tion at x as Hy(x). It is easy to see that Hy(zg) > 1
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implies that the function f(x) is differentiable at xo,
while the function f(z) is differentiable at g, which
implies H¢(xzo) > 1. For instance, in the extreme
case when the function is constant near x, the defini-
tion of the Holder exponent clearly implies that func-
tion Hp(x) = +oo. A non-constant linear function
f(z) = ax + b with a # 0 has Hélder exponent 1.

The value of Holder exponent Hy(x) = « strictly
below 1 indicates that the function is not differentiable
at the given point and the amplitude of its oscillations
within e-neighbourhood of the point scales as ¢ for
e — 0. Classical fractal functions (for example the
Weierstrass function) are strictly self-similar, i.e. their
singularities have the same scaling at each point. It
is generally believed®?! that, however, in the collected
data set, the Holder exponent stays within the range
(0,1) that characterizes a non-differentiable function.

It is well known that the Holder exponent at a
point x of function f(x) can be expressed as!?’!
H) () — limig 120 = F(@)

h—0 log(|h])

(10)

It should be noted that in the definition and for-
mula for the Holder exponent given above, f is as-
sumed to be a function of continuous variable . In
the experimental context however we deal with dis-
crete time series, and therefore the numerical compu-
tation of Holder exponent presents a problem. In the
following, we develop an algorithm for numerical eval-
uation of Holder exponent of a discrete function based
on the expression (10).

Suppose that {yo,y1,y2,
of length n + 1 representing some quantity measured

.., Yn}is a time series

in uniform intervals. The idea of this algorithm is that
the degree to which the function has the strength of its
Holder exponent at a certain data point y; is a func-
tion of a number of data points preceding and follow-
ing it. This number, s, is called the window width and
is not fixed but rather is a parameter set by the user
when running the algorithm. The weight that each
of the 2s values (there exist s values on each side of
the data point) has on the ultimate calculation of the
Holder exponent is controlled by another parameter
A. The X is called the weighted regression coefficient
and must satisfy 0 < A < 1. Adjusting the strength of
A will allow us to adjust the degree to which the data
points further depart from the point we are interested
in and influence the calculation of the Holder expo-
nent at that point. Obviously points nearby should
have a greater weight than distant points.

To calculate the Holder exponent at the ith point
in the time series, we begin by choosing a window
width, s, and a value of A (we use A = 0.5 and s = 10
for all the Holder exponent calculations appearing in
Section 3.2).

Next, we calculate a value, R, for each integer
k # 0 from —s to s in the following manner:

log [Yitk — yil
o 200
i,k — : ]
08 { 1000

In the above case, k must satisfy 0 < i+ k < n.

(11)

For data points at the very beginning or end of the
time series for which s values to the left or right are
not available, s is shrunk to an appropriate size. The
numbers “200” and “1000” in the expression (11) are
only the normalizing parameters which are chosen for
the convenience of computation.

Then, in the second step, for each integer j,
1 < j <s, we calculate

h@j = min{Rqu : |]€| S j}, (12)

which corresponds to taking the lim inf in the equation
for the Holder exponent.

In the third step, we calculate H;, i.e. estimate
the Holder exponent at the ith data point by comput-
ing the weighted average of the approximations h; ;:

1—A
1—Xs
Fo N T ), (13)

H; = (hin + Mhia + N2hi 3

where more weights are given to terms with smaller
values of j (i.e. h is close to 0 in the expression (10)).

We can test our algorithm of calculating the
Holder exponent by using the so-called generalized
Weierstrass functions, 8! whose Holder exponent can
be predetermined and then compared with the result
obtained using this numerical algorithm. The gener-
alized Weierstrass function is given by

o0

fla) =" 375 sin(3kx), (14)
k=0

where s(x) is the seed function ranging between 0 and
1. Tt is known[®! that s(x) = H(x) for all . Figure
1 shows a comparison of our estimated Hélder expo-
nent with the predetermined Holder exponent s(x) for
the case s(z) = |sin(5rz)|. It demonstrates that the
Holder exponent estimated by our algorithm is almost
consistent with the predetermined Hélder exponent.
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—&—the predetermined exponents —+—the estimated exponents
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a

Fig.1. A comparison of our estimated Holder exponent with the predetermined Hélder exponent.

3. Results and analyses

3.1. Traffic data

We use the data observed on the Beijing Yuquany-
ing highway over a period of about 40 months, from
16 January 2001 to 17 June 2004. During this period
the traffic data set was chosen not to be biased due
to road constructions or bad weather conditions. The
data were downloaded from the Highway Performance
Measurement Project (FPMP) run by Beijing STONG
Intelligent Transportation System CO. LTD, Beijing.
The raw data for speed, volume and occupancy were
collected every twenty seconds for each lane of the in-
strumented highway locations. Then these data were
aggregated into one-minute data for average speed (i.e.
average speed in one minute). We analyse mainly
speed data under free flow conditions (that amounts
to about 85% of all data). Similar results have been
obtained also from volume and occupancy measure-
ments.

160
120

80

Speed/(km/h)

40

0 1 1
0 240

480 720 960

Time/min
Fig.2. Time series plot of the speed data from Beijing

Yuquanying highway (from 5:30 AM to 11:30 PM onl2 Jan-
uary 2004)

Figure 2 shows the time series plot of the speed
data observed at the Beijing Yuquanying highway

(from 5:30 AM to 11:30 PM on 12 January 2004).
A visual inspection of the speed series indicates only
significant variations in speed, but this is not enough
to say anything regarding the existence of fractals.
Hence, additional tools are necessary to identify the
possible presence of fractals.

3.2. Statistical moment scaling method

To investigate the scaling behaviour of the time
series, the variation of empirical moments with scale
is examined. This analysis is a common technique
to study scaling properties of datal?®! and has been
applied to hydrography by, for example, Over and
Gupta.’l Among the existing multi-fractal iden-
tification methods, the statistical moment scaling
method?3! is the most widely used one in time se-
ries. In this method, the time series is divided into
non-overlapping intervals with a certain time resolu-
tion. The ratio of the maximum scale of the field to
this interval is termed the ‘scale ratio’ k. Thus k is in-
versely proportional to the size of the scale examined.
For different values of scale ratio k, we compute the
average intensity in each interval i, and denote it by
w(k, i) as follows:

k) = 1,

where N(k,4) is the measurement of the quantity in

(15)

time interval 7, S is the sum of all the values in the
time series. Raising p(k,7) to a power ¢, we obtain
the statistical moments

M(k,q) =" [pu(k,))".

K2

(16)

For a scaling field, the moment M (k,q) is related to

the scale ratio k by
Mk, q) oc k™9, (17)

where 7(q) may be regarded as a characteristic func-
tion of the fractal behaviour. If 7(¢) versus ¢ is a
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On the
other hand, if 7(q) versus q is a convex (concave) func-
tion, the data set is multi-fractal.(2:25:26]

The validity of the expression (17) may be directly

straight line, the data set is mono-fractal.

tested on the speed time series. By plotting M (k, q)
as a function of k in a log—-log diagram, the scaling
behaviour of the time series as expressed by the ex-
pression (17) may be investigated. If the expression
(17) is valid the curve will exhibit an approximately
linear behaviour with a slope that is an estimate of
7(¢). By performing the same procedure for different
values of ¢, the whole 7(¢q) function may be estimated.
Owing to uncertainties in the estimation of high-order

moments,*? the investigation is limited to orders in
the range 0.2 < ¢ < 2.6. Figure 3 shows the M (k, q) as
a function of k in a log—log diagram for the speed time
series (5:30 AM on 16 January 2001 through 11:30 PM
on 17 June 2004) observed on the Beijing Yuquany-
ing highway for 0.2 < ¢ < 2.6. The curves in Fig.3
exhibit a well-defined straight-line behaviour over the
whole scaling region for 0.2 < ¢ < 2.2. However, the
higher-order moments do not follow a straight line for
the time series. In addition, it can be noted that the
higher the order of the moment, the less linear the
character of M (k, q) is.

——q=02

25 —¥—qg=04
20k \\/\/__ —0—q=206
| e =
b%10- *— ¢ & A\ A A A —>—qg=14
< +—it : : { t —+ —%—q=16
[ —— e = —— SRR
oAvvv ©—q=20
1 2 4 5 6 7 —g=22

logqo (k] ——q=24

__q:26

Fig.3. The gth statistical moment, M(k, ¢), as a function of the scale ratio, k, in the scaling regime for the
speed time series from the Beijing Yuquanying highway (5:30 AM on 16 January 2001 through 11:30 PM on

17 June 2004).

0.8
0.6
04F

7(q)

0.2}

0

—02ol02 04 06 08 1.0 1.2 14 1.6 1.8 2.0 2.2
q

Fig.4. Estimated function 7(q) for the speed time series
from the Beijing Yuquanying highway.

The relationship between 7(¢) and ¢ is shown in
Fig.4. The function 7(q) is estimated from the slope
of the fitted regression line for the traffic time series.
The function 7(g) is shown for moment orders up to
2.2 for the speed time series. As seen in the figure, the
7(q) versus q is a concave curve, rather than a straight
line, indicating that the traffic data are multi-fractal.
The function 7(q) is slightly curved for 0.2 < ¢ < 2.2

but becomes more linear as g increases.

3.3. Holder exponent method

The Holder exponent series obtained for the speed
time series observed over a period of 18 h (5:30 AM
to 11:30 PM on 12 January 2004) on the Beijing
Yuquanying highway is shown in Fig.5. Even a cur-
sory glance at the Holder exponent plot depicting the
temporal dynamics of the traffic system can find that
the speed time series displays little singularity for the
first 120 min or so (5:30 AM to 7:30 AM), and the
bulk of the Holder exponent values for that time pe-
riod fall to between 0.8 and 1. This is followed by
an outburst of singularity, which is captured by the
Holder exponent as it falls to between 0.3 and 0.6 for
the period from 120 min to 230 min (7:30 AM to 9:20
AM). When the period of singular behaviour is over,
the Holder exponent rises again, which is between 0.5
and 0.8 (9:20 AM to 5:00 PM). However, in the follow-
ing period from 690 min to 810 min (5:00 PM to 7:00
PM) the Holder exponent falls to between 0.2 and 0.5.
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Lastly, the chart shown in Fig.5 displays an increasing
trend in the value of Holder exponent (i.e. decrease in
singularity) of the traffic dynamics, which varies from
0.6 up to 1 for the period from 810 min to 1080 min
(7:00 PM to 11:30 PM).

o — —
oo o V)
1

Holder exponent
=)
o

04r
0.2
0 . . L L . . L L .
0 240 480 720 960
Time/min

Fig.5. Holder exponent series for the speed dada observed
over a period of about 18 h, from 5:30 AM to 11:30 PM on 12
January 2004, at the Beijing Yuquanying highway.

Though the Holder exponent series obtained is
rather noisy (this is typical for experimentally esti-
mated Holder exponent values), certain characteristics
can be distinguished. By a mere visual inspection of
the plots, one can observe that the estimated Holder
exponent intensities are consistent with those in the
different traffic periods in time (i.e. low hours, busy
hours and normal hours). Moreover, the Holder ex-
ponents for the speed time series display a marked
change in magnitude, thereby enabling the detecting
of the degree of singularity of the traffic low. How-
ever, to be of any practical value, this intuitive obser-
vation must be converted into a precise quantitative
indicator. This problem requires further investigation,
both experimental and theoretical.

4. Remarks

Research over the past two decades has led to the
development of a wide variety of methods to iden-
tify fractals in a time series.(?”:33=37] The scaling of
the statistical moments M (k, q) is indeed a valid way
to investigate multi-fractality. However, one should
use other multi-fractal analysis technique, for exam-
ple, the Legendre spectrum fi,(a) and the large devia-
tion spectrum fg(«), to verify multi-fractality of traf-
fic flow. The former is more attractive multi-fractal
spectrum from numerical point of view, since it is
obtained through the Legendre transform: fi, (o) =

in}f%(qa —7(q)). Figure 6 gives the results for the Leg-
qe

endre spectrum f1,(a) and the large deviation spec-
trum fg(a). Here we employ the Fraclab—a Matlab
toolbox based on fractal and multi-fractal approaches,
which features these methods. We see that fi(a) in-
cludes a rich set of o and the curve of f,(a) is nearly
the same as that of fg(a).

—&— Legendre spetrum
Large deviation spetrum

Ov 1 1 1 1 Y

0.2 0.5 0.8 1.1 1.4 1.7
«a

Fig.6. The Legendre spectrum fr,(«) and the large devi-
ation spectrum fg (o) for the traffic time series.

In addition, the general information about the
multi-fractal behaviour may be obtained by using
standard statistical descriptions—the empirical prob-
ability distribution function (PDF).[34:35:37] The PDF
of a time series describes the fractal of the intensity
thresholds of the time series fluctuations at a given
scale, generally the scale corresponds to the measure-
ment resolution. If, for high-intensity threshold values
x, the tail of the probability distribution of the time
series X follows a power law of form

Pr(X >z)oca P,

where D is the probability exponent, then the se-
ries is characterized by hyperbolic intermittency.!>®!
This is a general, but not necessary, feature of multi-
fractal processes.l*”) In fact, a value of D < 2 indicates
that mono-fractal models may be sufficient to char-
acterize the traffic behaviour, whereas multiplicative
(and generally multi-fractal) models are necessary if
D > 2.[34.35]

The empirical PDF obtained for the speed time
series (5:30 AM on 16 January 2001 through 11:30 PM
on 17 June 2004) observed on the Beijing Yuquanying
highway is shown in Fig.7. The figure shows that the
traffic data exhibit hyperbolic tail behaviour with a
probability exponent D of about 10 estimated from
the fitted regression line. Since the D value obtained
from the traffic time series is greater than 2.0, a mono-
fractal model is not sufficient to model the traffic be-
haviour, as it cannot accommodate a value of D > 2.
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This suggests that a multi-fractal model, which can
accommodate any value of D, is necessary to model
the traffic behaviour.

0 -

= ~1r

S

AN o b

o)

£ 4, — por

E —&— Regression

g _af —

-5 r T v T T T T T

1.4 1.6 1.8 2.0 2.2

log;g[z]/km/h

Fig.7. Empirical probability distribution function,
Pr(X > z), for the speed time series (5:30 AM on 16
January 2001 through 11:30 PM on 17 June 2004) from
the Beijing Yuquanying highway.

In conclusion, all these methods show that the
traffic data are multi-fractal.

5. Conclusions

Application of the ideas gained from multi-fractal
theory to characterizing time series has been one of
the most active areas of research in recent years. This
paper has presented a detailed analysis of multi-fractal
properties of the highway speed time series. The data
originated from millions of measurements collected
on China highways. Our analysis aims to examine

whether these data possess any fractal structure and

whether its type is mono-fractal or multi-fractal. The
existence of a multi-fractal nature is investigated us-
ing both the statistical approach and the geometrical
approach. Especially, we have calculated the point-
wise Holder exponent of a function, by developing an
algorithm of numerically evaluating the Holder expo-
nent of time series. The results from all these meth-
ods provide positive evidence regarding the existence
of multi-fractal behaviour in the traffic process ob-
served on the Beijing Yuquanying highway. Further,
the present investigation indicates the insufficiency of
a mono-fractal model and the necessity for a multi-
fractal model to characterize the traffic behaviour.

Now that the multi-fractal structure of traffic flow
has been demonstrated, several tasks lay ahead. First,
exploring other essential statistical information such
as short-term forecasting for traffic flow which would
be useful. The knowledge of the whole multi-fractal
spectrum can give more precise statistics than the
knowledge of mono-fractal dimension only. Second,
developing the models ‘physically’ relevant with multi-
fractal properties which are needed for a better under-
standing of traffic flow. These issues will be addressed
in forthcoming papers.
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