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‘We propose a scheme for implementing the Grover search algorithm with two superconducting quantum interference

devices (SQUIDs) in a cavity. Our scheme only requires single resonant interaction of the SQUID-cavity system and

the required interaction time is very short. The simplicity of the process and the reduction of the interaction time are

important for restraining decoherence.
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1. Introduction

The Grover search algorithm!! is an efficient
quantum algorithm which can offer a quadratic speed-
up to the classical search algorithm. Moreover,
many techniques based on the search algorithm are
widely used in our life, and it may have utility
for a wide range of problems, so the quantum
search algorithm becomes more and more impor-
tant. The Grover search algorithm solves the follow-
ing problem:["] Given a search space of size N = 27,
for which no prior knowledge about the structure of
the information in it was known, if we want to look
for one certain item in this unsorted database, then
how many times does it take to find the target in
this search space? Classically, this problem requires

approximately N operations. Even the most effi-

cient algorithm still needs on average ol operations.
Whereas, the Grover quantum search requires only
O(V'N) queries to accomplish the same task. Fur-
thermore, it has been verified experimentally that the
algorithm is efficient in the few-qubit case via nuclear

(341 and linear optics(®9l

magnetic resonance (NMR)
techniques.

Firstly, let us briefly review the essential proce-

dure of Grover’s search algorithm. The task is to find
one item among the database described by a quantum
register with n qubits which have N = 2™ possible
states. The database can be accessed by an “oracle”.
For a special instance of the search problem, it can ex-
pediently be represented by a function f, which takes
the input, an integer x ranging from 0 to N — 1, as
a variable. By definition, f(z) = 1 when z is a solu-
tion to the search problem, and f(z) = 0 if « is not
a solution to the search problem. In order to real-
ize the oracle, we use n data qubits and one auxiliary
working qubit. The oracle is a unitary operator de-
noted by O, the action of which can be written as
|) 9, (=1)f@)|z). The search process can be sum-
marized as the following seven steps:!”

1. Prepare the n + 1 qubits in the state of
0)®"1).
2. Perform Hadamard transformations on each of

the n + 1 qubits.

3. Apply the oracle. The auxiliary working qubit
can be thrown after this step.

4. Perform Hadamard transformations on each of
the n data qubits.

5. Apply a phase shift to the data qubits except
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when they are in the state [0)®", which can be de-
scribed by the unitary operator 2|0)® (0| — I, where
I is the N x N identity matrix.

6. Perform Hadamard transformations on each of
the n data qubits.

7. Repeat steps 3 to 6 with a finite number of
times, and then measure the n data qubits. The num-
ber of repetitions B for obtaining an item is R =

[1
arccos -—
cI N__ | above-bounded by /.
N_1 4

N
Recently, many physical systems have been sug-

2 arccos

gested as possible realizations of qubits and quantum
logic gates.[?) As we know, theoretically, the manipu-
lation of a few qubits has made great progress.['0:11]
From experimental aspect, it has already been demon-

[12] trapped ions,™!?!

strated in, such as, cavity QED,
NMR!4 and photonic systems.['®) Despite recently
exciting experimental progress, the physical realiza-
tion of a scalable quantum computer remains a great
challenge. The building blocks of quantum computers
are two-qubit logic gates. Few systems have demon-
strated controlled qubits and qubit coupling between
pairs taken from more than four qubits. It is difficult
to couple different subsystems in a controlled man-
ner, while at the same time shielding the system from
the influence of its environment. One particularly at-
tractive possibility is to use matter qubits to serve as
hardware as they are static and potentially long lived,
and an optical coupling mechanism can create suitable
entanglement.

2. SQUID

Among a variety of systems explored for the hard-
ware implementations of quantum computers, cav-
ity quantum electrodynamics system is favoured be-
cause of its demonstrated advantages when subjected
to coherent manipulations.l'?) However, in the cavity—
atom system, the strong coupling limit is difficult to
meet and individual addressing of the qubits is also
a problem-maker. In contrast, the strong coupling
limit was realized with superconducting charge!*® and

(18] as well as

flux qubits!'” in a microcavity. SQUIDs,
other solid state circuits, can be perfectly fixed, easily
embedded in a cavity and easy to scale up, thus the
cavity-SQUID scheme may be more preferable than
cavity—atom system. In addition, by placing SQUIDs

into a superconducting cavity, the external environ-

ment induced decoherence can be greatly suppressed
because the cavity can serve as magnetic shield for
SQUIDs.

The SQUID considered in our scheme is the ra-
dio frequency SQUID (rf-SQUID), which consists of a
Josephson tunnel junction in a superconducting loop,
the size of which is on the order of 10-100 um. The
rf-SQUID considered here has a three-level A-type en-
ergy structure, which includes two lower ground states
|0), |1) and an upper excited state |e). The two lower
states |0) and |1) reside in two distinct potential val-
leys and serve as logic 0 and 1 in our proposal. The
level structure is shown in Fig.1.

Fig.1. Level structure of the rf-SQUID used in this paper.
It has two lower flux states |0), |1) and an upper excited
state |e).

Suppose the coupling of |0), |1) and |e) with other
levels of the rf-SQUID via the cavity is negligible,
which can be readily satisfied by adjusting the level
spacings of the rf-SQUID. For a rf-SQUID, the level
spacing can be easily changed by varying the external

flux ¢, or the critical current I..[*9

Hence, coupling
between microwave pulse and any particular rf-SQUID
qubit can be obtained selectively via frequency match-

ing.

3. Implementing scheme

Here, we present our scheme for implementing the
two-qubit Grover search algorithm with two SQUIDs
in a cavity. Firstly, we prepare the two SQUIDs
(qubits 1 and 2) in a cavity in the state

lo)i2 = |p)1lp)a. (1)

Then we perform Hadamard transformations on
qubits 1 and 2

0= S50+, (=12 (2)
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which can be achieved by an additional classical laser
pulse with appropriately chosen phase and amplitude.
Then the state in Eq.(1) becomes

l)i = %(|0>1|0>2+ 10)1]1)2 + [1)1|0)2 4+ [1)1|1)2). (3)

Obviously, we have obtained the four items
(|0>1|0>2, |0>1|1>2, |1>1|0>2 and |1>1|1>2) stored in the
data qubits before applying the Oracle operation.
Without loss of generality, we will search the state
[1)1]0)2 from the four states as an example.

Let qubit 2 interact with a classical fields tuned
to the transition |1) < |e). After this, the state of
qubits 1 and 2 becomes

P)12 = %(|0>1|0>2+|0>1|6>2+|1>1|0>2+|1>1|e>2)' (4)

Switch on the cavity-SQUIDs interaction, and
suppose the cavity mode is resonant with the |0) < |1)
transition but far-off resonant with the transitions of
[0) < |e) and |1) < |e) of the two rf-SQUIDs, the
interaction Hamiltonian can be expressed as (in the
interaction picture)[2"]

H = 21(a™|0)1(1] + a1)1(0])
+822(a™10)2(1] + a1)2(0]), (5)
where {21 and () are the coupling constants of the
SQUIDs 1 and 2 with the cavity, respectively; a™ and
a are the creation and annihilation operators for the

cavity mode. It is easy to verify the following evolu-
tions:

5((21 <cos((2t) + ?)_?) 11)110)2[0)

+ %(cos((}t) —1)[0)1]1)2]0)

— isin(.Qt)|O>1|O>2|1>], (6¢)

[1)1le)2|0) —[cos(£21£)[1)1]0)
—isin({4¢)|0)1|1)]]e)2, (6d)
where 2 = /027 + 2. If we choose 1t = 7 and
25 = /382, which can be achieved by choosing cou-

pling strengths and interaction time appropriately, we
obtain

10)1]0)2 — [0)1]0)2,
[1)1]0)2 — [1)1]0)2,

[0)1]e)2 — [0)1]e)2, (7a)
[Dile)2 — —[1)1le)2,  (7b)

where we have omitted the cavity state, which was left
in vacuum state.

Let qubit 2 interact with a classical field again
to obtain the transition |e)s < |1)2. The state |¢)12
becomes

lo)i2 = 5(|00)12 + [01)12 + [10)12 — [11)12).  (8)

N =

The above transformations correspond to 2-qubit con-
trolled phase gate (QCPG) operation.

Hereto, we can search the target state from the
four states via SQUID.

Step 1 Let qubit 2 successively interact with two
classical pulses tuned to the transitions |0)2 < |e)2
and |1)g < ]0)2, respectively. Choosing the ampli-
tude and phase of the classical field appropriately, one
obtains the transitions |0)2 < |e)2 and |1)2 <> |0)2, re-
spectively. Then the state becomes

)12 = %(|00>12 +[0€e)12 + [1e)12 — [10)12).  (9)

Step 2 Perform operations on the two qubits as
in Eq.(7), and then we will have

)12 = %(|00>12 +101)12 — [11)12 — [10)12).  (10)

Step 3 Performing Hadamard gate operations on
qubits 1 and 2, we obtain the state of the two qubits

[£)12 = [1)1]0)2. (11)

Finally, we measure the state of qubits 1 and 2
by detectors. Obviously, the state of qubits 1 and 2 is
the result that we want to search.

4. Discussion and conclusion

Finally, we will briefly discuss the experimental
feasibility of our scheme. The cavity-SQUID system,
as well as other solid state circuits, is favoured be-
cause it is easy to be embedded in electronic circuits
and scaled up to large registers,?"22 and the control
and measurement techniques are quite advanced.!??!
The interaction time can be perfectly controlled by ex-
ternal control. The time constants involved are long
enough to realize all the required manipulations.*”]
Finally, the coupling between microwave pulses and
any particular rf-SQUID qubit can be obtained se-
lectively via frequency matching. Thus our scheme

is realizable within current experimental technology.
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For the sake of definiteness, let us estimate the ex-
perimental feasibility of realizing the logic gates us-
ing SQUIDs with the parameters already available

£.[18:22,:24,25] Quppose the quality

in present experimen
factor of the superconducting cavity is Q = 1 x 106,
the cavity mode frequency is w. = 50 GHz, and the

cavity decay time is k™' = == = 20 us. The realis-

tic length of the cavity is [ :wcl.4 mm. When each of
the two SQUIDs is located at one of the antinodes of
the cavity, the distance of them, D, is equal to the
length of the cavity. For SQUIDs of size d = 40 pm,
we have D/d = 35 which satisfies perfectly the re-
quirement of D > d. The upper state energy relax-
ation constant is ;! = 2.5 us. For a superconducting
standing-wave cavity and a SQUID located at one of
the antinodes of the magnetic field, the coupling con-
stant is ¢ = 1.8 x 10% Hz; thus the resonant interaction
time for our scheme is T, = T ~1.7x10"8s. Mean-

while, the strong coupling condition can be perfectly
2

achieved as L = 1.6 x 10° > 1. The Rabi frequency

Vel

for the interaction of the rf pulse and the SQUID is
2 = 8.5%x 107 Hz, thus the interaction time for the sin-
gle photon detection is T} = T~ 1.8x10"%s. Both
interaction times T, and 7} are much shorter than the
cavity decay time and the relaxation time of the up-
per state. In addition, the above estimation is very
conservative when compared to present experimental
achievements. In fact, a superconducting cavity with
Q = 3 x 10® has already been reported.2!

In conclusion, we have realized the Grover search
algorithm with two SQUIDs in a cavity. The scheme
implements the operation of controlled phase gate via
the cavity-SQUIDs interaction and executes single-bit
operation by a rf pulse on the rf-SQUID. Our scheme
is achieved without any type of measurement, does not
use the cavity mode as the data bus and only requires
a single resonant interaction of the SQUID-cavity sys-
tem. Thus the presented scheme is very simple and the
required interaction time is very short. The simplicity
of the procedure and the reduction of the operation
time are important for suppressing decoherence.
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