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Some new exact solutions of an auxiliary ordinary differential equation are obtained, which were neglected by

Sirendaoreji et al in their auxiliary equation method. By using this method and these new solutions the combined

Korteweg–de Vries (KdV) and modified KdV (mKdV) equation and (2+1)-dimensional Broer–Kaup–Kupershmidt sys-

tem are investigated and abundant exact travelling wave solutions are obtained that include new solitary wave solutions

and triangular periodic wave solutions.
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1. Introduction

It is well known that the nonlinear partial dif-

ferential equations (NPDEs) are widely used to de-

scribe complex phenomena in various fields of sciences,

such as physics, biology, chemistry, etc. Therefore,

seeking exact solutions of NPDEs are very important

and significant in the nonlinear sciences. In the past

decades, a great effort has been made for this task and

many powerful methods have been presented, such

as homogeneous balance method,[1−5] the sine-cosine

method,[6] Jacobi elliptic function method,[7−12] tanh-

function method[13−16] and so on.

Among these methods, the tanh-function method

is one of most effectively straightforward algebraic

methods to construct exact solutions of NPDEs. One

can write the solitary wave solutions of a nonlinear

equation as the polynomials of hyperbolic functions

and change it into a nonlinear system of algebraic

equations. In recent years, much research work has

concentrated on the various extensions and applica-

tions of the tanh-function method. In Refs.[17,18],

Sirendaoreji and Sun presented a useful auxiliary

equation method of solving NPDEs; they introduced

the following auxiliary ordinary differential equation:

(

dϕ

dξ

)2

= c2ϕ
2(ξ) + c3ϕ

3(ξ) + c4ϕ
4(ξ), (1)

where c2, c3 and c4 are real parameters. The exact

solutions of Eq.(1) are as follows:

ϕ1(ξ) =

−c2c3sech
2

(

±
√

c2

2
ξ

)

c2
3 − c2c4

(

1 − tanh

(

±
√

c2

2
ξ

))2 , when c2 > 0, (2)

ϕ2(ξ) =
2c2sech

√
c2ξ

√

c2
3 − 4c2c4 − c3sech

√
c2ξ

, when c2
3 − 4c2c4 > 0, c2 > 0. (3)
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They used the solutions of Eq.(1) to replace the

tanh function in the tanh-function method. Zhao et

al
[19] applied this method to solving the combined

Korteweg–de Vries (KdV) and modified KdV(mKdV)

equation. Liu and Liu[20] picked up some solutions of

the auxiliary ordinary differential equation (1), which

were neglected by Sirendaoreji and Sun.[17] They clas-

sified the solutions of the auxiliary ordinary differen-

tial equation (1) according to three parameters. Be-

sides the solution (3), the remaining exact solutions

of Eq.(1) are as follows:

ϕ3(ξ) =
−2c2sech

√
c2ξ

√

c2
3 − 4c2c4 + c3sech

√
c2ξ

, when c2
3 − 4c2c4 > 0, c2 > 0, (4)

ϕ4(ξ) =
2c2csch

√
c2ξ

√

4c2c4 − c2
3 − c3csch

√
c2ξ

, when c2
3 − 4c2c4 < 0, c2 > 0, (5)

ϕ5(ξ) =
−2c2csch

√
c2ξ

√

4c2c4 − c2
3 + c3csch

√
c2ξ

, when c2
3 − 4c2c4 < 0, c2 > 0, (6)

ϕ6(ξ) = −c2

c3

(

1 ± tanh

(√
c2

2
ξ

))

, when c2
3 − 4c2c4 = 0, c2 > 0, (7)

ϕ7(ξ) = −c2

c3

(

1 ± coth

(√
c2

2
ξ

))

, when c2
3 − 4c2c4 = 0, c2 > 0. (8)

In this paper, we extend the solutions of the aux-

iliary ordinary differential equation (1), which were

neglected by Sirendaoreji et al in their auxiliary equa-

tion method. Then, by using the auxiliary equation

method the combined KdV–mKdV equation and the

Broer–Kaup–Kupershmidt (BKK) system are investi-

gated, and many exact travelling wave solutions are

obtained that include new solitary wave solutions and

triangular periodic wave solutions.

The rest of this paper is organized as follows. In

Section 2, we revisit the general process of the auxil-

iary equation method, and some new solutions of the

auxiliary ordinary differential equation are obtained.

In Section 3, the KdV–mKdV equation and the BKK

system are investigated and abundant exact solutions

are obtained. In Section 4, some conclusions are pro-

vided.

2. The auxiliary equation method

and new solutions of the auxil-

iary equation

For the auxiliary equation method, its main steps

are outlined as follows: [17,21]

Step1. Reduce a given NPDE with physical fields

ui(x) in variables x = (x0 = t, x1, x2, . . . , xl)

Ni(ui, ui,xj
, ui,xj,xk

, . . . ) = 0,

(i = 1, 2, . . . ; j, k = 0, 1, 2, . . . , l), (9)

by using the wave transformation

ui(x) = Ui(ξ), ξ =

l
∑

j=0

kjxj , (10)

where kj(j = 0, 1, 2, . . . , l) are constants to be

determined later, to the following nonlinear ordinary

differential equations (NODE):

Hi(Ui, U
′
i , U

′′
i , . . . ) = 0. (11)

Step2. Expand the solution of Eq.(11) in the

form

ui(x, t) = Ui(ξ) =

n
∑

k=0

aikϕk, (12)

where the variable ϕ = ϕ(ξ) satisfies Eq.(1). The

derivative with respect to the variable ξ becomes the

derivative with respect to the variable ϕ as shown be-

low:

d

dξ
→ ±

√

√

√

√

4
∑

j=2

cjϕj
d

dϕ
, (13)
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d2

dξ2
→ ±





1

2

4
∑

j=2

jcjϕ
j−1 d

dϕ

+
4
∑

j=2

cjϕ
j d2

dϕ2



 , . . . (14)

Step3. Substitute the expression (12) into

Eq.(11) and compare the highest derivative terms in

the resulting equation with the nonlinear terms in

Eq.(11) by making use of the expressions (13) and

(14), to obtain a value of the positive integer n.

Step4. Substitute the expression (12) and

Eq.(1) into Eq.(11) and set all coefficients of

ϕk

(√

4
∑

j=2

cjϕj

)v

(v = 0, 1; k = 0, 1, 2, . . . ) to be

zero to have a system of nonlinear algebraic equations

of aik and cj(k = 0, 1, . . . , n; j = 2, 3, 4) and then

solve the system of algebraic equations with the aid of

the Mathematica to obtain aik and cj .

Step5. Substitute the constants cj(j = 2, 3, 4)

into Eq.(1) to obtain all the possible solutions. The

solutions of Eq.(9) depend on the explicit solvability

of Eq.(1).

Motivated by Refs.[22,23], in what follows we give

some new particular solutions of Eq.(1) which are re-

lated to the parameters c2, c3 and c4.

Case1. When c2
3 − 4c2c4 > 0, and c2 > 0, Eq.(1) has the following solutions:

ϕ8(ξ) =
2c2sech

2

√
c2

2
ξ

2
√

c2
3 − 4c2c4 − (

√

c2
3 − 4c2c4 + c3)sech2

√
c2

2
ξ

, (15)

ϕ9(ξ) =
2c2sech

2

√
c2

2
ξ

−2
√

c2
3 − 4c2c4 + (

√

c2
3 − 4c2c4 − c3)sech2

√
c2

2
ξ

, (16)

ϕ10(ξ) =
2c2csch

2

√
c2

2
ξ

2
√

c2
3 − 4c2c4 + (

√

c2
3 − 4c2c4 − c3)csch2

√
c2

2
ξ

, (17)

ϕ11(ξ) =
2c2csch

2

√
c2

2
ξ

−2
√

c2
3 − 4c2c4 − (

√

c2
3 − 4c2c4 + c3)csch2

√
c2

2
ξ

, (18)

Case 2. When c2
3 − 4c2c4 > 0, and c2 < 0, Eq.(1) obtains the following solutions:

ϕ12(ξ) =
2c2sec

2

√
−c2

2
ξ

2
√

c2
3 − 4c2c4 − (

√

c2
3 − 4c2c4 + c3)sec2

√−c2

2
ξ

, (19)

ϕ13(ξ) =
2c2sec

2

√
−c2

2
ξ

−2
√

c2
3 − 4c2c4 + (

√

c2
3 − 4c2c4 − c3)sec2

√
−c2

2
ξ

, (20)

ϕ14(ξ) =
2c2csc

2

√
−c2

2
ξ

2
√

c2
3 − 4c2c4 − (

√

c2
3 − 4c2c4 + c3)csc2

√
−c2

2
ξ

, (21)

ϕ15(ξ) =
2c2csc

2

√
−c2

2
ξ

−2
√

c2
3 − 4c2c4 + (

√

c2
3 − 4c2c4 − c3)csc2

√
−c2

2
ξ

, (22)
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Case 3. When c0 =
c2
2

4c4
, c2 < 0, c3 = 0, and c4 > 0, i.e. ϕ′2 =

c2
2

4c4
+ c2ϕ

2 + c4ϕ
4, Eq.(1) has the following

solutions:

ϕ16(ξ) =

√

− c2

2c4
tanh

(

√

−c2

2
ξ

)

, (23)

ϕ17(ξ) =

√

− c2

2c4
coth

(

√

−c2

2
ξ

)

. (24)

3. The travelling wave solutions

for the KdV−mKdV equation

and BKK system

In this section, we will apply our proposed method

in the second section to two NPDEs: the KdV–mKdV

equation and the BKK system.

3.1. The Combined KdV and mKdV

equation

The KdV–mKdV equation

ut − 6uux + 6u2ux + uxxx = 0 (25)

arises from a variety of fields, such as solid-state

physics, plasma physics, fluid dynamics, and quantum

field theory.[19,24,25] We perform the following trans-

formation:

u(x, t) = U(ξ), and ξ = kx − ωt, (26)

where k, and ω are constants. Substituting the expres-

sion (26) into Eq.(25) and integrating it with respect

to ξ and then taking the integration constant as zero

yield an NODE

−ωU − 3kU2 + 2kU3 + k3U ′′ = 0. (27)

We take the solution of Eq.(27) as

U(ξ) =
n
∑

i=0

aiϕ
i, (28)

where the variable ϕ satisfies Eq.(1). Balancing U ′′

with U3 in Eq.(27) gives n = 1. Thus the solution of

Eq.(27) can be taken as

U = a0 + a1ϕ. (29)

Substituting the expression (29) into Eq.(27) along

with Eq.(1) leads to the following system of algebraic

equations:

−ωa0 − 3ka2
0 + 2ka3

0 = 0,

−ωa1 + k3c2a1 − 6ka0a1 + 6ka2
0a1 = 0,

3

2
k3c3a1 − 3ka2

1 + 6ka0a
2
1 = 0,

2k3c4a1 + 2ka3
1 = 0. (30)

By the use of Mathematica, solving the over-

determined algebraic equations, we have the following

results:

a0 = 0, k 6= 0, a1 = ±k
√
−c4,

ω = k3c2, and k = ± 2

c3

√
−c4 (31)

where c4 < 0.

Substituting the expression (31) into the expres-

sion (29) along with the expressions (2)–(8) and (15)–

(24) yields the following solitary wave solutions and

triangular periodic wave solutions to Eq.(25):

u1(x, t) = ±k
√
−c4

−c2c3sech
2

(

±
√

c2

2
ξ

)

c2
3 − c2c4

(

1 − tanh

(

±
√

c2

2
ξ

))2 , (32)

where ξ = kx − ωt, c2 > 0, and c4 < 0;
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u2(x, t) = ±k
√
−c4

2c2sech
√

c2ξ
√

c2
3 − 4c2c4 − c3sech

√
c2ξ

, (33)

where ξ = kx − ωt, c2
3 − 4c2c4 > 0, c2 > 0, and c4 < 0;

u3(x, t) = ±k
√
−c4

−2c2sech
√

c2ξ
√

c2
3 − 4c2c4 + c3sech

√
c2ξ

, (34)

where ξ = kx − ωt, c2
3 − 4c2c4 > 0, c2 > 0, and c4 < 0;

u4(x, t) = ±k
√
−c4

2c2sech
2

√
c2

2
ξ

2
√

c2
3 − 4c2c4 − (

√

c2
3 − 4c2c4 + c3)sech2

√
c2

2
ξ

, (35)

where ξ = kx − ωt, c2
3 − 4c2c4 > 0, c2 > 0, and c4 < 0;

u5(x, t) = ±k
√
−c4

2c2sech
2

√
c2

2
ξ

−2
√

c2
3 − 4c2c4 + (

√

c2
3 − 4c2c4 − c3)sech2

√
c2

2
ξ

, (36)

where ξ = kx − ωt, c2
3 − 4c2c4 > 0, c2 > 0, and c4 < 0;

u6(x, t) = ±k
√
−c4

2c2csch
2

√
c2

2
ξ

2
√

c2
3 − 4c2c4 + (

√

c2
3 − 4c2c4 − c3)csch2

√
c2

2
ξ

, (37)

where ξ = kx − ωt, c2
3 − 4c2c4 > 0, c2 > 0, and c4 < 0;

u7(x, t) = ±k
√
−c4

2c2csch
2

√
c2

2
ξ

−2
√

c2
3 − 4c2c4 − (

√

c2
3 − 4c2c4 + c3)csch2

√
c2

2
ξ

, (38)

where ξ = kx − ωt, c2
3 − 4c2c4 > 0, c2 > 0, and c4 < 0;

u8(x, t) = ±k
√
−c4

2c2sec
2

√
−c2

2
ξ

2
√

c2
3 − 4c2c4 − (

√

c2
3 − 4c2c4 + c3)sec2

√
−c2

2
ξ

, (39)

where ξ = kx − ωt, c2
3 − 4c2c4 > 0, c2 < 0, and c4 < 0;

u9(x, t) = ±k
√
−c4

2c2sec
2

√
−c2

2
ξ

−2
√

c2
3 − 4c2c4 + (

√

c2
3 − 4c2c4 − c3)sec2

√
−c2

2
ξ

, (40)

where ξ = kx − ωt, c2
3 − 4c2c4 > 0, c2 < 0, and c4 < 0;

u10(x, t) = ±k
√
−c4

2c2csc
2

√−c2

2
ξ

2
√

c2
3 − 4c2c4 − (

√

c2
3 − 4c2c4 + c3)csc2

√
−c2

2
ξ

, (41)

where ξ = kx − ωt, c2
3 − 4c2c4 > 0, c2 < 0, and c4 < 0;

u11(x, t) = ±k
√
−c4

2c2csc
2

√
−c2

2
ξ

−2
√

c2
3 − 4c2c4 + (

√

c2
3 − 4c2c4 − c3)csc2

√
−c2

2
ξ

, (42)

where ξ = kx − ωt, c2
3 − 4c2c4 > 0, c2 < 0, and c4 < 0.
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Remark: u1–u7 and u8–u11 are respectively soli-

tary wave solutions and triangular periodic wave solu-

tions of Eq.(25), and u4–u11 have not been given yet

in the literature to our knowledge.

3.2. (2+1)-dimensional BKK system

We consider the celebrated (2+1)-dimensional

BKK system[26−29]

uty − uxxy + 2(uux)y + 2vxx = 0,

vt + vxx + 2(uv)x = 0. (43)

This system has been widely applied in many branches

of physics like plasma physics, fluid dynamics, non-

linear optics, etc. and it can be derived from the

celebrated Kadomtsev–Petviashvili equation by us-

ing the symmetrical constraint.[30] Using some suit-

able dependent and independent variable transforma-

tions, Chen and Li[31] have proved that the (2+1)-

dimensional BKK system can be transformed into the

(2+1)-dimensional dispersive long wave equation and

the (2+1)-dimensional Ablowitz–Kaup–Newell–Segur

system. Using the following transformation:

u(x, y, t) = U(ξ), v(x, y, t) = V (ξ),

ξ = kx + βy + λt, (44)

Eq.(43) reduces to

βλU ′′ − k2βU ′′′ + 2kβ(UU ′)′ + 2k2V ′′ = 0, (45a)

λU ′ + k2V ′′ + 2k(UV )′ = 0. (45b)

Integrating (45a) with respect to ξ twice and tak-

ing the integration constants as zero yield the NODE

V (ξ) =
β

2
U ′ − β

2k
U2 − βλ

2k2
U. (46)

Substituting Eq.(46) into Eq.(45b) and integrating it

once lead to

βk2

2
U ′′ − βU3 − 3βλ

2k
U2 − βλ

2k2
U = 0. (47)

Solving Eq.(47) in the same way as solving Eqs.(28)–

(30), we have

U = a0 + a1ϕ, (48)

Substituting Eq.(48) into Eq.(47) along with Eq.(1)

leads to the following system of algebraic equations

− βλ

2k2
a0 −

3βλa2
0

2k
− βa3

0 = 0,

− βλ

2k2
a1 −

3βλa0a1

k
− 3βa2

0a1 +
1

2
k2βa1c2 = 0,

−3βλa2
1

2k
− 3βa0a

2
1 +

3

4
k2βa1c3 = 0,

−βa3
1 + k2βa1c4 = 0. (49)

Solving the over determined algebraic equations

with the aid of Mathematica, we obtain the following

results:

a0 = 0, a1 =
c3

2kc2
, λ =

c2
3

4c2c4
, and k4 =

λ

c2
, (50)

where c2 6= 0, c4 6= 0, and k 6= 0.

Substituting the expressions (50) into the expres-

sion (48) along with the expressions (2)–(8) and (15)–

(24) yields the following solitary wave solutions and

triangular periodic wave solutions to Eq.(43):

u1(x, y, t) = − 1

2k

c2
3sech

2

(

±
√

c2

2
ξ

)

c2
3 − c2c4

(

1 − tanh

(

±
√

c2

2
ξ

))2 , (51)

where ξ = kx + βy + λt, and c2 > 0;

u2(x, y, t) =
c3

k

sech
√

c2ξ
√

c2
3 − 4c2c4 − c3sech

√
c2ξ

, (52)
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where ξ = kx + βy + λt, c2
3 − 4c2c4 > 0, and c2 > 0;

u3(x, y, t) = −c3

k

sech
√

c2ξ
√

c2
3 − 4c2c4 + c3sech

√
c2ξ

, (53)

where ξ = kx + βy + λt, c2
3 − 4c2c4 > 0, and c2 > 0;

u4(x, y, t) =
c3

k

csch
√

c2ξ
√

4c2c4 − c2
3 − c3csch

√
c2ξ

, (54)

where ξ = kx + βy + λt, c2
3 − 4c2c4 < 0, and c2 > 0;

u5(x, y, t) = −c3

k

csch
√

c2ξ
√

4c2c4 − c2
3 + c3csch

√
c2ξ

, (55)

where ξ = kx + βy + λt, c2
3 − 4c2c4 < 0, and c2 > 0;

u6(x, y, t) = − 1

2k

(

1 ± tanh

(√
c2

2
ξ

))

, (56)

where ξ = kx + βy + λt, c2
3 − 4c2c4 = 0, and c2 > 0;

u7(x, y, t) = − 1

2k

(

1 ± coth

(√
c2

2
ξ

))

, (57)

where ξ = kx + βy + λt, c2
3 − 4c2c4 = 0, and c2 > 0;

u8(x, y, t) =
c3

k

sech2

√
c2

2
ξ

2
√

c2
3 − 4c2c4 − (

√

c2
3 − 4c2c4 + c3)sech2

√
c2

2
ξ

, (58)

where ξ = kx + βy + λt, c2
3 − 4c2c4 > 0, and c2 > 0;

u9(x, y, t) =
c3

k

sech2

√
c2

2
ξ

−2
√

c2
3 − 4c2c4 + (

√

c2
3 − 4c2c4 − c3)sech2

√
c2

2
ξ

, (59)

where ξ = kx + βy + λt, c2
3 − 4c2c4 > 0, and c2 > 0;

u10(x, y, t) =
c3

k

csch2

√
c2

2
ξ

2
√

c2
3 − 4c2c4 + (

√

c2
3 − 4c2c4 − c3)csch2

√
c2

2
ξ

(60)

where ξ = kx + βy + λt, c2
3 − 4c2c4 > 0, and c2 > 0;

u11(x, y, t) =
c3

k

csch2

√
c2

2
ξ

−2
√

c2
3 − 4c2c4 − (

√

c2
3 − 4c2c4 + c3)csch2

√
c2

2
ξ

, (61)

where ξ = kx + βy + λt, c2
3 − 4c2c4 > 0, and c2 > 0;

u12(x, y, t) =
c3

k

sec2

√
−c2

2
ξ

2
√

c2
3 − 4c2c4 − (

√

c2
3 − 4c2c4 + c3)sec2

√
−c2

2
ξ

, (62)

where ξ = kx + βy + λt, c2
3 − 4c2c4 > 0, and c2 < 0;

u13(x, y, t) =
c3

k

sec2

√
−c2

2
ξ

−2
√

c2
3 − 4c2c4 + (

√

c2
3 − 4c2c4 − c3)sec2

√
−c2

2
ξ

, (63)
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where ξ = kx + βy + λt, c2
3 − 4c2c4 > 0, and c2 < 0;

u14(x, y, t) =
c3

k

csc2

√
−c2

2
ξ

2
√

c2
3 − 4c2c4 − (

√

c2
3 − 4c2c4 + c3)csc2

√
−c2

2
ξ

, (64)

where ξ = kx + βy + λt, c2
3 − 4c2c4 > 0, and c2 < 0;

u15(x, y, t) =
c3

k

csc2

√
−c2

2
ξ

−2
√

c2
3 − 4c2c4 + (

√

c2
3 − 4c2c4 − c3)csc2

√
−c2

2
ξ

, (65)

where ξ = kx + βy + λt, c2
3 − 4c2c4 > 0, and c2 < 0;

From Eq.(46) and the expressions (51)–(65), we

can write respectively the travelling wave solutions of

Eq.(43), but for brevity they are omitted.

Remark: the expressions u1–u11 and u12–u15 are

respectively solitary wave solutions and triangular pe-

riodic wave solutions. To the best of our knowledge,

the solutions u8–u15 are new, which are unavailable in

the existing literature.

4. Conclusions

By using some new solutions for an auxiliary or-

dinary differential equation, we have found some new

exact travelling wave solutions for two NPDEs that

include new solitary wave solutions and triangular pe-

riodic wave solutions. This suggests that one can ob-

tain different exact solutions by choosing different so-

lutions of an auxiliary ordinary differential equation

or different auxiliary ordinary differential equations,

in the auxiliary equation method. Thus the auxiliary

ordinary differential equation in the auxiliary equa-

tion method is worth further studying and it may be

help us to find more new solutions to NPDEs.
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