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Hawking radiation is viewed as a tunnelling process. In this way the emission rates of massless particles and

massive particles tunnelling across the event horizon of general stationary axisymmetric black holes are calculated,

separately. The emission spectra of these two different kinds of outgoing particles have the same functional form and

both are consistent with an underlying unitary theory.
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1. Introduction

In 2000, Parikh and Wilczek presented a method

to calculate the emission rate at which particles tunnel

across the event horizon.[1−3] They treated Hawking

radiation as a tunnelling process. They have found

that the barrier is just created by the outgoing par-

ticles themselves, and their key insight is to find a

coordinate system well-behaved at the event horizon.

In this way they calculated the corrected emission

spectrum of the particles from the spherically sym-

metric black holes, such as Schwarzschild black holes

and Reissner–Norström black holes. Their results are

consistent with an underlying unitary theory. Follow-

ing this method, a number of static black holes have

been studied.[4−17] The same results, that is, Hawk-

ing radiation is no longer purely thermal, the unitary

theory is satisfied and information is conserved, have

been obtained. In 2005 and 2006, in Refs.[18–23] the

method was extended, and the emission rates of mas-

sive particles and charged particles were calculated,

separately. The obtained results are also consistent

with the unitary theory and support the information

conservation. In this paper, we continue to discuss

the emission process and calculate the emission rates

of massless particles and massive particles tunnelling

across the event horizon of general stationary axisym-

metric black holes.

2. Massless particle tunnelling

As is well known, general stationary axisymmet-

ric black hole spacetimes can be described by a general

line element

ds2 =g00dt2g + g11dr2 + g22dθ2

+ g33dϕ2 + 2g03dtkdϕ. (1)

This metric contains the Kerr–Newman black hole

spacetime and other stationary axisymmetric black

hole spacetimes.[34−37] Apart from the Kerr–Newman

black hole, the black holes given in Refs.[34–37] all

have naked singularities which lie either in a station-

ary limit surface or in an event horizon surface. Thus,

their stationary limit surfaces or event horizons are

not topological sphere surfaces. By further study, one

has found that because of the existence of naked sin-

gularities, the dragging velocities of these black holes

either vanish or become negative, but they still have

angular momenta. General speaking, there is a co-

ordinate singularity in the metric (1) at the radius

of the event horizon. As discussed in Ref.[1], in or-

der to perform a tunnelling computation at the event

horizon we should find a coordinate system that is

well-behaved at the event horizon. Moreover, since in

quantum mechanics, tunnelling across the barrier is

an instantaneous process, constant-time slices of the

spacetime should satisfy Landau’s condition of the co-

ordinate clock synchronization.[38]

We first investigate a dragged coordinate system.

Let
dϕ

dtg
= −g03

g33
= Ω . (2)

In the dragged coordinate system, the line element can
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be rewritten as

ds2 = ĝ00dt2g + g11dr2 + g22dθ2, (3)

where

ĝ00 = g00 −
(g03)

2

g33
. (4)

Without loss of generalization, we let[39]

ĝ00 =
r − rH

θ1
, and g11 =

1

f · (r − rH)
, (5)

where rH is the radial coordinate of the event horizon,

θ1 and f are two functions of coordinates r and θ.

From expression (5) we can easily find that the event

horizon and the infinite red-shift surface are located at

the same place in the dragged coordinate system. We

can express the surface gravity κ with the functions

θ1 and f as follows:

The definition of the surface gravity is

κ = lim
r→r

H

(|b|
√

−ĝ00 ), (6)

where b is the proper acceleration of a mass point rest-

ing near the event horizon. The expression of b is[39]

b = −1

2

1√
g11

ĝ00,1

ĝ00
. (7)

Substituting expressions (5) and (7) into Eq.(6), we

obtain

κ =
(1

2

√

f

−θ1

)

r
H

=
(

−1

2

1

θ1

√
−ĝ00g11

)

r
H

. (8)

Now we continue to investigate the dragged coordinate

system. In fact, line element (3) represents a three-

dimensional hypersurface in a four-dimensional gen-

eral stationary axisymmetric spacetime. But we can

easily obtain the Hawking purely thermal spectrum

by using the Damour–Ruffini method in the dragged

coordinate system.[19,39] It means that we can also dis-

cuss Hawking radiation via tunnelling in this dragged

coordinate system. However, this coordinate system

is not what we expect, because the metric is still sin-

gular at the event horizon and is not of flat Euclidean

space in radial. To obtain an coordinate system analo-

gous to Painlevé coordinates,[18,19,40] we first perform

a coordinate transformation

dtg = dt + F (r, θ)dr + G(r, θ)dθ, (9)

where F (r, θ) and G(r, θ) are two functions to be de-

termined, and they satisfy the integrability condition

∂F (r, θ)

∂θ
=

∂G(r, θ)

∂r
. (10)

Then, the new time coordinate can be expressed as

t = tg −
∫

F (r, θ)dr + G(r, θ)dθ. (11)

As a corollary, we demand that the metric is flat Eu-

clidean in radial to the constant-time slices. We then

obtain the condition

g11 + ĝ00F (r, θ)2 = 1. (12)

From Eq.(10), we have

G(r, θ) =

∫

∂F (r, θ)

∂θ
dr + C(θ), (13)

where C(θ) is an arbitrary analytic function of θ.

There is no need to integrate expression (11). From

expressions (9) and (10) we can work out the element

ds2 = ĝ00dt2 + 2
√

ĝ00(1 − g11)dtdr

+ dr2 + [ĝ00G(r, θ)2 + g22]dθ2

+ 2ĝ00G(r, θ)dtdθ

+ 2
√

ĝ00(1 − g11)G(r, θ)drdθ. (14)

We refer to expression (14) as the general axisymmet-

ric Painlevé line element. The new coordinate system

is well-behaved at the event horizon. Moreover, the

metric in the new coordinate system satisfies the con-

dition of coordinate clock synchronization. The veri-

fication of this feature is in the following.

According to Landau’s theory of the coordinate

clock synchronization[38] in a space-time decomposed

in (3+1) dimensions, the coordinate time difference of

two events, which take place simultaneously in differ-

ent places, is

∆T = −
∫

g0i

g00
dxi, (i = 1, 2, 3). (15)

If the simultaneity of coordinate clocks can be trans-

mitted from one place to another and has nothing to

do with the integration path, components of the met-

ric should satisfy[41]

∂

∂xj

(

− g0i

g00

)

=
∂

∂xi

(

−g0j

g00

)

, (i, j = 1, 2, 3). (16)

Substituting the components of metric (14) into

Eq.(16) yields

∂F (r, θ)

∂θ
=

∂G(r, θ)

∂r
. (17)

Equation (17) is identical with Eq.(10). That is to

say, in the general axisymmetric Painlevé coordinate

system we can define coordinate clock synchronization

though the metric is not diagonal. This feature of the
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new coordinates is necessary for us to discuss the tun-

nelling process.

In the following discussion, we will consider a

massless particle tunnelling from the event horizon as

an ellipsoid shell. To conserve the symmetry of the

general stationary axisymmetric space-time, we think

that the outgoing particle should be still an ellipsoid

shell during the tunnelling process. That is, the parti-

cle does not have motion in the θ-direction (dθ = 0).

Therefore, under these conditions (dθ = ds2 = 0) we

obtain the radial null geodesics

ṙ =
dr

dt
= ±

√

−ĝ00g11 −
√

−ĝ00(1 − g11) , (18)

where the +(−) sign can be identified with outgo-

ing(ingoing) radial motion.

We now focus on a semiclassical treatment of the

associated radiation from general stationary axisym-

metric black holes. As described above, the event

horizon and the infinite red-shift surface are located

in the same place. Therefore, when the outgoing

wave is traced back towards the horizon, its wave-

length as measured by local fiducial observers is ever-

increasingly blue-shifted. Near the horizon, the radial

wavenumber approaches infinity and the point par-

ticle, or Wentzel–Kramers–Brillouin (WKB) approx-

imation is justified. We adopt the picture of a pair

of virtual particles spontaneously created just inside

the horizon. The positive energy virtual particle can

tunnel out – no classical escape route exists – where

it materializes as a real particle. The negative energy

particle is absorbed by the black hole, resulting in a

decrease in mass and angular momentum of the black

hole. As mentioned above, we consider the particle

as a shell (an ellipsoid shell) of energy ω′ and angu-

lar momentum j′. If the particle self-gravitation is

taken into account, expressions (14) and (18) should

be modified. We fix the total mass and the total an-

gular momentum of the space-time and allow the hole

mass and hole angular momentum to fluctuate. Then,

we should replace M with M ′ = M − ω′, and J with

J ′ = J−j′ in the metric (14) and the geodesic Eq.(18)

to describe the motion of the shell.

When a particle tunnels out, the matter-gravity

system makes a transition from its initial state to the

final state. The action corresponding to this tun-

nelling process is

S =

∫ tf

ti

Ldt, (19)

which is related to the emission rate of the tunnelling

particle by

Γ ∼ exp[−2ImS]. (20)

However, In the dragged Painlevé coordinate system,

the coordinate ϕ does not appear in the line element

(14); that is, ϕ is an ignorable coordinate in the La-

grangian function L of the matter-gravity system. To

eliminate this degree of freedom completely, the action

should be rewritten as

S =

∫ tf

ti

(L − Pϕϕ̇)dt. (21)

Therefore, the imaginary part of the action is

ImS = Im
{

∫ rf

ri

[

Pr −
Pϕϕ̇

ṙ

]

dr
}

= Im
{

∫ rf

ri

[

∫ (Pr , Pϕ)

(0, 0)

dP ′
r −

ϕ̇dP ′
ϕ

ṙ

]

dr
}

, (22)

where Pr and Pϕ are the canonical momenta conjugate

to r and ϕ, respectively.

To proceed with an explicit calculation, it is use-

ful to apply Hamilton’s equations

ṙ =
dH

dPr

∣

∣

∣

(r;ϕ,Pϕ)
=

d(M − ω′)

dPr

=
dM ′

dPr

. (23)

If we treat the black hole as a rotating ellipsoid

sphere with an angular speed Ω
′
H, considering the self-

gravitation we have

Ω
′
H = ϕ̇, (24)

and

J ′ = (M − ω′)a′ = P ′
ϕ. (25)

Substituting expressions (23), (24) and (25) into ex-

pression (22) yields

ImS = Im
{

∫ rf

ri

[

∫ (M−ω, J−j)

(M, J)

1

ṙ
dM ′ − 1

ṙ
Ω

′
HdJ ′

]

dr
}

. (26)
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Considering the self-gravitation and substituting the modified expression of ṙ into expression (26), we obtain

ImS = − Im
{

∫ rf

ri

[

∫ (M−ω, J−j)

(M, J)

√

−ĝ′00g
′
11 +

√

−ĝ′00(1 − g′11)

ĝ′00
dM ′

−
√

−ĝ′00g
′
11 +

√

−ĝ′00(1 − g′11)

ĝ′00
Ω

′
HdJ ′

]

dr
}

, (27)

where ĝ′00 and g′11 are functions of M ′ and J ′; that is, we should replace M with M ′, and J with J ′. Since ĝ′00
and g′11 can be expressed as expression (5), we have

ImS = − Im
{

∫ rf

ri

[

∫ (M−ω, J−j)

(M, J)

θ′1
√

−ĝ′00g
′
11 +

√

−ĝ′00(1 − g′11)

r − r′H
dM ′

− θ′1
√

−ĝ′00g
′
11 +

√

−ĝ′00(1 − g′11)

r − r′H
Ω

′
HdJ ′

]

dr
}

. (28)

where r′H is the event horizon corresponding to M ′ and J ′. We see that the r = r′H is a pole. The integral can

be evaluated by deforming the contour around the pole, so as to ensure that the positive energy solution decays

in time. Switching the order of integration and performing an integration with respect to r first, we obtain

ImS = π

∫ (M−ω, J−j)

(M, J)

(

θ′1
√

−ĝ′00g
′
11 +

√

−ĝ′00(1 − g′11)
)

r′

H

dM ′

−
(

θ′1
√

−ĝ′00g
′
11 +

√

−ĝ′00(1 − g′11)
)

r′

H

Ω
′
HdJ ′. (29)

Since

(ĝ′00)r′

H
= 0, (30)

we have

ImS = −1

2

∫ (M−ω, J−j)

(M, J)

1

T ′
dM ′ − Ω

′
H

T ′
dJ ′, (31)

where

T ′ =
κ′

2π
= − 1

4π

( 1

θ′1
√

−ĝ′00g
′
11

)

r′

H

. (32)

According to the first law of black hole ther-

modynamics[42]

T ′dS′
BH = dM ′ − Ω

′
HdJ ′, (33)

namely,
dM ′

T ′
− Ω

′
HdJ ′

T ′
= dS′

BH, (34)

we acquire

ImS = −1

2
[SBH(M − ω, J − j) − SBH(M, J)]. (35)

The tunnelling spectrum is therefore

Γ ∼ exp[−2ImS] = e∆SBH . (36)

It is consistent with an underlying unitary theory and

takes the same functional form as that for spherically

symmetric configurations.

3. Massive particle tunnelling

In this section we investigate the tunnelling of

massive particles. Since the worldline of a massive

quanta is not light-like, it does not follow radial-light-

like geodesics (18) when it tunnels across the horizon.

According to the wave-particle duality, the outgoing

massive particle can be taken as a de Broglie wave.

In a similar manner to that in Refs.[20–23], we can

easily obtain the massive particle equation of motion,

namely

ṙ = vp = −1

2

ĝ00

ĝ01

=
1

2
(r − rH)

√

f

(−θ1)[1 − f · (r − rH)]
(37)

Note that to calculate the emission rate correctly, we

should take into account the self-gravitation of the

tunnelling particle with energy ω′ and angular mo-

mentum j′. That is to say, we should replace M with

M ′ = M − ω′, and J with J ′ = J − j′ in the metric

(14) and the equation of motion (37) to describe the

motion of the shell. Similarly, we adopt the dragged

painlevé-coordinate system (14). In this coordinate

system, the action should be rewritten as

S =

∫ tf

ti

(L − Pϕϕ̇)dt. (38)

Therefore, the imaginary part of the action is
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ImS = Im
{

∫ rf

ri

[

Pr −
Pϕϕ̇

ṙ

]

dr
}

= Im
{

∫ rf

ri

[

∫ (Pr , Pϕ)

(0, 0)

dP ′
r −

ϕ̇dP ′
ϕ

ṙ

]

dr
}

. (39)

Similarly treating the imaginary part of action for massless particle gives

ImS = Im
{

∫ rf

ri

[

∫ (M−ω, J−j)

(M, J)

1

ṙ
dM ′ − 1

ṙ
Ω

′
HdJ ′

]

dr
}

. (40)

Substituting expression (37) into expression (40) yields

ImS = Im
{

∫ rf

ri

∫ (M−ω, J−j)

(M, J)

2

(r − r′H)

√

(−θ′1)[1 − f ′ · (r − r′H)]

f ′
dM ′ − Ω

′
HdJ ′)dr

}

. (41)

Switching the order of integration and performing an integration with respect to r first, we obtain

ImS = −2π

∫ (M−ω, J−j)

(M, J)

√

−θ′1
f ′

(dM
′ − Ω

′
HdJ ′). (42)

In fact, from expression (8) we have

ImS = −1

2

∫ (M−ω, J−j)

(M, J)

1

T ′
dM ′ − Ω

′
H

T ′
dJ ′. (43)

Using the first law of black hole thermodynamics, we

obtain

ImS = −1

2
[SBH(M − ω, J − j) − SBH(M, J)]. (44)

Therefore, the emission spectrum of the massive par-

ticles is

Γ ∼ exp[−2ImS] = e∆SBH . (45)

It is also consistent with the underlying unitary theory

and takes the same functional form as that of massless

particles.

4. Conclusion

We have investigated the tunnelling processes of

the massless particles and massive particles from gen-

eral stationary axisymmetric black holes. The emis-

sion spectra of these two different kinds of outgoing

particles have the same functional form and both are

consistent with an underlying unitary theory. That is

to say, the information is conserved during the evap-

oration of these stationary axisymmetric black holes,

no matter which particles they emit.
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