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The feature of conduction band (CB) of Tensile-Strained Si(TS-Si) on a relaxed Si1−xGex substrate is system-

atically investigated, including the number of equivalent CB edge energy extrema, CB energy minima, the position

of the extremal point, and effective mass. Based on an analysis of symmetry under strain, the number of equivalent

CB edge energy extrema is presented; Using the K·P method with the help of perturbation theory, dispersion relation

near minima of CB bottom energy, derived from the linear deformation potential theory, is determined, from which the

parameters, namely, the position of the extremal point, and the longitudinal and transverse masses (m∗

l and m
∗

t ) are

obtained.
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1. Introduction

The continual scaling of device dimensions is

reaching the physical limits of the conventional silicon

technology. To extend the lifetime of silicon, other

novel structures and compatible materials have been

studied. One of the most promising new material sys-

tems is strained silicon on a relaxed Si1−xGex sub-

strate, which delivers significant enhancements in de-

vice performance with relatively small changes in the

overall device design and technology.[1,2]

Effective device design is ultimately based on an

understanding of correct material parameters and ac-

curate simulation of carrier transport in the device.

However, To date there have been few reported results

for the Si/Si1−xGex CB edge compared with the wide

reporting of the theoretical and experimental studies

of valence band edge.[3−6]

The main goal of this paper is to provide CB edge

parameters under strain arising from growth on vari-

ous oriented substrates such as the number of equiva-

lent CB edge energy extrema, CB energy minima, the

position of the extremal point, longitudinal and trans-

verse masses m∗
l and m∗

t that are needed for quanti-

tative transport calculations. The work is performed

in the framework of the K·P method. The number

of equivalent CB edge energy extrema is obtained by

an analysis of symmetry, and then dispersion relation

near minima of CB bottom energy, derived from the

linear deformation potential theory, is determined us-

ing the K·P method with the help of perturbation

theory, from which the parameters, namely, the po-

sition of the extremal point, m∗
l and m∗

t are obtained,

which are in good accordance with the ones cited from

Refs.[7,8].

2. Analysis of symmetry under

strain

In the CB of Si there are six distinct symmet-

rically arranged minima along the (100) directions.

The biaxial tensile stress in a Si epitaxial layer grown

on various oriented Si1−xGex substrates by ultrahigh

vacuum chemical vapour deposition (UHV-CVD) in-

duces a deformation that causes the change of ∆1

valleys. Partial symmetry is retained in the lattice

of the strained film. Under a tetragonal distortion,

arising from the growth on a (001) substrate, the six

∆1 valleys are not symmetrically equivalent, with the

[±100] and [0±10] valleys shifting together and split-

ting from the [00±1] valleys which constitutes the CB

edge as shown in Fig.1. For rhombohedral distortion

arising from the growth on a (111) substrate, all ∆1
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valleys are symmetrically equivalent and shift together

as shown in Fig.2. The number of equivalent CB edge

energy extrema is unchanged. The growth on a sub-

strate of the third orientation, (101) considered in this

work, produces a monoclinic distortion and splits the

∆1 levels. Figure 3 shows that the [±100] and [00±1]

valleys are symmetrically equivalent, splitting from

the [0±10] valley, i.e. the number of equivalent CB

edge energy extrema is four.

Fig.1. Schematic equi-energy surfaces of the six split val-

leys in the first CB in Si/(001)Si1−xGex.

Fig.2. The same legend as that in Fig.1, but for

Si/(111)Si1−xGex.

Fig.3. The same legend as that in Fig.1, but for

Si/(101)Si1−xGex.

3. K·P theoretical[9] derivation

In this section, CB edge parameters in a strained

layer, such as the position of extremal point, m∗
l and

m∗
t , will be discussed using the K·P method with the

help of perturbation theory.

In the single electron approximation, the eigen-

functions of the Schrödinger equation are the Bloch

function

Ψnk(r) = eik·runk(r), (1)

where n is the index of energy band, and the wave

vector changes within the first Brillouin zone.

{

−
~

2

2m0
∇2 + U ′(r)

}

Ψ(r) = εΨ(r), (2)

U ′(r) = Uunstrain(r) + UDeformation(r), (3)

where, Uunstrain(r) is the periodic field of unstrained

crystal lattice while an additional field UDeformation(r)

is induced by lattice deformation.

Under the biaxial stress imposed by the substrate,

in the plane of the interface between the film and its

substrate the film is forced to follow the lattice struc-

ture of its host substrate, and therefore lattice period-

icity is preserved under such a strain. Moreover, the

elastic strain is small enough to be treated as a small

perturbation. Substituting function (1) into Eq.(2),

yields Eq.(4) for a modulating functions unk(r), which

has the periodicity of the unstrained crystal lattice.

{ p̂2

2m0
+

~

m0
k · p̂ +

~
2k2

2m0
+ U ′(r)

}

unk(r)

= Hkunk(r) = εn(k)unk(r), (4)

where p̂ = −i~∇ is the momentum operator of the

electron.

There are six equivalent energy extremal point

ks
0 (s = 1, 2, 3, 4, 5, 6) for bulk, unstrained Si, in the

vicinity of which the band is non-degenerate. The

strain resulting from the growth on a (001) substrate,

(101) oriented substrate will lift partially the degen-

eracy of K wavevector starts, while there appears no

reduction for the (111) case. As indicated in Section 2,

the number of equivalent CB edge energy extrema is

two, four and six, respectively.

We take an arbitrary extremal point ki
0(i = 1−12)

into account. Since for any given k the set unk forms

a complete set in the space of functions having the

periodicity of the lattice, we can expand unk for any

k into functions for k = ki
0. So we have

unk(r) =
∑

Ann′(k − ki
0)unki

0

(r). (5)



No. 12 Determination of conduction band edge characteristics of strained Si/Si1−xGex 3829

This is called the ki
0-representation. By isolating the

part Hki

0

from Hamiltonian Hk, Eq.(4) may be repre-

sented in the form

(Hki

0

+ Hk·p̂ + Hstrain)unk(r) = εi
n
(k)unk(r), (6)

where

Hki

0

=
p̂2

2m0
+

~

m0
ki

0 · p̂ +
~

2ki2
0

2m0
+ Uunstrain(r), (7)

Hk·p̂ =
~

m0

[

(k − ki
0)

]

· p̂ +
~

2(k2 − ki2
0 )

2m0
, (8)

Hstrain = UDeformation(r). (9)

If k − ki
0 is a sufficiently small quantity, the operator

Hk·p̂(k − k0)+Hstrain(k − k0) may be considered as a

small perturbation compared with the operator Hki

0

.

Particularly, varying k in the vicinity of ki
0, the de-

formation potential field is taken as a constant, inde-

pendent of the wavevector. It is convenient to denote

Hstrain(k − k0) as Uki

0

for discussion.

Substituting the expansion expression (5) into

Eq.(6), multiplying both sides of Eq.(6) by u∗
nki

0

and

integrating over the unit cell, we obtain a system of

equations which give the eigenvalues as follows:

∑

n′

{[

εi
n(ki

0) +
~

2(k2 − ki2
0 )

2m0
+ Uki

0

]

δnn′Ann′

+
~

m0
(k − ki

0) · pnn′(ki
0)

}

Ann′ = εi
n(k)Ann′ , (10)

where

pnn′(ki
0) = 〈unki

0

|p̂|un′ki

0

〉 =

∫

Ω0

u∗

nki
0

p̂un′ki

0

dr (11)

is the matrix element of the momentum operator at

point k = ki
0. In deriving Eq.(10), the functions u are

considered to be orthonormalized in the unit cell, i.e.

∫

Ω0

u∗
nki

0

un′ki

0

dr = δnn′ . (12)

The corresponding terms of Hk·p̂ + Hstrain in

Eq.(10) may be visualized as small corrections to the

energy εi
n(ki

0). The dependence of energy on the wave

vector may be obtained from Eq.(10) by using the or-

dinary perturbation theory as follows:

εi
n(k) = εi

n(ki
0) + εi′

n(ki
0), (13)

εi′

n(ki
0) = Uki

0

+
~

2(k2 − ki2
0 )

2m0

+
~

m0
(k − ki

0) · pnn′(ki
0). (14)

To the second order we obtain

εi
n(k) = εi

n(ki
0) + εi′

n(ki
0) + εi′′

n (ki
0) = εi

n(ki
0) + Uki

0

+
~

2(k2 − ki2
0 )

2m0
+

~

m0
(k − ki

0) · pnn′(ki
0)

+
~

2

m2
0

∑

n′ 6=n

(k − ki
0) · pnn′(ki

0)(k − ki
0) · pn′n(ki

0)

εi
n(ki

0) − εi
n′(ki

0)
, (15)

where

εi′′
n (ki

0) =
∑

n′ 6=n

{

~

m0
(k − ki

0) · pnn′(ki
0) +

[

~
2(k2 − ki2

0 )

2m0
+ Uki

0

]

δnn′

}

×

{

~

m0
(k − ki

0) · pn′n(ki
0) +

[

~
2(k2 − ki2

0 )

2m0
+ Uki

0

]

δn′n

}

÷
[

εi
n(ki

0) − εi
n′(ki

0)
]

=
~

2

m2
0

∑

n′ 6=n

(k − ki
0) · pnn′(ki

0)(k − ki
0) · pn′n(ki

0)

εi
n(ki

0) − εi
n′(ki

0)
. (16)

A comparison between expression (15) and one of un-

strained Si shows that the strained and unstrained Si

have an identical CB dispersion relation in addition

to an added constant term, Uki

0

. This means that ∆
i

levels in the strained Si will be different from ∆1 level

in the unstrained Si, which is attributed to the two

facts: (1) Varying k in the vicinity of ki
0, the defor-

mation potential fields are taken as constants, inde-

pendent of K wavevector. Therefore, all ∆
i valleys

shift rigidly under the lattice deformation. That is,
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all points in the vicinity of a valley minimum shift

by the same account. Thus, the shape of the valley

is preserved and the position of the extremal point

ki
0 is unaltered, which are placed at a distance of

(0.85 ± 0.03)2π/a away from the Γ point to ∆ direc-

tion; (2) The CB states without any strain perturba-

tion which are degenerate in energy have significantly

different wavevectors, so, for any specific wavevector,

no pair of CB states under the strain perturbation is

degenerate or very close to each other in energy. This

means that any coupling between them is insignifi-

cant, and therefore may be neglected. So, band index

n sampling in the term εi′′

n (ki
0) in expression (15) has

no difference from the one for the unstrained situation.

It is convenient to transform Eq.(15) into our

familiar form for the discussion of effective mass.

Because the point ki
0 is extremal, the condition

(∇kεi
n)k=ki

0

= 0 from Eq.(10) gives

pnn′(ki
0) + ~ki

0 = 0. (17)

By using this relation, we can obtain from expression

(15) the following expression for energy in the vicinity

of extremal point ki
0:

εi
n(k) = εi

n(ki
0) + Uki

0

+
~

2

2

3
∑

α,β=1

( 1

mi
αβ

)

n

× (ki
α − ki

0α)(ki
β − ki

0β), (18)

where quantities (1/mi
αβ)n are given by the relation

( 1

mi
αβ

)

n
=

δαβ

m0
+

2

m2
0

∑

n′ 6=n

pα
nn′(ki

0)p
β
n′n(ki

0)

εi
n(ki

0) − εi
n′(ki

0)
(19)

with pα
nn′(ki

0) bing the αth component of pnn′(ki
0)

(the indices α and β denote the co-ordinates x, y, z).

So, we have the constant-energy equation near the ∆
i

valley under strain

εi(k) = εc(k0) + ∆εi
c +

~
2

2

[ (kx − ki
0x)2

m∗
x

+
(kx − ki

0y)2

m∗
y

+
(kx − ki

0z)
2

m∗
z

]

. (20)

Noting expression (15), constant-energy expres-

sion (20) equivalent to expression (15) shows that the

effective mass components in Eq.(20) are the same as

ones of unstrained Si, which can be represented as

two significant ‘effective’ masses to describe the shape

of the energy ellipsoid—namely, the longitudinal and

transverse masses (m∗
l and m∗

t ).

4. Calculation of energy shift

As it has been pointed out in the previous section,

∆
i level in strained Si is different from ∆1 level in

unstrained Si. The strain-induced energy shift (∆εi
c)

between them may be determined by the deformation

potential theory. The formulae are as follows:[11]

ε‖ = (aSi1−xGex
− aSi)/aSi, (21)

for the (001) substrate:

εxx = εyy = ε‖, εzz = −ε‖/σ(001), (22)

∆ε(100)
c = ∆ε(001̄)

c = Ξ∆

d (εxx +εyy +εzz)+Ξ∆

u εzz; (23)

for the (111) substrate:

εxx = εyy = εzz =
1

3

[

2 − 1/σ(111)
]

ε‖, (24)

∆ε(100)
c = ∆ε(1̄00)

c = ∆ε(010)
c = ∆ε(01̄0)

c = ∆ε(001)
c

= ∆ε(001̄)
c = Ξ∆

d (εxx +εyy +εzz)+Ξ∆

u εxx; (25)

for the (101) substrate:

εxx = εzz =
1

2
[1 − 1/σ(101)]ε‖, εyy = ε‖, (26)

∆ε(100)
c = ∆ε(1̄00)

c = ∆ε(001)
c = ∆ε(001̄)

c

= Ξ∆

d (εxx + εyy + εzz) + Ξ∆

u εxx. (27)

Values of parameters used in calculation are listed in

Table 1. Substituting those values into the above for-

mulae, the strain-induced energy shift is determinable.

The results are shown in Fig.4.

Fig.4. ∆ levels versus X in TS-Si on Si1−xGex.
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Table 1. Values[10] of parameters used in calculation.

Parameter Symbol Value

Si lattice constant a0/Å 5.4309

Ge lattice constant a0/Å 5.6579

Poisson’s ratio σ
(001) 1.296

Poisson’s ratio σ
(111) 2.275

Poisson’s ratio σ
(101) 1.959

Dilatation DP Ξ∆

d /eV 1.75

Shear DP Ξ∆
u

/eV 9.16

5. Conclusion

We have systematically investigated the features

of CB of TS-Si/Si1−xGex that are needed for quan-

titative transport calculations, namely the number of

equivalent CB edge energy extrema, CB energy min-

ima, the position of the extremal point, and effec-

tive mass. The main results of this paper can be

deduced from Figs.1–4 and expression (20). Notice-

ably, strained and unstrained materials have the same

values of CB effective mass derived by using the K·P

method, which are in good accordance with those cited

from other references.
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