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Stochastic resonance (SR) is based on the cooperative effect between the stochastic dynamical system and the

external forcing. As is well known, the cooperative effect is produced by adding noises. In this paper, we show the

evidence that by changing the system parameters and the signal intensity, a nonlinear system in the presence of an

input aperiodic signal can yield the cooperative effect, with the noise fixed. To quantify the nonlinear system output,

we determine the theoretical bit error rate (BER). By numerical simulation, the validity of the theoretical derivation

is checked. Besides, we show that parameter-induced SR is more realizable than SR via adding noises, especially when

the noise intensity exceeds the resonance level, or when the characteristic of the noise is not known.
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1. Introduction

Since the early 1980s, there have appeared some
extensions of stochastic resonance (SR), such as ape-
riodic SR,['~4 suprathreshold SR,/ non-Markovian
SRI9 (see Refs.[7,8] for overviews), SR in a linear
system, %1% and SR in the presence of different kinds
of noise.[''=14 The above-mentioned phenomena of
SR are realized by adding noises, which is referred
to as conventional SR (CSR) in this paper. According
to the concept of SR originally put forward by Benzi
et al,'® the SR is based on the cooperative effect be-
tween the stochastic dynamical system and the exter-
nal periodic forcing. In communication systems, the
external periodic forcing can be viewed as an input
signal, and it was demonstrated that the CSR also
could be realized with an input aperiodic signal.['?!
Then, since the resonance occurs between the stochas-
tic dynamical system and the input signal and chang-
ing the stochastic noise can realize the resonance ef-
fect, an idea naturally comes into being that changing
the system or the input signal yields the phenomenon
of the resonance. The system parameters or the signal
intensity is then considered as an important tunable
element in the study of SR.

To describe SR induced by tuning parameters,
with noise fixed, consider a nonlinear dynamic system

given by

@(t) = ax(t) — ba®(t) + cs(t) + (1), (1)

where system parameters a and b are positive, s(t)
is the input aperiodic signal, parameter ¢ can change
the signal intensity, and I'(¢) is an additive Gaussian
white noise with zero-mean and correlation function

< I(0)I(t) >= 2D5 (1), 2)

in which D is the noise intensity. Here, the realiz-
ing of parameter-induced aperiodic SR (PASR) means
that the resonance phenomenon between the stochas-
tic system and the input aperiodic signal is produced
by tuning parameters a, b and ¢ (or several of them),
with noise intensity D fixed. To show the evidence of
PASR, we carefully investigate the role of the noise.
As is well known, when the noise plays a construc-
tive role (the quantity that quantifies the output of
the system achieves its extremum, i.e. the system at-
tains to the ‘resonance’ state), it is considered that the
system yields an SR. Here, we first make the system
take those parameters that are adjusted for realizing
PASR. Then, we vary D in a range that includes the
initial value of the noise intensity to check whether the
noise plays the constructive role at its initial value.
Finally, if the answer is positive, then aperiodic SR is
produced, with the parameters tuned and noise fixed.
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2. The measurement of PASR

Assume the input signal s(¢) to be a pseudoran-
dom baseband binary pulse amplitude modulated sig-
nal, which transmits a digit 0 by a waveform so(t) =
—A or digit 1 by a waveform s1(¢) = +A in a time in-
terval [0 Ty,). Here A is the signal level and T}, is the bit
duration. Since the source digits are encoded accord-
ing to the messages, digits 0 and 1 are often random
in a sequence and s(t) consists of the corresponding
randomly arranged waveforms so(t) and s1(t). s(t) is
then an aperiodic information-bearing binary signal,
and SR discussed in the following is aperiodic.

For system (1), the statistically equivalent de-
scription for the probability density p(z,t) is governed
by the Fokker—Planck equation (FPE)

O@UEA) 9 1y (] + A)]

ot or
D &p(x,t| £ A)
5 8:102 ) (3)

where V1 , () is the derivative of the potential Vi 4(x)
with respect to x, and

Via(z) = —gx2 + Z;& ¥ A. (4)
In Eq.(3), the dynamical probability density function
(PDF) p(z,t| £ A) can be approximately calculated
from the FPE, which is discussed in Appendix A. It
is also shown in Appendix A that p(z,t|] — A) and
p(x,t|A) are symmetric about the axis z = 0, so ac-
cording to the maximum likelihood ratio decision rule,
the optimal decision level for the output is ¢ = 0.
We employ the bit error rate (BER) as a measure
to quantify the output of system (1), as is commonly
used in communications. The BER is defined as the
percentage of the wrong transmitted bits, and it rep-
resents the simplest way to evaluate the efficiency of
a binary data channel. Given that the signal levels
are statistically independent and equiprobable (i.e.,

1
Py=P = 5), the BER can be given by

BER = PyP(A| — A) + PLP(—A|A)
1
= 5[P(A] = 4) + P(-A]4)], (5)
where P(A| — A) is the error probability as —A is
transmitted and the decision is A; P(—A|A) is the er-
ror probability as A is transmitted and the decision is
—A. Assume that the current symbol takes the ampli-

tude +A. If the number of the successive amplitudes

with the same symbol is K (K = 0,1,---), and the
amplitude of the (K + 1)th symbol (after (K + 1)T3,
time interval) is — A, the probability of detection error
for the ith (here, 0 < i < (K + 1)) amplitude is
0

P(-A14) = [ plaiTi[ ), (6)
Because of the symmetry, we have P;(A|] — A) =
P;(—AJA). Since the input amplitudes are statistically
independent and equiprobable, the expression (5) can
be expressed as

0

[ pla 1z

— 00

BER =

N~

0

1
+ / p(z, 2T, |A)dx + - - -

+oo 1 0
=35 [ swis e @)
=1 L

where % is the probability of the occurrence of the
corresponding successive amplitude with the same
symbol. In the following calculation, we take i =
1,2,3 because the prior probability and the proba-
bility of detection error with ¢ > 3 are small so that

the corresponding terms could be neglected.

3. The method of realizing PASR

The preceding section determines the BER of the
system output. In this section, we employ it to char-
acterize an SR and introduce the method of realizing
a PASR. Firstly, we rescale the variables to reduce the
number of the parameters. Secondly, by tuning D, the
theoretical CSR level of D can be obtained. Finally,
with the help of several equations (the rescaled pa-
rameters before changing D are equal to those under
which D is tuned for the CSR), the parameters of real-
izing the PASR can be evaluated, i.e. tuning D, with
the system parameters for CSR fixed, can be viewed
as tuning the system parameters, with D fixed. The
detailed discussion is as follows.

Rescaling the variables as
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then Eq.(1) will be rewritten as

(&) = y(t) = by*(F) + es(b) + (D), (9)
where

&) >=0and < &(0)(t) >=26(¢). (10)

In terms of ¢ = at, the bit duration for s(f) is
Ty, = aTy,. Obviously, the BER of system (9) with the
new parameter scale is equivalent to that of system
(1). Assume the initial parameter group (a,b,c, D)
to be (ag,bo, co, Do), then, according to the expres-
sions (8), we will be able to transform the increase of
initial noise intensity D = Dy for realizing the CSR
into the variation of a, b and ¢ so that the SR is pro-
duced by tuning the parameters, with Dy fixed. Al-
though the BER does not change as the output x is
multiplied by a constant (generally, the quantities for
qualifying the system performance are not influenced
by the output multiplied by a constant, for example,
signal-to-noise ratio and normalized cross-correlation
coefficient[?]) for the generality of the method, we ad-
just the parameters by

ao B bo leO
D57 DO a% ’
¢ = 11
Tl 5 (11)

where the subscript ¢ denotes the value of the noise

intensity being the CSR level. The expressions (11)
mean that tuning the noise intensity, with the param-
eters ag, by and ¢g fixed, can be viewed as tuning the
parameters, with the noise intensity Dy fixed. From

these equations, one has

boDg
D.’

CoDO
D,

aoDO
D’

by =

a1 = Cc1 = (12)
Hence, the output and the parameters of system (9)

can be expressed as

a1 l—) b1D0
= —X =
y DO Y a/% 3
c = Cl Tb = aTly. (13)

vV a1D0 ’

Transform system (9), with their parameters taken as
those in the expressions (13), into the form of the orig-

inal parameter scale, i.e.

1
vV aoDO

BOVIDL 13y
w,
r(t)

(t) = g—(;x(t) -

+oses(t) + (14)

and multiply both sides of Eq.(14) by v/agDyp, and use
the expression (12), then the system with SR produced
will be given as

i(t) = apx(t) — byx®(t) + cps(t) + (1), (15)

where the subscript p denotes the values of the param-
eters obtained via the method of tuning parameters.
In Eq.(15) the noise intensity is D = Dy and the other

parameters are
boD. | Do
D—O, Cp = Cp E (16)

From the above expressions, it is clear that the vari-

ap =ag, by=

ation from Dg to D, is converted into that from by
and co to b, and ¢,, and ap need not be changed. It
is pointed out that the group of b, and ¢, may not be
unique because a different method of tuning parame-
ters may lead to a different group of b, and c,.

In the following, the role played by the noise,
with Dy fixed, is investigated theoretically and nu-
merically in order to check whether there exists a
resonance phenomenon in the system, with the pa-
rameters taken as those in the expression (16). Take
A=1mV, T} = 1.0s, ap = 10, by = 100mV 2 and
Do = 0.1mV?, where mV denotes the unit of voltage.
From the expression (16), a, = 10, b, = 150mV 2
and ¢, ~ 0.82 can be evaluated. Figure 1 shows theo-
retical BER (lines) and numerical BER (symbols) as
a function of noise intensity D. We note that theoreti-
cal and numerical results match well, so the theoretical
BER introduced above is valid. As depicted in Fig.1,
D. =~ 0.15mV? can be obtained by varying the noise
intensity. The block scheme of the numerical simula-
tion is drawn from Ref.[16]. It can be implemented by
using the simulation software MATLAB.

Figure 1 shows the minimal BER appearing at the
initial noise intensity Do = 0.1, which indicates that
the noise plays a constructive role when the system pa-
rameters are taken as those in Eq.(16), i.e. the system
produces a resonance phenomenon at a fixed noise in-
tensity D = Dgy. Accordingly, the PASR is really real-
izable in the system (1) and by tuning the parameters
it can be produced in the system (15). The minimal
BERs in the two curves are equal, so the cooperative
effects produced by the PASR and CSR are the same.
In spite of the same results provided by the system (1)
and system (15), they are completely different. The
PASR could be interpreted as changing the intrinsic
characteristic of the dynamical system and the signal
intensity to yield the cooperative effect between the
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stochastic nonlinear system and the input aperiodic
signal. For the CSR, it is realized by changing the
stochastic force to produce the cooperative effect.

System (1) with initial (ag, bo, co) and D varying

System (15) with D varying

0 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50
D/mV?

Fig.1. The BER as a function of noise intensity D with

A=1mV, T} = 1.0s, ap = 10, bg = 100mV =2, ¢o = 1

and Dg = 0.1mV?2. Lines denote theoretical results and

symbols represent numerical results. Dashed lines denote

the noise intensity that cannot be reduced. For Do < De,
the CSR can be realized by adding the noise.

0.50
0.45] 1
0.40)
0.35) .
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Dotted line: D varying with ag, bo and co fixed

Dashed lines and solid lines: System (15) with D varying

00.150.30 0.60 1.00 1.50 2.00
D/mV?

Fig.2. The BER as a function of noise intensity D with dif-
ferent values of Dy (greater than resonance level 0.15 mV?)
and other parameters being the same as those in Fig.1.
Lines denote theoretical results, and symbols represent
numerical results. Dashed lines denote the noise intensity
that cannot be reduced. For Dy > D., the CSR cannot be
realized by increasing the noise intensity, while the PASR
still can be realized at initial Do by taking the parameters
as those in the expression (16).

It is well known that to realize a CSR, the param-
eter condition of signal amplitude A < /4a3/(27b)
should be satisfied, but may not strictly.'”'8] How-
ever, for the PASR, because the parameters are ad-
justable, this condition is not necessary to be satis-
fied. Furthermore, as the noise cannot be reduced in
practice, the CSR is realized by adding a noise only
when the initial noise intensity is not greater than the

resonance level, while for the PASR, since D, and the
parameters in Eq.(16) can always be obtained theo-
retically, at any given value of Dy, the PASR can be
realized in practice as illustrated in Fig.2.

4. Conclusions

In conclusion, we have presented another method
to realize an aperiodic SR, and theoretically and nu-
merically demonstrated that the SR can be produced
by tuning the system parameters and the signal in-
tensity in a nonlinear system with an input aperiodic
signal. And the results show that theoretical and nu-
merical BERs have a good match. As the PASR is
realized, the BER of the system shows a minimum,
with the noise fixed at its initial intensity Dy. Hence,
although the noise is not changed, by taking the pa-
rameters as those in the expression (16), i.e. by chang-
ing the intrinsic characteristic of the nonlinear system
and the signal intensity, the stochastic system and the
external forcing can yield the cooperative effect sim-
ilar to that produced by adding the noise. Since the
SR occurs between stochastic system and the external
forcing, the resonance realized as well by changing the
system and the aperiodic signal (external forcing) is
reasonable as by tuning the stochastic noise. It seems
the ordinary dynamical resonance in mechanics which
could be realized by adjusting the inherent frequency
of the system, or the frequency of an external peri-
odic forcing, or both of them (it may not be neces-
sary actually). Moreover, it has been shown that for
a parameter-adjustable nonlinear system, the PASR
is more realizable, especially when the input noise in-
tensity exceeds the resonance level, or when we do
not know the characteristic of the noise (generally, it

is non-Gaussian).

Appendix A. Derivation of the
dynamical probability density

Assume a solution of Eq.(3) to be

1
plx,t| £ A) = (x,t) exp [§Vi,4(x)} . (17)
Substituting the expression (17) into Eq.(3) gives

oY(x,t)  8%P(x,t)
ot  0z2

F(x)p(z,t), (18
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1 1
where F(x) = §V£A(x) + ZVfA(:zr) Define v (x,t)
as Y(x,t) = u(z) exp(—At). Substituting ¢ (x,t) into
Eq.(18) yields

—u(z) =" (z) — F(z)u(z). (19)

This is an eigenvalue problem of the differential oper-
ator (18). Obviously, the right-hand side of Eq.(18)
may be viewed as a self-conjugate differential oper-
ator acting on v(z,t), so the eigenvalues of Eq.(19)
are real and the eigenfunctions must be orthogonal to
each other. Multiplying both sides of Eq.(19) by u(x)
and integrating it from minus infinity to infinity with
respect to lim, . 1oou(z) = lim, 10w’ (x) = 0, the
equation can be transformed into a Rayleigh quotient

form, i.e.
+oo 2 2
F(x)u (z) + v (z)|dz
N TG LT
_ o ui(x)de
where st. denotes the stationary value in varia-

tional problems. The evaluation of A is introduced
in Ref.[19], which introduces a method of optimiz-
ing system parameters. The minimum eigenvalue

Ao = 0 and the corresponding eigenfunction ug(z) =
1

exp {ivﬂ(x)} , 80 po(x,t| £ A) = exp[Via(z)] is the

steady state solution. The minimum nonzero eigen-

value A; is the system response speed. The solution
corresponding to eigenvalue A; for j =1,2, --- is

pi(z,t| £ A) = uj(x)exp BViA(:E)] exp(—A;t)
= ¢; " (x) exp(=Ast). (21)

Therefore, the complete solution of Eq.(3) can be ex-

pressed as
pla,t] £ A) =Y i@ exp(=Nit),  (22)
j=0
where oF*(z) = exp[Via(z)], ¢o can be obtained

from the normalization condition of the steady state

probability density, and constant coefficients ¢;’s (j =
1,2, --- ) can be determined by the initial condition
and the orthogonality of the eigenfunctions.

Assume that a bit symbol takes the level —A and
after time ¢t = Ty, the level +A is transmitted, and
use the expression (22), then we will have

n

plz,t|+A) ~ Z cjij(a:) exp(—A\;t)
3=0

+Q(z) exp(—=Any1t)
+0(e M2ty (23)

where Q(z) exp(—Ant1t) is a truncated term. Here,
we assume A\; < Ay < --- < A\pq2. The above equa-
tion fulfils the initial condition

p(x, 0]+ A) = po(x| = A), (24)

where po(z| — A) is the steady state solution with the
input level —A. Hence, omitting the trace quantity
O(e~*n+2t) from the expressions (23) and (24), Q(x)
can be obtained by

n

Q(z) = po(z| — A) = > cjpf M (x).  (25)

=0

Substituting the expression (25) into the expression
(23) gives

n

platl+A) = Y cjpf (z) exp(=Ajt)

=0
n [pom S cjwjf‘@)}

=0
X exp(_)‘n-i-lt)' (26)

Obviously, with the system close to the steady state
(i.e. t — +400), the above equation is still satisfied.
Similarly, p(x,t| — A) can be evaluated.

References

[1] Collins J J, Chow C C and Imhoff T T 1995 Phys. Rev.
E 52 R3321

[2] Collins J J, Chow C C, Capela A C and Imhoff T T 1996
Phys. Rev. E 54 5575

[3] Hu G, Gong D C, Wen X D, Yang C Y, Qing G R and Li
R 1992 Phys. Rev. A 46 3250

[4] Zhang G J and Xu J X 2006 Chaos, Solitons and Fractals
27 1056

[5] Stocks N G 2000 Phys. Rev. Lett. 84 2310

[6] Goychuk I and Hanggi P 2000 Phys. Rev. Lett. 91 070601

[7] Dykman M I, Luchinsky D G, Mannella R, McClintock P
V E, Stein N D and Stocks N G 1993 J. Stat. Phys. 70
479

[8] Luchinsky D G, Mannella R, McClintock P V E and
Stocks N G 1999 [FEE Trans. on Circuits and Systems
1I: Analog and Digital Signal Processing 46 1215

9] Jin Y F, Xu W, Li W and Xu M 2005 Acta Phys. Sin. 54
2562 (in Chinese)



No. 2 Evidence of parameter-induced aperiodic stochastic resonance with fixed noise 345

[10] Guo F, Zhou Y R, Jiang S Q and Gu T X 2006 Chin. [15] Benzi R, Sutera A and Vulpiani A 1981 J. Phys. A 14
Phys. 15 947 L453
[11] Hu G 1994 Stochastic Forces and Nonlinear Systems [16] Gammaitoni L, Hanggi P, Jung P and Marchesoni F 1998
(Shanghai: Shanghai Scientific and Technological Educa- Rev. Mod. Phys. 70 223
tion Publishing House) (in Chinese) [17] Apostolico F, Gammaitoni L and Santucci S 1997 Phys.
[12] Zhang L, Cao L and Wu D J 2004 Chin. Phys. 13 353 Rev. E 55 36
[13] Han L B, Cao L and Wu D J 2004 Chin. Phys. 13 1717 [18] Duan F B, Rousseau D and Chapeau-Blondeau F 2004
[14] Han L B, Cao L, Wu D J and Wang J 2004 Acta Phys. Phys. Rev. E 69 011109

Sin. 53 2127 (in Chinese) [19] Xu B H, Li J L and Zheng J Y 2003 J. Phys. A 36 11969



