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A new approach to formulizing a new high-order matrix spectral problem from a normal 2 X 2 matrix modified

Korteweg—de Vries (mKdV) spectral problem is presented. It is found that the isospectral evolution equation hierarchy

of this new higher-order matrix spectral problem turns out to be the well-known mKdV equation hierarchy. By using

the binary nonlinearization method, a new integrable decomposition of the mKdV equation is obtained in the sense of

Liouville. The proof of the integrability shows that r-matrix structure is very interesting.
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1. Introduction

Formulizing high-order matrix spectral problems
and searching for new integrable hierarchies of their
corresponding soliton equations are important and in-
teresting topics in soliton theory. As is known, Ma and
Zhou!! studied a kind of multicomponent Ablowitz—
Kaup—Newell-Segur (AKNS) equations that are as-
sociated with an arbitrary order degenerate matrix
spectral problem in the binary non-linearization ap-

proach, and Ma 2

discussed the integrable coupling
of this multicomponent AKNS equations; Ma and
Zhou ] discussed the binary symmetry constraints of
N-wave interaction equations in 1+1 and 241 dimen-
sions; Guo and Zhang[* presented a new loop alge-
bra and a corresponding integrable hierarchy; Xia and
Fan %! discussed the multicomponent Kaup-Newell hi-
erarchy; Ma et all®") obtained new completely in-
tegrable Neumann systems related to the perturba-
tion Korteweg—de Vries hierarchy and AKNS hierar-
chy, respectively. Many other studies are devoted to
obtaining coupling integrable systems and coupling
soliton equations by formulating new 4 x 4 spectral
problem. 11

Especially, Ma et all'? presented a 3 x 3 matrix
spectral problem for AKNS hierarchy; Zhu et all'®
formulized a 3 x 3 matrix spectral problem for Kaup—

Newell hierarchy; Blaszak and Ma 4]

offered a way to
formulize a new 3 x 3 matrix spectral problem from a

normal 2 X 2 matrix spectral problem.

The mKdV equation!!d is an important equa-
tion in mathematical physics. The nonlinearization
method!™7912=22 presented a way to obtain the inte-
grable Hamiltonian systems and the solutions of a par-
tial differential equation by decomposing it into two
ordinary differential equations. Hence, we can obtain
new solutions of mKdV equation from new high-order

matrix spectral problems associated constraints.

In this paper, we formulize a kind of new higher-
order spectral problem from a normal 2 x 2 mKdV
spectral problem and obtain the corresponding inte-
grable decomposition of the mKdV equation. In Sec-
tion 2, we recall some results of the hierarchy of the
mKdV equations obtained from the mKdV spectral
problem in 2 x 2 matrix representation as a prepara-
tory knowledge for further consideration. In Section
3, we formulize a kind of m x m spectral problem
from a normal 2 x 2 MKdV spectral problem. It is
found that the isospectral evolution equation hierar-
chy of the new m x m spectral problem turns out to
be the well-known mKdV equation hierarchy. The bi-
nary restricted mKdV flows and its Lax representation
are presented. The r-matrix formulation is developed,

*Project supported by the National Natural Science Foundation of China (Grant No 10371070), the Special Funds for Major

Specialities of Shanghai Educational Committee.
fCorresponding author. E-mail: jixjie@126.com

http://www.iop.org/journals/cp http://cp.iphy.ac.cn



No. 2

A new high-order spectral problem of the mKdV and its associated integrable ... 297

and an involutive system of mN (number of integral of
motion) functionally independent integrals of motion
generated from the Lax representation is deduced.

2. The hierarchy of the mKdV

equation

Consider a spectral problem described in the fol-
lowing form:

S, =U(\u)d, (1)

bo+co =0, aiz=cit1+bit1,

Choosing ag = u, by = 1, and ¢y = —1 yields

bim = 2(ubl — ai),

where
A
b= é , UM u) = “
b2 -1 —u
Taking
b > i i) ,
v={"" )= (" (@)
c —a i=0 \ Ci —a

we find that the adjoint representation equation V,, =
[U,V]=UV — VU can yield

Cie = —2(a; +¢;), 1>0. (3)

1 1 1 1 1 1
ay = _Zuzz + 511,3, bl = iuz + 511,2, 1 = iuz - 5”23
1 5 3 1 3
az = Eummmm - guzuxm - guui + §U5, b2 = _guxmm + Zu3a
L, 8 1 1, 3,
Co = ——Uggy + U Uy + ~UlUpy — —UZ — U
? 8 4 4 8 8

We consider an auxiliary spectral problem de-
scribed as follows:

@, =V, (4)
where
0 b,
Ve = AV, — i
0 O
" AT bA™) LA
B Y ACRINCU R R
im0 \ (eA")4 —(aA")4
And the zero curvature equation U;, — 74

[U, V()] = 0 gives the isospectral mKdV equation hi-
erarchy

n > 0. (5)

ug,, = an,xv

For n = 1, we obtain the well-known mKdV equa-
tion
1 3,

ut,, = _Zummm + 5” Uy, (6)

and the corresponding Lax operators

A
Uu) = | ,
-1 —u
1 1455, 1 9
s _ U\ 41um+2u A +2(uz—|—u)/\
—/\+§(ux—u2) A

(7)

3. A new kind of high-order
mKdV spectral problem and
its associated integrable de-

composition

3.1. A new m x m spectral problem

Recently, Yu et al[?3 have formulized a new 3 x 3
spectral problem from a normal 2 x 2 mKdV spectral
problem. As usual, here we formulize a new m x m
spectral problem from a normal 2 x 2 mKdV spectral
problem.

Assume
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(él ’ é?u é?)) = (a¢1 ¢27 ¢§7 (b%)a (8)
(&15&27"' 7(5m717(5m)"' 7(5m71595m) = (¢§n—2¢27¢?—3¢§,”_ B ;n—l,qs;n—l), m24 (9)
|

When a = 1, Eq.(8) can be deduced from Eq.(9).  tion
Thus a new spectral problem can be obtained as fol- (¢1, 92, 03) = (63,01, P2),

lows: we obtain the spectral problem as shown in Ref.[23].

When m > 4, the new m x m matrix mKdV spec-

h1 02 ad —a $1 tral problem is obtained as follows:
| =220 ||l -
b3 2)\ 0 2u 3 ?m B [,](uj )\),Q - - -
‘ o P = (p1, 02,03, Pm—2, Om—1,0m)", (10)
when o = /2 and performing the simple transforma-  where
|
(m—3)u (m—2)A 0 0 0 0 0 -1
-2 (m—=>5)u (m—3)A 0 0
0 -3 (m=T)u (m—4)A 0
Ulu,A\) = :
0 0 0 0 oo —=(m=2) (m—-3)u A 0
0 0 0 0 0 —(m—-1) =(m—-1)u 0
(m—1)A 0 0 0 0 0 0 (m—1u
Take
(m—3)a (m—2)bA 0 0 0 0 0 c
2¢ (m—>5)a (m — 3)bA 0 e 0 0 0 0
0 3c (m—="T)a (m—4)bx - 0 0 0 0
Vi(u,A) = : : : : : :
0 0 0 0 oo (m=2)c —(m—3)a bA 0
0 0 0 0 0 (m—1)ec —(m—1)a 0
(m — 1)bA 0 0 0 e 0 0 0 (m—1)a

In a way similar to that in Section 2, we can find a, b and ¢ satisfying Eq.(3), hence, we can obtain the
mKdV equation hierarchy (5).

Under N distinct constants A1, ..., Ay, we consider the spectral problem (10) and its corresponding adjoint
spectral problem

gpj,x = ﬁ(av)\J)éjaéz(él]a&QJa&fﬂja aQ_Smfljv(gmfl,jaQ_Smj)T; ISJSNv
!_pj,w = _UT(au)‘j)!_pja !_p:(zzjljuz/;2j7/lz3j7"' 7/lzm—2,j7/lzm—l,juzzjmj)T7 1§]§N7 1 SJSN (11)
From Ref.[12] we have
O\ - - - - - -
5—UJ = (m —3) < ¢1j,%1; > +(m —5) < daj, 25 > +(m —T7) < ¢35,935 >

+o=(m=3) < <5m72,j,1/7m—2,j >—-(m—-1)< (ngfl,jﬂ/;mfl,j >4+(m—-1)< ngjﬂ/_)mj > .
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As a conventional approach to binary nonlinearization of Lax pairs, we consider the constraints

6/\

:( )<Q1,P1>+(m—5)<Q2,]52>+(m—7)<Q3,]53>
+_(m—3) <Q_m_27pm_2>—(m—1) <Qm—17pm—1 >+(m_1) <Qm7pm > . (12)

Under the constraint (12) and

dij.,tn = ?(n)(aa Aj)é5 (Q_S (52j7(53j5 e 7(5’m72,j5 Q_Smfl,jv(g’mj)Tv 1 S.] S Na
l_pj,tn = _(V(n))T(a,)\ )!_p !_p (1/11j=1/;2j7153j7 e 7¢m—2,j7¢m—l,juzz]m,j)T7 1 S .7 S Na (13)

we can obtain a hierarchy of finite-dimensional Hamiltonian systems.
For n = 0, the system (11) is nonlinearized into the following Hamiltonian system or x-flow:

_ OH, _ OH, .

e — Tm =, PrL = == :172)"'7 ? 14
where
_ 1 o L L
H1:5[(m—3)<Q1,P1>—|—(m—5)<Q2,P2>+(m—7)<Q3,P3>—|—--~

—(m=3)< Qm-2,Pp—2>—(m—1) < Qm-1,Pp_1>+(m—1) < Qu, B, >?
+((m —1) < AQ1, Py, > +(m —2)<AQ2,P1>+(m—3)<AQ3,P2>+---+<AQm_1,Pm_2>)
—(2<Q1,Po>43<Q2, s>+ +(m—1) < Qm-2,Pn_1 >+ < Qum, P1 >).
For n =1, the system (13) is nonlinearized into the following Hamiltonian system or t-flows:
Qitlzg—%, piflz_%’ i=1,2, -, m, (15)
where
[(m—3) < AQ1, P > +(m —5) < AQq2, Py > +(m —7) < AQ3,P3 > +- -
—(m—=3) < AQm_29,Pm_o>—(m—1) < AQm_1, Pr_1 > +(m — 1) < AQ, P,,, >
i[(m 3) < 01, P> +(m—5) < O, Py > +(m —T) < O3, Py > +--
—(m—=3)<Qm-2,Pp_2>—(m—=1)<Qm_1,Pp_1>+(m—1) < Qm, P, >?
[(m—3)<Q1,]51>+(m—5)<Q2,P2>+(m—7)<Q3,]53>+-~
—3) < Qm-2,Prn2>—(m—1) < Qm-1,Prn1 > +(m —1) < Qm, P, >]*
[(m — 3)<Q1,P1>+(m 5)<Q2,P2>+(m 7)< Q3, Py > +--
—(m=3) < Qm-2,Pp—2>—(m—1) < Qum-1,Pp_1 > +(m—1) < Qun, B, >?
(2<Q1,Po>+3<Q2,Ps>+-+(m—1) < Qum-2,Prn_1 >+ < Qm, P1 >)
—((m—1) < AQ1, Py, > +(m — 2) < AQ2, Py > +(m — 3) < AQ3,Py > + -
< AQp 1, P >)] — %[((m —1) < AQ1, P > +(m—2) < AQs, P1 >
+(m—3)<AQ3,Po >+ + < AQm_1,Pn_2>)+2<Q1,P >+3<Qa, P3 >+ -+

(
+(m=1) < Qm-2,Pm1>+ < Qm,PL >)*+ ((m—1) < A2Q,, P, >
(
—(

] W

+

ool —

—(m
1
2

+m_2)<AQ27P1>+(m 3><AQ35P2>+ +<AQm 17m2>)
2</1Q1,P2>+3</1Q2,P3>+ +( —1)<AQm_2, m_1>+<AQm,P1 >).

We can prove that if @ satisfies Hamiltonian systems (14) and (15) then @ determined by the constraint
(12) becomes the solution of the mKdV equation (5). Thus, a new decomposition of the mKdV equation (5) is

presented.
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3.2. Lax representation and r-matrix formula

Through a lengthy but direct calculation, we can obtain the following propositions.
Proposition 1. Hamiltonian systems (14) and (15) have the following Lax representations respectively:

L()a = [0, L) and L) = (VO (), L) (16)
where
0  (m-2) 0 0 0 0 0C
20, 0 ~(m-3 0 0 0 00
0 3C, 0 (m — 4) 0 0 00
L(A) = :
0 0 0 0 (m—2)Cy 0 % 0
0 0 0 0 0  (m—1)Co 0 0
“tm—1) 0 0 0 0 0 00
N,
* ; P (17)
and
(m—3)4; (m—2)B; 0 0 0 0 0 C;
20,  (m—54; (m—3)B; 0 0 0 0 0
0 3C;  (m—T)A; (m—4)B; 0 0 0 0
V= : : : :
0 0 0 0 e (m=2)Ci —(m—3)4; B 0
0 0 0 0 0 (m—1)C;i —(m—1A; 0
(m—1)B;, 0 0 0 0 0 0 (m—1)A
Here
Co = —§ %Jr(m— 1) < Q1 P > +(m—=2) < Qa, Pi > ++--+ < Quus, Pz >
245 = (m = 3)¢1j015 + (m — B)ojiha; + (m — T)ajibs; +
—(m—3)é(m,2)jw(m, 27 = (M = 1)@(m1)j%(m—1); + (M = 1)bmjtm,
Bj = 2¢1jtha; + 3¢2jths; + - 4 (M — 1)d(m_2);¥m—1); + Pmj¥1;, (18)

i = (m = 2)¢291j + (m = 3)P382j + -+ Pm-1)jP(m—2); + (M = 1)P1%m;,

R QQ

and U and V(1) are two constrained spectral matrices generated from U and V1) under the constraints (12).
It is convenient to obtain

(m—3)A (m—2)B 0 0 0 0 0 c
2 —(m-5A (m—-3)B 0 0 0 0 0
0 3 —(m-TAm—-4B - 0 0 0 0
LX) = : : ,
0 0 0 0 (m—2)C (m—3)A B 0
0 0 0 0 0 (m—-1)C (m—-1)A 0
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where {A(N), A(w)} = {B(A), B(w)} ={C(A),C(u)} =0
1
{AN), B(w)} = (B(u) — B(V),

s Z

After a lengthy but direct calculation, we arrive

2(u—A)
1 1
2(p—=A)

2 2
H(A(u) —AN) + ;A(A)-

{AN), Cw)} =
{BA),C(w)} =

From the above relations, we can obtain the fol-

lowing result.

Proposition 2. With the standard Poisson bracket,
the Lax matrix L(A) admits the r-matrix representa-

at tion
|
{L1(A) ® La(p)} = [r1i2(A, p), Li(N)] + [ra1 (A, p), L2 (w)], (19)
where
T12()\,u):#(01®01+02®03+203®02)—i02®03,
2(p =) 2p
7"21()\,#):2(%_/\)(01@)01—1-202@034-03@02) %03@)02,
Li(AN) =L(\)® E,La(X\) = E® L(\),
and
(m—3) 0 0 0 0 0 0 0
0 (m —5) 0 0 0 0 0 0
0 0 (m-7)0 0 0 0 0
o1 = )
0 0 0 0 0-(m—3) 0 0
0 0 0 —(m—1) 0
0 0 0 0 (m—1)
0 m—-2 0 0 - 0000
0 0 m—-3 0 .-+ 0000
0 0 0 m-—4 0000
02 = )
0 0 0 10
0 0 0000
m—1 0 0 0 .-+ 0000
0000 0 01 1000 0000
2000 0 00 0100 0000
0030 0 0 00 0010 0000
o3 = , E= )
0000 m—2 0 00 0000 0100
0000 0 m—100 0000 0010
0000 0 0 00 0000 0001
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It is interesting to find ﬁ(ﬂ, Ay = uo1 + Aoz — 03.

[24]

From the r-matrix theory,** we have

mn{trL(A\) @ trL(p)} = tr{L™(\) ® L™ ()} = 0.
(20)
Therefore, trL¥(\) can generate the involutive inte-
grals of motion. We remark that trL(\) = trL3()\) =

0, and the involutive integrals of motion can be gen-
erated only from trL?(\).

Assuming
trL?(\) = A*+ B
75 (m—Z)Qr (N + BC
1=1,3,

S OEAT (21
k=1

we can prove that F(i = 1,2,---,(m—1)N) and inte-

grals of motion f; = Y )", dkitri(j = 1,2,--+,N) are
involutivel®¥ and functionally independent in a certain
regionl of RV,

Therefore, we obtain the following theorem.

Theorem 1 The spatial constrained flow (14) and
the temporal constrained flow (15) of the mKdV equa-
tion (5) are completely integrable in the sense of Liou-
ville, and the decompositions of the mKdV equation
(5): Hamiltonian systems (14) and (15) are integrable.
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