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We investigate the preparation and the control of entangled states in a system with the two-mode coherent fields

interacting with a moving two-level atom via the two-photon transition. We discuss entanglement properties between

the two-mode coherent fields and a moving two-level atom by using the quantum reduced entropy, and those between

the two-mode coherent fields by using the quantum relative entropy. In addition, we examine the influences of the

atomic motion and field-mode structure parameter p on the quantum entanglement of the system. Our results show

that the period and the duration of the prepared maximal atom-field entangled states and the frequency of maximal

two-mode field entangled states can be controlled, and that a sustained entangled state of the two-mode field, which

is independent of atomic motion and the evolution time, can be obtained, by choosing appropriately the parameters of

atomic motion, field-mode structure, initial state and interaction time of the system.
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motion and field-mode structure
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1. Introduction

Quantum entanglement(QE) is one of the most
striking features of quantum mechanics. The manip-
ulation of entangled states that have nonclassical and
nonlocal properties leads to a better understanding
On the other hand,
QE is an essential ingredient and entangled state that

of basic quantum phenomena.

constitutes a valuable resource in quantum informa-
tion processing,[l] such as quantum cryptography,m
computer,® and teleportation.l*! Therefore, it is of
great importance to quantify the entanglement to as-
sess the efficacy of quantum information processing
and to prepare and control quantum entangled states
in well-controlled experimental conditions. In the lat-
ter case, the entanglement results from the interaction
of a two-level atom with a cavity mode field. Inter-
rupting the coherent interaction at a chosen time, one
can generate atom-cavity entanglement,® exchange
the atom and cavity states,l® or realize a two-qubit

(7]

quantum logics gate!’! for a basic unit of quantum in-

formation processing systems. These functions can

be used to realize a quantum non-demolition mea-

surement of a single photon!®!

or to generate a three-
particle entangled state.l). Up to now, these experi-
ments have involved a single cavity mode field inter-
acting with one, two, or three atoms crossing it succes-
sively. Recently, unconditional quantum teleportation
of an unknown coherent state has been realized ex-
perimentally by exploiting a two-mode squeezed vac-
uum state as an entanglement resource,!' but the
effect of environment on the two-mode fields has not
been considered in the scheme. In another scheme,!]
the authors presented the realization of a more com-
plex entanglement in cavity quantum electrodynam-
ics, by involving in the experiment two independent
These

multi-mode entanglement opens interesting perspec-

cavity modes via emitting a single photon.

tives for quantum information processing and non-

locality tests.!12—15]

In real experimental situations,
due to its coupling to the environment, the entangled

state of the two-mode fields inevitably loses its pu-
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rity, and it becomes mixed. This phenomenon, i.e.
decoherence, is the most dangerous obstacle for all
entanglement manipulations.

Even so, all these theoretical results are obtained
only under the condition in which the atomic mo-
tion is neglected and the field-mode structure is not
taken into account. Recently, the atomic space mo-
tion has been taken into consideration in order to
achieve cooled atoms and the super-cooled atoms with
the development of laser cooling and trapped atom
technology.'®! Schlicher!'” has examined the influ-
ences of the atomic motion and the field-mode struc-
ture on the atomic dynamics. Joshi and Lawandel'8]
have analysed the influences of the atomic motion
and the field-mode structure on the squeezing of the
field. References [19, 20] have studied the effects of
the atomic motion and the field-mode structure on
entropy squeezing in JCM. But these outcomes show
that the quantum effect due to the atomic motion can-
not be underrated in experiment.

In this paper, we investigate the entanglement
properties of the two-mode coherent fields interacting
with a moving two-level atom via the two-photon tran-
sition by regarding the atom as the environment. We
study the QE between the two-mode coherent fields
and the two-level atom by using the quantum reduced
entropy and that between two-mode coherent fields
by using the quantum relative entropy.?!) We exam-
ine the influences of the atomic motion and field-mode
structure parameter p on the entanglement properties
of the system. We find that three types of entangled
states, i.e. a maximal-entangled state between the
two-mode coherent fields and the atom, a maximal-
entangled state between the two-mode coherent fields,
and a sustained entangled state between the two-mode
coherent fields, can be prepared, that the period, the
duration and the frequency of the maximal entangled
states can be controlled, and that the atomic motion
does not hamper that a king of sustained entangled
state is produced via choosing appropriately the pa-
rameters of the system. Our study provides a good
way for preparing and controlling the entangled state
by using the two-mode coherent fields interacting with

a moving atom in experiment.

2. The model and its solution

The present cavity quantum electrodynamic
experiments??l are equipped with an atomic beam

passing along the axis of the rectangular or cylindrical
cavity so that one can investigate the interaction of an
atom in motion with different field modes. The system
considered here consists of a two-level atom in motion
interacting with a quantized field via the two-quantum
transition processes. The effective Hamiltonian in the

rotating-wave approximation!! is

2
+
H = wyS, + g wja; a;
i=1

+9f1(2) fa(2)(af a3 S— + ar1a2S8y), (1)

where z, +, and — are the usual pseudo-spin opera-
tors of the two-level atom; a;r (a;) is the photon cre-
ation (annihilation) operator of the field mode with
a frequency w;(j =1, 2); g is the coupling constant
between the atom and the two-mode coherent fields;
fi(z)(i = 1,2) denotes the mode structure of the
ith-mode coherent fields.
the atomic motion along the z axis so that the z-

We restrict our study to

dependence of the field-mode function must be taken
into account.The atomic motion can be incorporated

in a usual way(2?!

fi(z) = fi(vt), (2)

where v denotes the atomic motion speed. In order
to make the later discussion easy, a TEM,,,, mode is
defined as

oty =sin (251 ®)

where p; represents the number of half wavelengths of
the ¢th field mode inside a cavity of the length L.
For simplicity, we consider the two-photon reso-
nance case, in which wy = w1 + w2 and p;1 = ps = p,
and that the atom enters the cavity and leaves the cav-
ity after passing p half-wavelengths of electric field.
Using the standard techniques,/?*) in the interaction
picture and two-dimensional atomic space the time
evolution Dyson operator can be written as
n=| T (4)
—lu21  U22

where

) in(Agh(t
’llll = cos(AgH(t)), ﬁgl = afaé"w

)

sin(Bg@ (t))

’ll22 = cos(EgG(t)), ﬂlg = aj1a2

)

(alagafa;), B = (afa;alag),
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o(t) = /Ot[f(vt')]2dt' - /Ot [sin (pwg}t/ﬂzdt’
- % {t - 2pivt sm(ngt)} . (5)

We consider at the time ¢ = 0 the atom is in a

coherent superposition state of the excited state |1)
and the ground state |0)

1A (0)) = cos(§/2)[1) + exp(ip) sin(£/2)[0),  (6)
where 0 < £ < 7, and 0 < ¢ < 27 is the phase of the

atom dipole.
The field is in the two-mode coherent state

oo

[¥r(0) = [ az) = Y F(n1)F(n2)na, na),
ni,n2=0
F(n;) = exp (—%) a;‘! (7)

with F(n;) denoting the atomic distribution; a; =
7y exp (i), where 7; and v; represent the initial
average photon number and the direction angle of the
excitation for j(j = 1, 2)mode respectively.

The initial state of the system can be written as

[hra (0)) = [¢r(0)) @ [1a(0)). (8)
At any time t > 0 the state vector of the system is
given by
[vra(t)) = Ur(t)[¢ra(0))
= |D)[1) +T0), (9)
with

D) = Y F(m)F(na)(cos(€/2) exp (i[natr + nata]) cos(g0(t) Yy 41.m+1)[n1, m2)
ni,n2=0
—isin(¢/2) exp (—i[p — n1hr — nathe]) sin(go(t)vny ny)In1 — 1,m2 — 1)), (10)

|T) = Z F(n1)F(nz2)(cos(§/2) exp (i[n1t1 + nathe]) sin(g0(t)vyn, +1,n,+1) |01 + 1,m2 + 1)

n1,m2=0

+isin(§/2) exp (—ifp — nir — nate)) cos(90(t)yn, ns )1, n2)), (11)

where Y, n, = /N1, N2.

The density operator for the system is given by

pra(t) = |Yra(t))(Yra(t)]
_ |D)(D| [D)T| 7 (12)
|TY(D| [T)(T|

while the reduced two-mode coherent field density op-
erator for the system is expressed as

pe(t) = Tra(pra(t))
= |D)(D| + [T)(T|. (13)
The eigenvalues and the eigenstates of the reduced

two-mode coherent field density operator pr(t) are ob-
tained to be

Ar = (D|D) £ exp (FO)|(DIT)|
= (T|T) + exp (£)[(D|T)], (14)

1
. 2)\?5 coshd

+ exp[—1/2(ia £ 8)]|T)), (15)

e (1)) = (exp[1/2(ia £ 6)]|D)

where
sinh(6) — sinhfl[mamm —(T|TY)), (16)
[T
o = tanh™* |:7R6<D|T>:| . (17)

Similarly, we can obtain the reduced atom density op-
erator for the system as follows:
(DID) (T'|D)

pa(t) = o) i) | (18)

It turns out that the eigenvalues of p4(t) are equal to
those of pp(t), that is, A = AT = A\*. The eigen-
states of pa(t) are given by

GED) = ——
. 2)& coshd

+ exp[—1/2(ia £ 0)]|g))- (19)

(exp[1/2(ia + d)]|e)

(25]

By using the Schmidt theorem, the system state

vector can be rewritten as

Tpa(t)) = VAT U oK) + VA~ Ug)|x).  (20)
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The properties of the QE between the two-mode co-
herent fields and the moving atom, and those between
the two-mode coherent fields will be discussed in the
next section by using the above results.

3. Numerical results and discus-
sion

The time evolution of the field (atomic) reduced
entropy S(pr) reflects the time evolution of the de-
gree of the entanglement between the field and the
atom (DEFA). The higher the reduced entropy is, the
greater the DEFA will be. The information concerning
the field is inferred by measurements of atomic prop-
erties. Following the work by Phoenix and Knight, 2!
we can express the reduced entropy S(pr) of the two-

mode coherent fields in terms of the eigenvalue /\i;'E of

pr(t) given by Eq.(14) as
S(or) = —Nflogy \f —Arlogy g (21)

If S(pr) takes its minimum value to be zero, the two-
mode coherent fields and the atom are disentangled;
if S(pr) takes its maximum value to be 1, the two-
mode coherent fields and the atom are in a maximal
entangled state.

3.1.Influences of atomic motion and
field-mode structure on the entan-
glement between the fields and the
moving atom
Now we examine the influences of the atomic mo-

tion and the field-mode structure parameter p on the
DEAF S(pr) as shown in the Fig.1 by the solid line.
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Fig.1. The time evolution of the degree of the entanglement. S(pr) is shown by the solid line and Er(pr) by the dotted

line with £ = 0, 8 = 0, 71 = fiz = 20; Subfigure (a) is for the atomic motion neglected; (b) is for the atom moving at a

speed v = gL/m and p = 1; (c) for the atom moving at a speed v = gL/m and p = 2.

First, the atomic motion is neglected for the case
in which £ = 0, n; = ns = 20, and § = 0, as shown
in Fig.1(a).
with a period of 7 except at initial stage of time. This

The S(pr) evolves following a sin wave

corresponds to the result obtained in Ref.[26].

Furthermore, Figs.1(b) and 1(c) illustrate the
time evolution of S(pr) when the atom is moving at
a speed v = gL /7, and have field-mode structure pa-
rameters p = 1 and p = 2 respectively, the time evo-
lution of S(pr) appears as an approximate rectangle
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wave. At time gtq = (2n + 1)m, where tq refers to
the time when the two-mode coherent fields is dis-
entangled from the atom, S(pr) takes its minimum
value. But S(pp) exhibits maximal values at time
gte =2mm(m =1,2,3,--), where t. denotes the time
required to prepare the maximal entangled state be-
tween the two-mode fields and the moving atom.
This point can be quantitatively interpreted by
using Eqgs.(14) and (20). Under a strong field ( both
71 and ng are very large), after a straightforward cal-
culation, we can obtain AT ~ 1 and A\~ ~ 0 in this

case. The system state |¢)pa) can be expressed as

[Yea) = [U1) @ [¥4). (22)

Obviously, this is a disentangled direct product state.
Therefore, S(pr) is equal to zero. When gt, = 2mm,
the value of S(pr) tends to 1, which means that the
DEAF is very large. This can also be explained from
Eqs.(14) and (20). The state vector of the system can
be written by using the above mentioned condition as

1
V2

This state is just the EPR (Einstein-Podolsky-Rosen)
entanglement state and applied widely in quantum in-

(X)) + [pdlvx)).  (23)

|£DFA> ~

formation (QI) processing.

From these figures we can draw the following con-
clusions. (1) Atomic motion leads the evolution period
T of the DEEA to be the double of the evolution pe-
riod in the case without the atomic motion, that is
T = 2w, see Figs.1(a) and 1(b). (2) Atomic motion
leads to the extension of time t., see Fig.1(b). (3)
The increase of the field-mode structure parameter p
causes the range of ¢, to decrease, and the range of
time tq to increase. So, the field-mode structure pa-
rameter p can control the ranges of times t, and tq,
that is, p can control the time range of maximal en-
tanglement and disentangled between the two- mode
coherent fields and moving atom. see Figs.1(b) and
1(c).

Physically, all these features can be attributed
to the change in atom-field interaction time due to
atomic motion. This is due to the fact that the differ-
ence in entropy S(pr) between with and without the
atomic motion results from the time factor. The time
factor is the scaled time gt: when the atomic motion
is neglected, it is g6(t), and when the atomic motion is

1 1
taken into account it is g0(t) = 3 gt — % sin(2pgt) | .
p

This is made up of two parts: one is linear part 1/2gt,

1
and the other is nonlinear part . sin(2pgt) and its
P

amount is very small (< 1/4p), so g6(t)~ 1/2gt holds
approximately, which just leads to the double of the
period of squeezing factors, but the nonlinear part de-
termines the range of ¢, . It is shown that the range
of t, can be controlled. Once time t. is controlled, we
can prepare a maximal entangled state between the
two-mode coherent fields and a moving atom in time
te by choosing the parameters of atomic motion and
field-mode structure. Our results are important for
the experimental realization of the preparation and

the control of maximal entangled states.

3.2.Influences of atomic motion and
field-mode structure on the entan-
glement between the two-mode co-
herent fields

The above results show that the Hamiltonian
given by Eq.(1) leads to the entanglement between
the two-mode coherent fields and the atom, so that
the state of the two-mode coherent fields may evolve
into a mixed state. In this case, the degree of the en-
tanglement between two-mode coherent fields cannot
be measured by the reduced entropy. However, the rel-
ative entropy of the entanglement is a good measure
of the degree of the entanglement of two subsystems

in a mixed state, which is defined as(!!]

Er(p) = mainge pS(pl|o), (24)

where S(p|lo) = Tr[p(logy p — log, o)] is the relative
entropy. The minimum is taken over D, the set of
all disentangled states. For a pure state, the relative
entropy of the entanglement reduces to the reduced
entropy of the entanglement, while for a mixed state,
it is usually difficult to calculate the relative entropy
of the entanglement except for some specific states.
The following theorem on the relative entropy of the
entanglement has been proved,[?”-28 and it turns out
to be quite suitable for the present analysis.

Using the result in Ref.[26], the relative entropy
of the entanglement of the state Eq.(13) is written as

Er(pr) = — Z nn 1083 an.p — S(pF)
= - Z Ann 108y ann + AT logy AT

+A7 logy AT, (25)
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where ay,_, = (n,n|pr|n,n). Consequently, it is possi-
ble to compute numerically the relative entropy of the
entanglement given by Eq.(25).

The time evolutions of the relative entropy of the
entanglement Fg(pr) are shown by using the dotted
line in Figs.1(a)-1(c), which reflect the time evolution
of the degree of the entanglement between the two-
mode coherent fields (DETMCF) when atomic motion
is neglected. The DETMCEF increases monotonically
with the relative entropy. Comparing the dotted line
with the solid line in Figs.1(a) and 1(b), we can arrive
at the following conclusions. (1) The time evolution
of the DETMCEF is just the opposite to DEFA, that is,
as the latter increases with time, the former decreases
with time, which comes from the fact that DEFA can
impair the DETMCF due to the atom interacting with
the two-mode coherent fields. (2) Atomic motion leads
the evolution period T of the DETMCF to be the
double of the evolution period in the case without the
atomic motion, that is 7' = 2, see Figs.1(a) and 1(b).
In particular, when 8 = 0, and iy = ng, at tq it can be
obtained that AT = 1 and A~ = 0. The states of the
system can be written in the same form as expression
(22), which means that the two-mode coherent fields
and the atom are disentangled, while Eq.(15) can be
further reduced to

|¢F> = \/ii F(2n + 1)F(2n + 1)(_1)n+1
n=0

x(cos(€/2)12n +1,2n + 1)
—i(sin(&/2)|2n, 2n)). (26)

Obviously, when the two-mode coherent fields are

Degree of the entanglement

(a)

0 5 10 15 20 25

gt

in the state with an odd or even photon number, the
state is respectively expressed as

lYr) = V2 i F(2n+1)F(2n+1)
n=0
x(=1)"T2n +1,2n 4+ 1)(€ = 0),

or

) = Mifj F@2n+1)F(2n+1)
n=0
x(=1)"2n,2n)(§ = ). (27)

When £ = 7/2, the maximal entangled state be-
tween the two-mode fields can be produced, that is,

lp) = i F2n+1)F@2n+1)
n=0

x(=1)"TH(|12n 4+ 1,2n + 1)
—i|2n, 2n)). (28)

The states given by Eqs.(27) and (28) have been ap-
plied widely in QI processing.[??3% (3) The increase
in field-mode structure parameter p causes the fre-
quency F: of the maximal entangled state between
the two-mode fields to increase in tq, see Fig.1(c). (4)
Our result further shows that under the condition of a
strong field( both 7i; and 7y are very large) and when
the atom is in a coherent trapping state, a sustained
entangled state between the two-mode coherent fields,
which is independent of atomic motion and the evolu-

tion time, can be obtained as shown in Figs.2(a) and
2(b).
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Fig.2. The time evolution of the degree of the entanglement. S(pr) is shown by the solid line and Eg(pr) by the
dotted line with £ = 7/2, 8 = 0, and 71y = fig = 40; Subfigure (a) is for the atomic motion neglected; (b) for the

atom moving at a speed v = gL/ and p = 1.
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4. Conclusion

We have investigated the preparation and con-
trol of entangled states in a system with two-mode
coherent fields interacting with a moving two-level
atom via the two-photon transition. We discuss the
quantum entanglement between the two-mode coher-
ent fields and the two-level atom by using the quan-
tum reduced entropy and that between the two-mode
coherent fields by using the quantum relative entropy.
We can draw the following conclusions. (1) Two types
of maximal entangled states can be prepared, that is,
a maximal atom-fields entangled state and a maximal
two-mode coherent field entangled state, and the pe-
riod T' of the two kinds maximal-entangled state is
determined by choosing the parameters of atomic mo-
tion and interaction time. (2) The duration and the

frequency of the two kinds of maximal entangled states
can be determined by choosing the field-mode struc-
ture parameter p. (3) A sustained entangled state
between the two-mode coherent fields, which is inde-
pendent of atomic motion and the evolution time, can
be obtained under the condition of a strong field and
the atom is in a coherent trapping state. Our results
show that we can prepare and control three kinds of
entanglement states by choosing parameters of atomic
motion, field-mode structure and the system. The sys-
tem of the two-mode coherent fields interacting with
a moving atom via two-photon process is a valuable
resource of entanglement in quantum information pro-
cessing. Our results are important for the experimen-
tal realization of the preparation and the control of
entangled states by using the system we have consid-
ered here.
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