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Application of the first junction condition to a highly symmetric spacetime was investigated recently in Chin.

Phys. Lett. B 546 189 2006, where a partial differential equation arising from the connection of the Robertson–Walker

and the Schwarzschild–de Sitter metrics was presented, but no solutions of the equation were provided. Here we provide

a proof to the statement that there exist solutions of the equation. In addition, an example of the solution and some

analyses associated with this issue are presented. We find that in connecting the two metrics, there are three conditions

which should be satisfied. Of these conditions, one condition constrains the place where the two metrics can take the

same value for a local system whose mass is provided which marks the boundary of the system, and the other two

constrain the transformation form. In realizing the connection of the two metrics, the latter two conditions are required

to be satisfied only at the boundary defined by the former condition.
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Recent observations revealed that type Ia super-

novae are 10% to 15% farther out than expected even

in a universe with little matter. This together with the

measurement of the characteristic angular size of fluc-

tuations in the cosmic microwave background (CMB)

suggests that current expansion of the universe is ac-

celerated rather than decelerated and the cosmolog-

ical constant is nonzero and positive.[1−7] It is gen-

erally accepted that a dark energy component with

negative pressure is responsible for the current ac-

celeration of the universe. Besides the cosmological

constant Λ,[8] there are many other candidates of the

dark energy component in the literature, including an

evolving scalar field,[9,10] the phantom energy,[11] the

so-called ‘X-matter’,[12−15] the Chaplygin gas,[16−18]

the Cardassion model,[19−23] and the brane world

model.[24−26]

The suggestion that the cosmological constant

exists leads to a solution of the Einstein field

equation that is in the form of the so-called

Schwarzschild–de Sitter metric rather than the con-

ventional Schwarzschild one according to Gibbons and

Hawking.[27] It is known that the metric of the uni-

verse would be the Robertson–Walker (R-W) one due

to the homogeneous and isotropic property of the

spacetime. Recently, an ideal model of spacetime has

be considered where the local system is assumed to

be highly symmetric and the cosmological matter is

kept away from and not disturbed by the local sys-

tem. It has been proposed that a metric system is

used to describe this spacetime: in the part of space-

time beyond the boundary, which separates the local

part from global part of spacetime, is the R-W met-

ric while inside the part of spacetime, enclosed by the

boundary, is the Schwarzschild–de Sitter metric (see

Ref.[28], which, hereafter, is referred to as Paper I). It

is obvious that this metric system is a solution of the

Einstein field equation on both sides of the boundary,

as both metrics are the exact solution of the equation

in their corresponding part of spacetime (note that

the Einstein field equation is a differential equation).

At the boundary, requiring the metrics adopted to be

a solution of the field equation leads to the second

junction condition.[29] This in turn might provide an

independent constraint on the transformation of the

two metrics involved (this will be discussed later).

Particle tunnelling radiation from a black hole has

been discussed in recent years, in which the property
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of a boundary connecting two parts of spacetime, one

outside the black hole and the other inside the black

hole, is involved.[30−38] The boundary of black hole,

the horizon, is somewhat similar to the boundary dis-

cussed in Paper I. It is clear that, at the black hole

boundary, junction conditions can be well satisfied.

What is considered in Paper I is the first con-

dition of the junction conditions in the case of the

ideal spacetime discussed there, which gives rise to a

boundary condition in connecting the two metrics on

both sides of the boundary. The requirement for the

boundary condition leads to a partial differential equa-

tion (Eq.(4) in Paper I). Whether there exist solutions

to the equation has not yet been clarified.

Here we provide a proof showing that the partial

differential equation is solvable.

Following Paper I, we use coordinates t and r to

describe the R-W metric, and t̃ and r̃ to describe the

Schwarzschild-de Sitter metric. The transformation

between the two sets of the coordinates is assumed to

be

Rr = r̃ (1)

and

t = t(t̃, r̃). (2)

To meet the requirement that the two metrics should

take the same value at the place they are connected

(or, the induced metric should be continuous across

the boundary that connects the two parts of space-

time), the following condition should be satisfied:

∂t

∂r̃
=

r

r2

(
dR

dt

)2

− (1 − kr2)

dR

dt
. (3)

As suggested in Paper I, when R = R(t) is known,

there will exist a solution of this partial differential

equation.

Proof Equation (3) can be written as

∂t

∂r̃
= f(r̃, t). (4)

For r = r0, one has

R|r=r0
= r̃/r0, (5)

and

t|r=r0
= t

−1(R|r=r0
) = t

−1(r̃/r0), (6)

where t
−1(R) is an inverse function of R(t). Assume

that within the range concerned there is a one-to-one

relationship between R and t; at any time t, there

exists a certain
dR

dt
; r2

(
dR

dt

)2

− (1 − kr2) 6= 0 for

any point (t̃, r̃). Under this assumption, f(r̃, t) and

t
−1(r̃/r0) are analytical within the range. According

to the Cauchy theorem, there exists a unique analyti-

cal solution to Eq.(3). The proof is now completed.

Second, we check whether there indeed exist some

solutions to the partial differential equation.

a) The simplest solution to Eq.(3) is obtained

when R = const. It leads to t(t̃, r̃) = t̃ + C, where

C is a constant.

b) Assume

R(t) = R0e
t/t0 (7)

and

k = 0, (8)

where R0 and t0 are constants. Under the above as-

sumptions, the universe is flat and expands with an

acceleration. Then from Eq.(3) we obtain

∂t

∂r̃
=

t0r̃

r̃2 − t20
, (9)

where the assumptions (7) and (8) have been applied.

A solution of Eq.(9) is

t(t̃, r̃) =
t0
2

ln

[(
r̃

t0

)2

− 1

]
+ f1(t̃), (10)

where function f1(t̃) is a product of the integral and

its form is free.

This shows explicitly that there indeed exist so-

lutions of the partial differential equation (3).

Third, we explore in great detail some conclusions

expected from the connection of the two metrics.

As analysed in Paper I, applying transformation

relations (1) and (2) can change the conventional form

of R-W metric into the following from:

ds2 =

[
1 −

r2

1 − kr2

(
dR

dt

)2
] (

∂t

∂t̃

)2

dt̃2 + 2

[
∂t

∂r̃
+

r

1 − kr2

dR

dt

(
1 − r

dR

dt

∂t

∂r̃

)]
∂t

∂t̃
dt̃dr̃

−

[
1

1 − kr2

(
1 − r

dR

dt

∂t

∂r̃

)2

−

(
∂t

∂r̃

)2
]

dr̃2 − r̃2
(
dθ2 + sin2 θdφ2

)
. (11)
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If Eq.(3) holds, this form of metric would turn to be

ds2 =

R2 −

[
k +

(
dR

dt

)2
]

r̃2

R2 − kr̃2

(
∂t

∂t̃

)2

dt̃2 −
R2

R2 −

[
k +

(
dR

dt

)2
]

r̃2

dr̃2 − r̃2
(
dθ2 + sin2 θdφ2

)
. (12)

Comparing it with the Schwarzschild-de Sitter metric

and assigning the same value to both metrics yield




k +

(
dR

dt

)2

R2
−

Λ

3


 r̃3 = 2GM, (13)

and (
∂t

∂t̃

)2

= 1 − kr2. (14)

According to the above analysis, one should keep

in mind that applying transformation relations (1) and

(2), and assigning the same value to both the R-W and

Schwarzschild-de Sitter metrics lead to conditions (3),

(13) and (14). They are necessary conditions. In this

way, we are aware that in addition to a solution of

Eq.(3), we need also a solution of Eq.(14), and the

two solutions should be consistent.

As has been already known, in the framework

of the Friedmann–Robertson–Walker (FRW) cosmol-

ogy, the following relation holds when the cosmological

constant is taken into account:
(

dR

dt

)2

+ k =
8πG

3

(
ρ +

Λ

8πG

)
R2. (15)

Applying Eq.(15), one obtains from Eq.(13)

r̃3 =
M
4π

3
ρ

(16)

or

M =
4π

3
ρR3r3. (17)

As ρR3 is a constant in the very late epoch of the

universe,[39] expression (17) shows that condition (13)

constrains nothing but, for a certain local system

(where its total mass M is provided), the space where

the two metrics can take the same value which forms

the so-called boundary of the local system, or con-

strains, for a given boundary, the total mass of the

local system.

In contrast, conditions (3) and (14) constrain only

the transformation relation (2). When condition (13)

is satisfied (in this case, a boundary could be defined

and is marked by rM), then we only need to require

that conditions (3) and (14) be satisfied at rM. This

largely relaxes the two conditions, which now can be

expressed as

∂t

∂r̃
=

r

r2

(
dR

dt

)2

− (1 − kr2)

dR

dt
, (r = rM) (18)

and (
∂t

∂t̃

)2

= 1 − kr2, (r = rM). (19)

As mentioned in Paper I, relations (16) and (17)

suggest that under the transformation (1) and (2) that

satisfy Eq.(3), assigning the same value to both the R-

W and Schwarzschild-de Sitter metrics at time t at po-

sition r requires the central mass of the Schwarzschild-

de Sitter metric (the total mass of the local system)

to be the same as the total mass of the cosmological

matter within the region restricted by r, which is a

necessary condition of the connection. At time t, po-

sition r corresponds to the radial coordinate r̃ of the

Schwarzschild-de Sitter metric, which can be deter-

mined by expression (16). As the universe expands, r̃

increases, which is equivalent to the decreasing of the

cosmological density ρ. Expression (17) shows that

r is determinate when M is given. We represent it

as rM and the corresponding radial coordinate of the

Schwarzschild-de Sitter metric as r̃M (note that r̃M

can evolve with time, see Paper I).

Fourth, we explore the corresponding results in

connecting the two metrics in the case of a flat uni-

verse.

For a flat universe, conditions (3) and (14) turn

into
∂t

∂r̃
=

r

r2

(
dR

dt

)2

− 1

dR

dt
(20)

and (
∂t

∂t̃

)2

= 1. (21)
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A solution of Eq.(21) is

t(t̃, r̃) = t̃ + f2(r̃), (22)

where function f2(r̃) is in a free form. One thus ob-

tains from Eq.(20)

d

dr̃
f2(r̃) =

r̃
1

R

dR

dt

r̃2

(
1

R

dR

dt

)2

− 1

. (23)

This equation is not valid as long as (dR/dt)/R is not

a constant. However, as discussed above, it is unnec-

essary to require condition (20) to hold at any time

and any position. In fact, to connect the two metrics,

it is enough to require condition (20) to hold at rM

(see Eq.(18)). In this way, condition (20) should be

replaced by

d

dr̃
f2(r̃) =

r

r2

(
dR

dt

)2

− 1

dR

dt
, (r = rM). (24)

We then come to the conclusion that in the case

of a flat universe, the connection of the R-W and

Schwarzschild-de Sitter metrics requires the transfor-

mation relation (2) to take the form of expression (22),

where f2(r̃) is constrained by condition (24).

Fifth, we check whether conditions (3), (13) and

(14) are satisfied in the example above and show how

one can come to this situation.

Under the assumptions of expressions (7) and (8),

we obtain a solution of Eq.(3), which is presented by

expression (10). In the sample, the universe is as-

sumed to be flat. Thus Eqs.(22) and (24) hold. Com-

paring expressions (10) and (22) yields

t(t̃, r̃) = t̃ +
t0
2

ln

[
(

r̃

t0
)2 − 1

]
+ C, (25)

where C is a constant. Transformation relation (10)

is now replaced by expression (25).

One can check that adopting transformation rela-

tion (25) can make both conditions (3) and (14) sat-

isfied since the function t(t̃, r̃) is a solution to both

equations. As condition (3) holds, condition (13) can

easily be satisfied when the boundary is found at the

place restricted by expression (17) for any local system

concerned.

Comparing expression (25) with expression (22)

gives

f2(r̃) =
t0
2

ln

[(
r̃

t0

)2

− 1

]
+ C, (26)

which yields

d

dr̃
f2(r̃) =

r̃

t0(
r̃

t0

)2

− 1

=
r

r2

(
dR

dt

)2

− 1

dR

dt
. (27)

This is exactly identical with Eq.(23). It suggests that

not only condition (24) but also condition (23) are

satisfied. That means that in this situation, condition

(3) holds at any time and any position as long as the

transformation relation (25) is adopted.

According to the above analysis, we come to the

conclusion that there exist solutions of the partial dif-

ferential equation presented in Paper I, which guaran-

tees the vanishing of the crossing term of space and

time when transformation relations (1) and (2) are ap-

plied to the conventional R-W metric. In connecting

the R-W and Schwarzschild-de Sitter metrics, we find

there exist three conditions which should be satisfied.

Of the three conditions, one condition constrains the

place where the two metrics can take the same value

for a local system whose mass is provided which there-

fore marks the boundary of the system, and the other

two constrain the transformation relation (2). In re-

alizing the connection of the two metrics, we only re-

quire the latter two conditions to be satisfied at the

boundary determined by the former condition.
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