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This paper considers interfacial waves propagating along the interface between a two-dimensional two-fluid with
a flat bottom and a rigid upper boundary. There is a light fluid layer overlying a heavier one in the system, and a
small density difference exists between the two layers. It just focuses on the weakly non-linear small amplitude waves
by introducing two small independent parameters: the nonlinearity ratio €, represented by the ratio of amplitude to
depth, and the dispersion ratio u, represented by the square of the ratio of depth to wave length, which quantify the
relative importance of nonlinearity and dispersion. It derives an extended KdV equation of the interfacial waves using
the method adopted by Dullin et al in the study of the surface waves when considering the order up to O(u?). As
expected, the equation derived from the present work includes, as special cases, those obtained by Dullin et al for
surface waves when the surface tension is neglected. The equation derived using an alternative method here is the same
as the equation presented by Choi and Camassa. Also it solves the equation by borrowing the method presented by
Marchant used for surface waves, and obtains its asymptotic solitary wave solutions when the weakly nonlinear and
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weakly dispersive terms are balanced in the extended KdV equation.
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1. Introduction

Weakly nonlinear models for the evolution of in-
ternal waves have been extensively studied in the
past. Among these, for unidirectional waves, the
Korteweg—de Vries (KdV) equation for shallow wa-
ter (Benjamin[') and the Intermediate Long Wave
(ILW) equation for a fluid of finite depth are well
Models, in the so-

called Kadomtsev and Petviashvilil¥ class, for two-

known (Benjamin[?; Onol®).

dimensional waves have been derived both for shallow
water and for deep water (Ablowitz and Segurl®)).

For the case of a homogeneous fluid layer,
Matsunol® derived new types of nonlinear equations
that describe finite-amplitude surface waves on a fluid
of finite depth for one-dimensional waves, and Choil”
for two-dimensional waves.

In contrast to surface gravity waves, some inves-
tigators have been concerned with interfacial waves

in two-layer fluid system where each fluid has a con-

stant density. They derived nonlinear evolution equa-
tions (NEEs), such as the higher-order Benjamin-Ono
equations describing the time evolution of the inter-
facial elevation (Matsunol®!, Choi and Camassal®).
The wave equations describing interfacial internal
waves in two-layer or multi-layer fluid are nonlin-
ear wave equations and there are many methods for
solving nonlinear wave equations. For example, per-

turbation method,[10—17]

the homogeneous balance
principle,['8=20 expansion method about the Jacobi
elliptic function,?! various tanh method,?? the gen-

eral projective Riccati method?®! and so on.

Recently, for the case of a homogeneous fluid
layer, much progress has been made in this direc-
tion. Dullin et all®! developed the Camassa—Holm
(CH) equation as a shallow water wave equation
with surface tension in an asymptotic expansion, and
showed that CH equation is asymptotically equivalent
to KdV-5 equation (the fifth-order integrable equation
in the KdV hierarchy). In this paper, we extend some
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of Dullin et al’s work!?¥ to the case of two-layer fluid
system, without considering the surface tension, and
have derived a kind of extended KdV equation gov-
erning the interfacial waves in two-layer fluid system.
We consider a one-dimensional system in which a layer
of light fluid overlies a layer of a heavier one resting
on a flat bottom (see Fig.1). The upper boundary is
assumed to be rigid, for when there is a small density
difference between the two layers, the variation of the
free surface caused by the internal wave propagation
has no effect on the internal wave itself (Patrick and
Philip?9]).

The present paper is organized as follows. Start-
ing with the basic equations presented in §2, in §3 we
derive the equation for the interfacial waves adopting
the method introduced by Dullin et all?¥ in the study
of surface waves. Finally, we obtain its asymptotic
solitary wave solutions of our equation by making use
of the method presented by Marchant. 2]
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Fig.1. Sketches of a two-fluid system.

2. Basic equations

We assume that the fluid in each layer is homoge-
neous, inviscid, incompressible, and irrotational. The
nondimensional quantities, with asterisks, are related
to the corresponding dimensional ones by the relations

I*:E y*:i t*:\/ghlt
A hi’ A
* * \ h
n :Qv QS'L = g 1¢’i7 (1)
a ga

where the Cartesian coordinates (z, y) are introduced
with origin at the interface of two fluids of differ-
ent densities, p; for the upper fluid and ps for the
lower fluid; h; and —hs are the vertical coordinates
of the upper and lower boundaries respectively; R =
p2/p1 (> 1), H = hy/hy are the density and depth
ratios respectively; t is time, and g is the acceleration
due to gravity; A and a are characteristic scales of
wavelength and amplitude of the wave, respectively,
d1 = d1(x, y, t) and @3 = ¢o(x, y, t) are the velocity

potentials for the upper and the lower fluids, respec-
tively; n = n(x, t) is the interfacial elevation.

The equations governing the motion of the fluid
and the boundary conditions are written in dimension-
less form, dropping asterisks, as follows:

(i) Continuity equations

P Ph
= 1 2
HoZ T 0 (enm<y<l), (2)
D¢ 0?*¢
g 6y22 =0 (-H<y<en). (3
(ii) Kinematic boundary conditions at the fluid
interface
on ,  Ondp 1061 (4)
ot Or dx  p Oy’ g
on,  Ondp _10¢>  _ 5)
ot Or dx  p Oy’ g

(iii) Dynamic boundary condition at the fluid in-
terface

o1 e |(061\> 1 (91
gw[(%) *ﬁ(@)]*”

B Obs e | [0pa\> 1 [0¢o\>
—R{WW[(%) *ﬁ(@)

y = en. (6)

(iv) Upper and lower boundary conditions

91 _ _
oy~ V=1 (7)
9¢2 _ _

We are just interesting in weakly nonlinear small
amplitude waves, and define the small parameters &

L u= (%) 9)

here € and p measure the magnitudes of the nonlin-

and pu as follows

E =

earity and dispersion respectively, and we only require
52u>5225,u2u2.

3. Derivation of the equation of

the interfacial waves

Following Whitham,!?”) based on the continuity
equations, upper and lower boundary conditions, we
can expand the upper and lower velocity potentials at
the height y = 1, y = —H respectively, up to order
O(p?) as
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Substituting Eqgs.(10) and (11) into the boundary conditions at the fluid interface Eqgs.(4)—(6), up to order
O (p?), we get

@_82¢1 c % ﬁ84¢1_€_,u 83¢1 28645170 (12)
ot 022 Tow |, "3 azt 2 |Toa% |, Bl 0a8
877 82 @2 8@2 1% 384 @2 EY 2 83 @2 /L2 586 @2
Y H 2y Iy - Lh iy 2 = 1
ot T T " |, "6 et 2 o8 | st g =Y (13)
001 e (00N _p 0 P 100000 1 (R8N 2 0y
ot oz 2 Ot0x? Totox® ~ 2 0z 023 022 A1 Otox?
8@2 e 8@2 2 H o 83 @2 83 @2 8@2 83 @2 1 2 82 @2 2
= “(22) — B e |22 Ly - -H
= R { ot 1ty < oz ) 2 g0z M M0z T2 B 0ep 20 o2
4 0° Py
+_H 3t8174} (14)
0P, 0P
Differentiating Eq.(14) with respect to  and introducing the horizontal velocities o Uy, —— I = ug at
T x
the height y = 1, y = —H, we can rewrite Eqgs.(12), (13) and (14) as
an  Ouy wur  ep [ 8wy w2 0%uy B
gt oz ekt giEE T "2 | T saw (15)
an Oug 1 3(93uQ EL o 0%us 5(95uQ B
g T Hy telmele— g g =5 roa 5|H o (16)
Oup  On €, 4 w 03uy 1 82u1 1 (0w w? 0%uy
ot "oz 2T 35 "3 \"a2 ) T3\ ). | T 1 droat

a
B Ous On e, 4 Ko 5 Ousy
- R{ TR TR G L7 v 8t6 +
1 o (0us 2 /142 465’(1,2
—3f (%)J*IH 910" (- (17)

From Eqs.(15) and (16), we can obtain the relationship between velocities u; and us

82
1= —Hu —e(1+H) 77”2+%(H3 —H) 3522 — 21+ H)nus
o |+ 3H? 4 21) o, — (1+ H)(nu2)ae | — " (3H5—10H3+7H)a4u2 +C
6 n[)xQ nu2)zx 360 o :

here C' is integration constant.

By using the above expression, we have a set of equations for velocity us and interfacial elevation 7:

an Ous oo 3us  ep o [ 0%us pu? o 0%us
i e _ By _y K s - 1
o T Hgy telmele =G Higm =5 o2 | Tt o =0 (18)
R+ 022 4 R-1)2T 4o (14 B)us) + (R - HQ)(UQ) — L(H® + 3RH? + 2H) O uy
at Bz 2Ty 2 Dto?

+e*[(1+ H)(n*ug); — (H* 4+ H)(nu3).] — ep

(92’112 H4 — 3RH2 + 2H2 62’(1,2
H(R-1) (”am) N 6 (“2 912 )x
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H2(R—1) [(Ous\> H®*+3H2+2H [ 8%u 1+H
_H( ) 2\, S AN (1112) st
ox o0x? /,

2 N 6 3

B a5 s 5 REY 4 208 — 1) 2
360 1oz

= 0. (19)

As in the derivation of the KdV-5 equation for surface waves in Dullin et al,[?* we now restrict our discussion
to unidirectional waves by assuming a relationship

R-1

AN HERT H)

n+eA(n) + nB(n) +eC(n) + epn D(n) + p* E(n). (20)

Upon ordering in powers of the small parameters, we can determine the coefficients in the transformation
(20) by requiring that the both boundary conditions of Eqs.(18) and (19) are satisfied simultaneously. We find

3H?+4H+R |H(R-1) ,
A= N 21
A2 (R+H) V R+E " (21)

H? +2RH+1 [H(R-1)

B = zx 22
6(R+H) R+H " (22)
o _ —H*+6H? —8RH? +2RH + R*> +8H? —8RH® |H(R-1) , (23)
- SH3(R + H)? R+H
D —12H* — 24RH? — 29RH? — 16H® — 13H* + 9R>H + 1TR+ 4RH
- ASH(1 + RH)? &
N —RH? —10RH? — 3H* + 6 R*H — 5H* + 5R — 2H + 2RH H(1—R) (24)
12H(1 + RH)? e\ \ T RH
o THS 4+ 28 RH* + 10H® + 36 R2H? + 40RH? + 19H + 4R [H(R—1) (25)
- 360(R + H)? V R+m T
So we have a single decoupled equation for the interfacial elevation 7:
877 877 2 3 2 2 =0 26
a + CO% +e C17 Nz + HC2Nz +e 03(77 )LE + e [04(771)LE + 05(777711);E] + K CeNzzzzar = Y, ( )
|
where the equation derived by Dullin et all** for surface
AR=1) 3(R— H?) waves Wh'en the s%lrface tension is neglected. That is,
co = W, c1 = W‘FH)CO, the equations derived from the present work include,
H(1 + RH) as special cases, those obtained by Dullin et all** for
co = 76(1% ) o, surface wave.s. . . .
F 72 R4 HP The derived equation (26) is a kind of extended
c3=| — it S col, KdV equation for interfacial elevation in two-fluid sys-
18 Co H? (R + H) . .
u . tem. Compared with Choi and Camassa’s work,?!
17 C1C2 RH+ 3H+4 .
4 = 2w 2R+ ) cl , the present paper adopted an alternative method:
- . H(R-1) we expanded the velocity potentials at the upper
cice —
cs=| = 172 _ col and lower boundaries respectively, while Choi and
3 Co 6(R + H) ] 28] .
- 3¢ H(+RH?) Camassal“®! used a depth-averaged velocity, but the
ce = B i ORT ) 0} (27)  derived equation (26) has the same form as the

equation (A9) with (A10) presented by Choi and
For the extreme case p; = 0, Eq.(26) reduces to ~ Camassa.[?®]
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4. The asymptotic solitons of the

interfacial waves

Let the weakly nonlinear and weakly dispersive
terms be balanced in the extended KdV equation,
that is, ¢ = O(u), and we introduce transforma-
tion, still using variable x and t for convenience,
r=x—cot, t=c¢ct.

Substituting the
Eq.(26), we have

above transformation into

e+ €10 N + Conan + € 33710
+(2C4 + CS)nxT]zz + CsNMzxx + Canxxmm]
= 0. (28)

Assuming the following formula in brief

N+ €10 Mo + C2Newa + € [C17° N2

where C7 =3¢z, Cy =2¢4 +c¢5, C3 =c5, Cy = cg.
It is obvious that Eq.(29) has the same form as

the extended KdV equation presented by Marchant /26!
for surface waves. Therefore, we can use the method
of Marchant!?%! to obtain the asymptotic solitary wave
solutions for Eq.(29). In order to do so, we introduce
the transformation as following

Cg Cl 204 2

6 6 T) “

u(p, t)dp,

where C5 = (8C4—C3)/3 and u(z,t) — 0, as x — Foo.
Then u(§, 7) is a solution of the KdV equation

£:x+505/

— 00

Ur + C1U Ug + cotgge = 0. (31)

The soliton solution of the KdV equation (31) is

u = A*sech?d. (32)

where § = k*({ — V*1 — s), A* is the amplitude, k*

and A* are related by k*? = %A*, the velocity
C2

c
V= glA*, and s gives the position of the solitons

at t = 0. Using the KdV soliton solution (32) in the
transformation, from (30) we get

C, C3 Cp (4
= A%sech?f f A 2+ 2 - 2 - 2
n sech®0 + ¢ <6 + 6 3 3>

Lo Ar? (3704-1-% —%) sech49+-", (33)

where

oo [(1-Con)

+e2k*Cs(tanh 0 + 1) — s — V*¢].

The phase 6 is defined implicitly. It can be made ex-
plicit by expanding it in a Taylor series.

Expanding the phase and scaling the amplitude
by using

4
A= A" <1 - a%A*) ) (34)
we can rewrite the higher-order solitary wave (33) as
n = Asech?0+eA%Cgsech?0+e A% Crsech*64- - -, (35)

where

205 O Oy
Co=—73~% T5

o150 Gy G G
[ 12 4

2 2

2
0 =klr—s(1+ E%A) +2eCsk — Vi,

K=

C1 2
V=SA14:0,A% + ... -
g TAeCadi 12¢

5. Conclusions

In this paper, we have derived the wave eleva-
tion equation for the interfacial waves in a two-fluid
system with rigid upper boundary and flat bottom
boundary. The elevation of the interfacial wave is as-
sumed to be small compared with the thickness of the
upper layer, and the thickness of the upper layer is
small compared with the wavelength. The new equa-
tion is an extended KdV equation when we consider
up to O(p?), and has the same form as the equation
presented by Choi and Camassa.l?® It is noted that
the equations derived from the present work include,
as special cases, those obtained by Dullin et all?* for
surface waves when the surface tension is neglected.
Obviously the method we adopted here is effective in
solving such problems as interfacial waves. When the
weakly nonlinear and weakly dispersive terms are in
balance in the extended KdV equation, we obtained
the asymptotic solitary wave solutions of this equa-

tion.
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