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The properties of the field quantum entropy evolution in a system of a single-mode squeezed coherent state field

interacting with a two-level atom is studied by utilizing the complete quantum theory, and we focus our attention on the

discussion of the influences of field squeezing parameter γ, atomic distribution angle θ and coupling strength g between

the field and the atom on the properties of the evolution of field quantum entropy. The results obtained from numerical

calculation indicate that the amplitude of oscillation of field quantum entropy evolution decreases with the increasing

of squeezing parameter γ, and that both atomic distribution angle θ and coupling strength g between the field and the

atom can influence the periodicity of field quantum entropy evolution.
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1. Introduction

The standard Jaynes–Cummings model (JCM)[1]

is an exactly solvable model of a single-mode quan-

tized field interacting with a single two-level atom in

a lossless cavity. In the years, investigators have paid

much attention to the properties of the entropy in

the JCM and its generalizations due to the quantum

entropy theory of the field interacting with an atom

presented by Phoenix and Knight (P-K).[2−4] They

have shown that quantum entropy is a very convenient

and sensitive operational measure of the purity of the

quantum state because it automatically includes all

moments of the density operator of the system. The

time evolution of the field (atom) quantum entropy re-

flects the time evolution of the degree of the quantum

entanglement between the field and the atom. The

higher the quantum entropy is, the greater the quan-

tum entanglement will be.

The squeezed state light field has aroused the

interest of both theorists and experimentalists be-

cause of its wide applications in the low-noise light

communications,[5] weak signal detection technique,[6]

quantum-nondestructive measurement technique,[7]

and quantum communication field[8] and so on. Some

investigators have studied the evolution of the field

quantum entropy in the JCM and its generalizations

with initial coherent-state field,[9−17] vacuum-state

field,[18] and squeezed vacuum-state field.[19,20] Other

investigators have examined the interaction between

two coupling-atoms and a single-mode squeezed co-

herent state light field,[21] and the entropic squeezing

properties of squeezed coherent states.[22] However, up

to now, less attention has been paid to the study of the

evolution of the field quantum entropy in the squeezed

coherent states of JCM. In this paper, we investigate

the properties of the field quantum entropy evolution

in the system of a single-mode squeezed coherent state

field interacting with a two-level atom by utilizing the

complete quantum theory, and we discuss the influ-

ence of field squeezing parameter γ, atomic distribu-

tion angle θ and coupling strength g between the field

and the atom on the properties of the evolution of the

field quantum entropy.

The remainder of this paper is organized as fol-

lows: in Section 2, we introduce our Hamiltonian

model and give an exact expression of reduced den-

sity matrix ρf(t) and eigenvalues π±
f of the field; in

Section 3, we calculate the field quantum entropy and

entanglement and give the theoretical analysis; finally
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a brief conclusion is given in Section 4.

2. The model and its solution

We consider a single-mode squeezed coherent

state field interacting with a two-level atom through

one-photon transition process. The Hamiltonian of

this system can be written with the dipole interaction

in the rotating-wave approximation (RWA) as (~ = 1)

H = ωa+a+ ω0Sz + g(aS+ + a+S−), (1)

where a+ and a are the photon creation and annihila-

tion operators of the single-mode field with frequency

ω respectively; Sz and S± are the usual pseudo-spin

operators of the two-level atom with a transition fre-

quency ω0; g is the coupling constant between the

two-level atom and the single-mode squeezed coher-

ent field. In what follows, we consider only resonance

conditions so that ω = ω0. The effective Hamiltonian

in the interaction picture is given by

HI = g(aS+ + a+S−). (2)

Using the standard technique in Ref.[2], from this

Hamiltonian we can obtain the following time-

evolution operator:

UI(t) = e−iHIt

=









cos(gt
√
aa+) −ia

sin(gt
√
a+a)√

a+a

−ia+ sin(gt
√
aa+)√

aa+
cos(gt

√
a+a)









,

(3)

Here we consider the situation that the two-level atom

is in a coherent superposition state of the excited state

|e〉 and the ground state |g〉 at the initial time t = 0,

namely

|ψa(0)〉 = cos
θ

2
|e〉 + e−iφ sin

θ

2
|g〉 , (4)

where 0 ≤ θ ≤ π with θ denoting the atomic dis-

tribution angle and 0 ≤ φ ≤ 2π with φ being the

phase angle of the atom dipole, while the field is in

the single-mode squeezed coherent state,[23] that is

|ψf(0)〉 = |β〉g =
∞
∑

n=0

F (n) |n〉, (5)

where F (n) is the statistical distribution of the photon

numbers of the single-mode squeezed coherent field,

and expressed as

F (n) = (n!µ)−1/2(ν/2µ)n/2Hn

[

β(2µν)−1/2
]

× exp

[

−1

2
|β|2 +

ν∗

2µ
β2

]

, (6)

where γ is the squeezing parameter of the single-mode

squeezed coherent field. If both the direction angle

of the excitation for the field ϕ and the squeezing

phase angle α of the field are zero, then µ = coshγ,

ν = sinh γ and β = |β| = n̄1/2, with n̄ represent-

ing the initial average photon number of the squeezed

coherent field.

If we consider that at the initial time t = 0 the

two-level atom and the single-mode squeezed coherent

field are decoupled, then the initial state of the system

can be written as

|ψ(0 )〉 = |ψa(0)〉 ⊗ |ψf (0)〉

=
∞
∑

n=0

F (n)

[

cos
θ

2
|n, e〉 + e−iφ sin

θ

2
|n, g〉

]

.

(7)

At any time t > 0 the state vector of the system is

given by

|ψ(t)〉 = UI(t) |ψ(0)〉 = |C〉 |e〉 + |D〉 |g〉 , (8)

Where

|C〉 =

∞
∑

n=0

F (n)

[

cos

(

θ

2

)

cos(gt
√
n+ 1) |n〉 − ie−iφ sin

(

θ

2

)

sin(gt
√
n) |n− 1〉

]

,

|D〉 =

∞
∑

n=0

F (n)

[

−i cos

(

θ

2

)

sin(gt
√
n+ 1) |n+ 1〉 + e−iφ sin

(

θ

2

)

cos(gt
√
n) |n〉

]

. (9)

Therefore, at any time t > 0 the density matrix for the system is given by
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ρ(t) = |ψ(t)〉 〈ψ(t)| =





|C〉 〈C| |C〉 〈D|
|D〉 〈C| |D〉 〈D|



 , (10)

and the reduced density matrix of the single-mode

squeezed coherent field is given by

ρf(t) = tra[ρ(t)] = |C〉 〈C| + |D〉 〈D| . (11)

Using the standard technique in Ref.[2], it can be

shown that the eigenvalues of the reduced density op-

erator ρ̂f(t) are given by

π±
f = 〈C | C〉 ± exp(∓δ) |〈C | D〉|

= 〈D | D〉 ± exp(±δ) |〈D | C〉| (12)

where

δ = sinh−1

[

1

2 |〈C | D〉| (〈C | C〉 − 〈D | D〉)
]

, (13)

〈C|C〉 =

∞
∑

n=0

{

|F (n)|2
[

cos2
(

θ

2

)

cos2(gt
√
n+ 1) + sin2

(

θ

2

)

sin2(gt
√
n)

]

−1

4
ie−iφF ∗(n− 1)F (n) sin θ sin(2gt

√
n) +

1

4
ieiφF ∗(n+ 1)F (n) sin θ sin(2gt

√
n+ 1)

}

, (14)

〈D|D〉 =

∞
∑

n=0

{

|F (n)|2
[

cos2
(

θ

2

)

sin2(gt
√
n+ 1) + sin2

(

θ

2

)

cos2(gt
√
n)

]

−1

4
ieiφF ∗(n+ 1)F (n) sin θ sin(2gt

√
n+ 1) +

1

4
ie−iφF ∗(n− 1)F (n) sin θ sin(2gt

√
n)

}

, (15)

〈C|D〉 =

∞
∑

n=0

{

i sin(gt
√
n+ 1)F ∗(n+ 1)F (n)

[

sin2

(

θ

2

)

cos(gt
√
n) − cos2

(

θ

2

)

cos(gt
√
n+ 2)

]

+
1

2
e−iφ |F (n)|2 sin θ cos(gt

√
n+ 1) cos(gt

√
n)

+
1

2
eiφF ∗(n+ 2)F (n) sin θ sin(gt

√
n+ 2) sin(gt

√
n+ 1)

}

. (16)

3. The time evolution of the field

quantum entropy and quan-

tum entanglement between the

single-mode squeezed coherent

field and the two-level atom

Following the work by P-K in Ref.[2], we can ex-

press the reduced quantum entropy Sf(t) of the single-

mode squeezed coherent field in terms of the eigen-

value π±
f of the reduced density matrix ρf(t), given by

expression (12), that is

Sf(t) = −[π+
f ln(π+

f ) + π−
f ln(π−

f )]. (17)

If the minimum value of Sf(t) is taken to be zero, the

single-mode squeezed coherent field and the two-level

atom are disentangled; if the maximum value of Sf(t)

is taken to be one, the single-mode squeezed coherent

field and the two-level atom are in maximal quantum

entangled state; if the value of Sf(t) is between zero

and one, the single-mode squeezed coherent field and

the two-level atom are in usual quantum entangled

states. It does not appear to be possible to express

the sum in expression (17) in the closed form, but for

not too large n̄, the direct numerical temporal evolu-

tion of the entropy can take place based on the ana-

lytical solution presented by expression (17). In what

follows, we mainly consider the influence of squeezing

parameter γ, atomic distribution angle θ and coupling

constant g between the two-level atom and the single-

mode squeezed coherent field on the time evolution

behaviours of the field quantum entropy and the quan-
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tum entanglement between the single-mode squeezed

coherent cavity field and the two-level atom.

3.1. The influence of squeezing parame-

ter γ on the evolution of field quan-

tum entropy

Figure 1 presents the numerical results of the

time evolution of the field quantum entropy for dif-

ferent values of squeezing parameter γ with n̄ = 10,

θ = π/3, g = 0.2 and φ = π/4. It is shown that the re-

duced field quantum entropy is strongly dependent on

squeezing parameter γ. From the figures one can see

that the amplitude of vibration of the quantum field

entropy decreases with the increasing of the squeezing

parameter γ and the maximum value of the field quan-

tum entropy increases with the increasing of squeezing

parameter when the squeezing of the field is weaker,

which shows that the quantum entanglement between

the field and the atom becomes greater in that case,

(see Figs.1(a)–(c)), while when the squeezing of the

field is stronger, the maximum value of the field quan-

tum entropy decreases with the increasing of squeezing

parameter, which indicates that the quantum entan-

glement between the field and the atom turns worse

and worse (see Figs.1(d)–(f)), the field quantum en-

tropy reaches its minimum value zero and almost be-

comes a straight line (see Fig.1(f)) when the squeezing

parameter is big enough, that is to say, the field and

the atom are nearly disentangled at those times.

Fig.1. Time evolution of the field quantum entropy Sf(t) for n̄ = 10, θ = π/3, g = 0.2 and φ = π/4.

3.2. The influence of atomic distribution

angle θ on the evolution of field

quantum entropy

Figure 2 shows the numerical results of the time

evolution of the field quantum entropy for different

values of atomic distribution angle θ with n̄ = 10,

g = 0.2, φ = π/4, and γ = 1.5. Based on the plots,

one can find that atomic distribution angle θ almost

has no influence on the maximum and minimum values

of the field quantum entropy evolution, but it affects

the period of the evolution of the field quantum en-

tropy and influences correspondingly the periodicity

of the quantum entanglement between the field and

the atom.
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Fig.2. Time evolution of the field quantum entropy Sf(t) for n̄ = 10, g = 0.2, φ = π/4 and γ = 1.5.

Fig.3. Time evolution of the field quantum entropy Sf(t) for n̄ = 10, θ = π/3, φ = π/4 and γ = 1.5.
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3.3. The influence of coupling constant

g between the two-level atom and

the single-mode squeezed coherent

field on the evolution of field quan-

tum entropy

Figure 3 gives the numerical results of the time

evolution of the field quantum entropy for different

values of the coupling constant g between the field

and the atom with n̄ = 10, θ = π/3, φ = π/4 and

γ = 1.5. Comparing the plots in Figs.3(a)–(f), one

can see that the periodicity of the field quantum en-

tropy evolution is greatly influenced by the coupling

strength between the two-level atom and the single-

mode squeezed coherent field. The period of the field

quantum entropy evolution decreases with the increas-

ing of coupling constant g, and the period of the quan-

tum entanglement between the field and the atom be-

comes smaller and smaller accordingly.

4. Conclusions

We have investigated the time evolution of the

field quantum entropy for the single-mode squeezed

coherent field interacting with a single two-level atom

via the one-photon transition process and obtained

the analytical expression of the field quantum entropy.

Besides, we have presented the numerical results for

n̄ = 10 and different values of squeezing parameter

γ, atomic distribution θ and coupling constant g be-

tween the field and the atom and examined the in-

fluence of these parameters on the time evolution of

the field quantum entropy. The results show that the

amplitude of oscillation of the field quantum entropy

evolution decreases with the increasing of squeezing

parameter γ, and both atomic distribution angle θ and

coupling strength g between the field and the atom can

influence the periodicity of the field quantum entropy

evolution.
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