
Vol 16 No 12, December 2007 c© 2007 Chin. Phys. Soc.

1009-1963/2007/16(12)/3581-08 Chinese Physics and IOP Publishing Ltd

New algorithms for constrained dynamics based

on Faddeev–Jackiw approach∗

Jia Yi-Feng(_¶¸)a)†, Wu Ke(Ç �)a), and Xu Zhi-Qiang(N�r)b)

a)School of Mathematical Sciences, Capital Normal University, Beijing 100037, China

b)Academy of Mathematics and Systems Science, Chinese Academy of Sciences, Beijing 100080, China

(Received 6 March 2007; revised manuscript received 17 April 2007)

In this paper, the Faddeev–Jackiw approach is improved by the Wu elimination method, so a great many com-

plicated computations in solving constraints for the finite-dimensional polynomial-type constrained dynamics can be

executed easily by using computers. Moreover, based on the Faddeev–Jackiw approach, a new algorithm of solving

the constrained dynamics is presented. The new algorithm is simpler and stricter than the Faddeev–Jackiw approach.

Using the new algorithm, the second Cawley counterexample is solved.
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1. Introduction

In the dynamical system with a finite number of

degrees of freedom, the action equation can be de-

scribed with generalized coordinates q = (q1, . . . , qn),

generalized speeds q̇ = (q̇1, . . . , q̇n) and time t as fol-

lows:

A =

∫ t1

t2

L (t, q, q̇) dt, (1)

where L (t, q, q̇) is the Lagrangian of the system. If

the Hessian matrix

[wij ] =

[

∂2L

∂q̇i∂q̇j

]

. (2)

is nonsingular, then the system is regular, otherwise it

is degenerate. For the degenerate case, the system can

contain constrains, and it is called constrained dynam-

ics. The constrained dynamics is one of cornerstones

of modern physics. A lot of important physical sys-

tems belong to constrained dynamics, for instance, rel-

ativistic theory, modern gauge theories, Einstein’s the-

ory of the gravitational field, the theory of the neutral

vector meson field, and supersymmetry. Hence many

methods of treating the constrained dynamics have

been developed.[1−7] The Faddeev–Jackiw approach[8]

is one of treatments of constrained dynamics. In con-

strained dynamics, the Dirac bracket and quantization

play a very important role. In the Faddeev–Jackiw ap-

proach, the Dirac bracket can be obtained in a simple

way, and the quantization is also easy, so it has been

extensively studied,[5,6,9−17] and developed[10,18] and

improved.[16]

In the 1980s, based on one-form Lagrangian and

geometric structures, the Faddeev–Jackiw approach is

presented, and it is also called symplectic formalism.

Dirac bracket and the quantization are obtained eas-

ily from the Faddeev–Jackiw approach, but there are

some weaknesses in the process of solving constraints.

In the Faddeev–Jackiw approach, Lagrangian is trans-

formed into one-form through introducing the auxil-

iary variables. By one-form Lagrangian, the Euler-

Lagrange equations of motion are obtained. Euler-

Lagrange equations are linear equation systems in un-

known ξ̇, and the coefficient matrices are symplectic

matrices, where ξ is symplectic variable, and ξ̇ is one-

degree derivative of time. Constraints are obtained

by solving the Euler-Lagrange equations. Although

Euler-Lagrange equations are linear equations, the en-

tries of symplectic matrix equation are always func-

tions, and with the constraints appearing, the scales

of Euler-Lagrange equations are larger and larger, so

it is difficult to solve them. The difficulty is men-

tioned in Ref.[8] also, and Faddeev and Jackiw rec-

ommended applying the Dirac method.[3,4,6] In or-

der to obtain all of the constraints, the multipliers

are introduced when the constraints appear, and the

new constraints can appear after the multipliers have

been introduced, and the steps continue until no new

∗Project supported by the National Natural Science Foundation of China (Grant No 10401021).
†E-mail: jiayf@mail.cnu.edu.cn
http://www.iop.org/journals/cp http://cp.iphy.ac.cn



3582 Jia Yi-Feng et al Vol. 16

constraints appear. However, to our knowledge, it is

not strictly proved that the Faddeev–Jackiw approach

can terminate in finite steps, and only the explana-

tion is given that the Faddeev–Jackiw approach can

terminate in finite steps because the constrains are

finite.[9,10] In addition, some constraints can appear

as the auxiliary variables are introduced. For exam-

ple, primary constraints occur as the auxiliary vari-

ables, which are momenta, are introduced. But in the

Faddeev–Jackiw approach, these constrains are not in-

cluded. Thus applying the Faddeev–Jackiw approach

to solving some constrained dynamic systems, for in-

stance Cawley counterexamples,[18,19] can yield incor-

rect results.

With the development of computer, a great many

complicated computations can be implemented in

computers, and hence the constrained dynamics can

be studied with the help of computers. In constrained

dynamics, in order to obtain all the constraints, it

is necessary to solve the Euler-Lagrange equations,

which are linear. But in general, the entries of co-

efficient matrices of Euler-lagrange equation are func-

tions, so it is very difficult to solve constraints. In

Ref.[20], Groebner base is applied to solving the con-

strains of constrained Hamiltonian systems in Dirac

method. The combination of the involution with

the Dirac method[21] and with the Faddeev–Jackiw

approach[11] is used to study the constrained dynam-

ics. In Ref.[22], the Wu elimination method[23,24] was

applied to solving the constrains in a constrained La-

grange system and constrained Hamilton system. The

above methods are all implemented by computers.

In this paper, firstly, for the polynomial-type dy-

namics, the Wu elimination method is applied to solv-

ing constrains from Euler-Lagrange equations in the

Faddeev–Jackiw approach. In the process of solving

constrains, we do not need to calculate the ranks and

inverses of the coefficient matrices, so the method is

simple. On the symbolic computation platform, the

Wu elimination method can be executed in computers,

so a great many complicated calculations of Faddeev–

Jackiw approach can be implemented by computers.

Our algorithm is easier to execute than the involution

method, because the algorithm deals with the equa-

tions as algebraic equations, which is not as differen-

tial equations involution[11] does. In addition, accord-

ing to the Wu elimination, the result obtained is in

the trapezium form, and the constrained dynamics is

very easy to study further.

Although it is improved by the Wu elimination or

involution, the Faddeev–Jackiw approach is still very

complicated. With the new constraints appearing,

new multipliers are introduced, and the one-form La-

grangian and the Euler–Lagrange equations are com-

puted once more. According to the theory of linear

equation system and by referring to the constrained

Lagrange system, a new algorithm is presented based

on one-form Lagrangian. On the one hand, the new

algorithm is simpler than Faddeev–Jackiw approach,

because multipliers do not need introducing and cal-

culating the one-form Lagrangian and Euler-Lagrange

equations once more with new constraints appearing.

On the other hand, the process of deduction accords

with the theory of linear equation systems, and the

constraints which appear as the auxiliary variables

are introduced are included, so the new algorithm is

stricter than the Faddeev–Jackiw approach. Further-

more, it is proved that the new algorithm can ter-

minate in finite steps. For the polynomial type, the

Wu elimination method can be applied to solving con-

straints. Using the new algorithm, the second Caw-

ley’s counterexample[19] is solved.

2. Wu elimination method

Let k be a field of characteristic zero and

k[u1, . . . , us, x1, . . . , xn] a polynomial ring on k. The

variables of the polynomial ring are divided into two

groups:

u1, . . . , us; x1, . . . , xn;

where u1, . . . , us are parametric variables and

x1, . . . , xn are main variables. Let p be a polynomial.

In p (u1, . . . , us, x1, . . . , xn), the variable xp with the

largest subscript is called the principle variable of p,

and the subscript of principle variable is called the

class of p, denoted by CLS (p). The class of p is zero if

no xi (i = 1, . . . , n) appears in p, and then p is called

trivial. The largest power of an variable xl in p is

denoted by degxl
p = dl. Letting CLS (p) = l and

degxl
= d, then (l, d) is called the rank of p. The

coefficient of the largest power of principal variable

is called initial, denoted by I (p). Every polynomial

can be written in descending powers of the principal

variable.

Definition 1 Suppose that p and q are two

nonzero polynomials. If either

(1) CLS (p) < CLS (q), or

(2) CLS (p) = CLS (q) = l > 0, and degxl
p <

degxl
q,
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then p is said to be lower than p, i.e. p < q; if p and

q have the same ranks, p is said to be equivalent to q,

i.e. p ∼ q.

Definition 2 Suppose that p and q are two non-

trivial polynomials with CLS (p) = l > 0. q is said to

be reduced with respect to p, if degxl
q < degxl

p.

Theorem 1[23,24] Suppose that p and q are two

polynomials with CLS (p) = l > 0,

p = cmxm
l + cm−1x

m−1
l + · · · + c1xl + c0,

q = dnxn
l + dn−1x

n−1
l + · · · + d1xl + d0,

then there will exist r, g ∈ k[u1 , . . . , us , x1 , . . . , xn ] sat-

isfying degxl
r < m, so that

I (p)
s · q = g · p + r. (3)

Equation (3) is the polynomial division of q with re-

spect to p with remainder. The r1 is a remainder,

denoted by Re(q, p). Suppose that P = {p1, . . . , pk}
is a polynomial set and q is a nonzero polynomial and

then let

rk = Re (q, pk) , rk−1 = Re (rk, pk−1) , . . . ,

r1 = Re (r2, p1) . (4)

Expressions (4) are the polynomial divisions of q with

respect to P with remainder. r is a remainder and

denoted by Re(q, P ). For two polynomial sets P and

Q, they are denoted as

Re (Q, P ) = {Re (q, P ) |Re (q, P ) 6= 0, q ∈ Q}. (5)

Definition 3 Suppose that p1, p2, . . . , ps are

polynomials. If

p1 < p2 < · · · < ps, (6)

then p1, p2, . . . , ps is a ascending chain. A nonzero

constant in k constructs a special ascending chain and

is called contradiction ascending chain. Expressions

(4) form a reduced ascending chain if pi reduces with

respect to pj for all j < i.

P and Q are ascending reduced chains,

P : p1, . . . , pk; Q : q1, . . . , ql.

If there exists either j ≤ min{k, l} so that

p1 ∼ q1, . . . , pj−1 ∼ qj−1, pj < qj ,

or l < k, and

p1 ∼ q1, . . . , pl ∼ ql,

then P is smaller than Q, i.e. P < Q; P is said to be

equivalent to Q, i.e. P ∼ Q, if l = k and pj ∼ qj for

all j ≤ l.

Theorem 2[23,24] Let P be a non-empty poly-

nomial set. Then P must have the lowest reduced

ascending chain according to the order above. Such

a lowest reduced ascending chain is called the basic

chain of P . A reduced ascending chain G ⊂ P is the

basic chain of P iff P \ G does not contain nonzero

polynomial reduced with respect to G.

By theorem 2, there exists an algorithm of find-

ing a basic chain for a finite polynomial set. Our de-

scription for the algorithm is presented as a procedure

called Algorithm 1.

Algorithm 1

Input Polynomial set Q;

Output Basic chain Bs of Q;

Step 1 Let Bs = Ø. Find out the lowest rank

polynomial f ; if CLS (f) = 0, f is the basic chain,

and Bs = Bs ∪ f , so output Bs; otherwise, jump to

Step 2;

Step 2 Q = Q\Bs, if Q = Ø or the polynomials

in Q are all non-reduced with Bs, output Bs; other-

wise, in Q, find out the lowest polynomial f which is

reduced with Bs; Bs = Bs ∪ f , and return Step 2.

Remark This algorithm can terminate in finite

steps because the set Q is finite.

Definition 4 For a finite polynomial set P , the

polynomial set C is the characteristic chain of P , if C

satisfies the following conditions:

(1) C is a noncontradiction ascending chain;

(2) Zero(P ) ⊂ Zero(C);

(3) Re(P, C) = Ø.

Here the Zero(P ) = {v ∈ kn | p(v) = 0, ∀p ∈ P}.
The algorithm of computing the characteristic

chain is presented as follows:[23,24]

Algorithm 2

Input Polynomial set PS;

Output Characteristic chain As of Ps

PS = PS1 PS2 · · · PSk

BS1 BS2 · · · BSk = AS

RS1 RS2 · · · RSk = Ø.

BSi is the basic chain of PSi. RSi =

Re (PSi \ BSi, BSi). PSi = PSi−1 ∪ BSi−1. If an

BSi is trivial, stop the loop and output BS.

Theorem 3 (Zero Decomposition Theorem[23,24]

Suppose that P = {p1, . . . , pn} is a finite polynomial

set, F = {f1, . . . , fs} is a characteristic chain of P ,
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and Ii is the initial of fi, i = 1, . . . , s, then there will

exist

Zero(P ) = Zero(F/J) ∪
s

⋃

i=1

Zero (P ∪ Ii) , (7)

where J is the product of Ii; for P ∪ Ii, its charac-

teristic chain can be obtained through Algorithm 2

too, and the procedure is continuously carried on, the

finally result is obtained as

Zero(P ) =
⋃

j=1

Zero (Fj/Jj) , (8)

where Jj is the product of all initials of Fj .

3. Faddeev–Jackiw approach

The Faddeev–Jackiw approach is of an itera-

tive algorithm, and the superscript (k) refers to

the iteration number. In constrained dynamics,

the Lagrangian is a function of generalized coordi-

nates q = (q1 (t) , . . . , qn (t)), generalized speeds q̇ =

(q̇1(t), . . . , q̇n(t)) and the time t. Hereafter, the re-

peated subscripts denote the sum without further dec-

laration later. After introducing the auxiliary vari-

ables p, the symplectic variables are ξ(0) = (q, p), and

the Lagrangian can be transformed into one-form as

follows:

L(0)dt = a(0)
(

ξ(0)
)

ξ̇(0) − V (0)
(

ξ(0)
)

dt, (9)

where V (0)
(

ξ(0)
)

dt is symplectic potential. The ex-

terior derivative of the one-form is of symplectic two-

form, i.e.

f (0) = da(0) =
1

2
f

(0)
ij dξ

(0)
i ∧ dξ

(0)
j , (10)

where f
(0)
ij is symplectic matrix

f
(0)
ij =

∂a
(0)
j

∂ξ
(0)
i

− ∂a
(0)
i

∂ξ
(0)
j

. (11)

Using the variation principle, the Euler-Lagrange

equations of motion are

f
(0)
ij ξ̇

(0)
j =

∂V (0)
(

ξ(0)
)

∂ξ
(0)
i

. (12)

The solutions of Eqs.(12) are determined by the coef-

ficient matrix f
(0)
ij . If f

(0)
ij is singular, the constraints

can appear. In this paper, only the case with con-

straints is considered. Supposing that the rank of

matrix
(

f
(0)
ij

)

is n − m, then there exist annihilator

vectors gi, i = 1, . . . , m, such that gi (fij) = 0. Multi-

plying the both sides of Eqs.(12) by gi, we obtain the

constraints

g
(0)
i

∂V (0)
(

ξ(0)
)

∂ξ
(0)
i

= Ω
(0)
i = 0, i = 1, . . . , m. (13)

On the one hand, constraints (13) must satisfy the

consistent conditions, i.e.

Ω̇
(0)
i =

∂Ω
(0)
i

∂ξ
(0)
j

ξ̇
(0)
j = 0, (14)

on the other hand, according to the constraints (13),

the Lagrange multipliers η(0) =
(

η
(0)
1 , . . . , η

(0)
m

)

are

introduced. Using conditions (14) and the multipliers

η(0), one can obtain the once-iterated one-form La-

grangian

L(1) = a
(1)
i

(

ξ(1)
)

ξ̇
(1)
i − V 1

(

ξ(1)
)

, (15)

where ξ(1) =
(

ξ(0), η(0)
)

, a
(1)
i = a

(0)
i + η

(0)
j

∂Ω
(0)
j

∂ξ
(0)
i

,

and V (1)
(

ξ(1)
)

= V (1)
(

ξ(1)
)

|
Ω

(0)
j =0

. From the

once-iterated one-form Lagrangian, the corresponding

once-iterated symplectic two-form is obtained as

f (1) = da(1) =
1

2
f

(1)
ij dξ

(1)
i ∧ dξ

(1)
j , (16)

with

f
(1)
ij =

∂a
(1)
j

∂ξ
(1)
i

− ∂a
(0)
i

∂ξ
(0)
j

. (17)

Then the once-iterated Euler-Lagrange equations of

motion are

f
(1)
ij ξ̇

(1)
j =

∂V (1)
(

ξ(1)
)

∂ξ
(1)
i

. (18)

For Eqs.(18), one repeats the above procedure until no

new constraints occur. After all of the constraints are

obtained, one can study the property of the dynamics,

calculate the Dirac bracket, or perform quantization.

4. Faddeev–Jackiw approach

based on Wu eliminate method

As indicated in the previous section, solving the

Euler-Lagrange equations is the core of the Faddeev–

Jackiw approach. The constraints occur whether they

depend on the solution of the Euler-Lagrange equa-

tion or not. Although the Euler-Lagrange equations

are a linear equation system, the entries of coefficient

matrices are functions in general, so it is very difficult
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to solve them. In addition, with the order of the coeffi-

cient matrix increasing, the equation system becomes

much more complicated, because the constraints occur

and the multipliers are induced.

In this section, for the polynomial-type dynamics,

the Wu elimination method is applied to solving the

Euler-Lagrange equations. Actually, in the Faddeev–

Jackiw approach, symplectic variables and their one-

degree derivative with respect to time t are regarded

as independent variables, so Euler-Lagrange equations

are algebraic equations, i.e. polynomials. The Wu

elimination method is a very good method of treating

polynomials. In the following, the Faddeev–Jackiw

approach based on the Wu eliminate Method is pre-

sented as algorithm formalism. Assume that auxiliary

variables have been introduced and Lagrangian has

been transformed into one-form.

Algorithm 3

Input Lagrangian L(0)

Output Motion equations Ms, Constraints Ss

Step1 Set L = L(0), ξ = ξ(0), V = V (0), Ss = φ;

Step2 Calculate the Euler-Lagrange equation

Ms from L;

Step3 Give an order satisfying

ξ = ξ1 < · · · < ξn < ξ̇1 < · · · < ξ̇n; (19)

Step4 Calculate the characteristic chain Cs of

Ms, and choose the constraints from Cs, denoted as

Ds;

Step5 If Ds are empty, no new constraints oc-

cur, and jump to Step6; otherwise, according to the

constraints introduce the multipliers ξn+1, . . . , ξn+m,

ξ = ξ ∪ {ξn+1, . . . , ξn+m}, Ss = Ss ∪ Ds, calculate

one-form Lagrangian L, and jump to Step2;

Step6 Output L, Ms and Ss.

Here we explain the correctness of algorithm 3.

In Step2, Euler-Lagrange equations are obtained from

one-form Lagrangian. In the Wu elimination method,

the order should be given first, so in Step3 the or-

der is given. But as new constraints appear and the

multipliers are introduced, the symplectic variables

are changed, so that the order must be given again.

In the Faddeev–Jackiw approach, constraints are ob-

tained by solving Euler-Lagrange equations. In Step4,

according to the order in Step3, we calculate the char-

acteristic chain of Euler-Lagrange equations. The con-

straints are obtained very easily from characteristic

chain because the results are of trapezium form. If

the new constraints appear, in Step5, multipliers are

introduced, one-form Lagrangian is calculated once

more, and return to Step2. Algorithm 3 can terminate

in finite steps because the constraints are finite.[9,10]

From the description above, in algorithm 3, except

the procedure of solving Euler-Lagrange equations,

other steps are the same as those of Faddeev–Jackiw

approach. So algorithm 3 is correct. The Euler–

Lagrange equations can be solved by using other meth-

ods, such as the Gauss elimination method. But the

entries of coefficient matrices are functions in gen-

eral, so it is very difficult to solve them. For the

polynomial-type constrained dynamics, in algorithm

3, the constraints are obtained by the Wu elimination.

The Wu elimination method is a very good method of

dealing with polynomials. So algorithm 3 is a very

valid method of treating polynomial-type constrained

dynamics. In addition, it is easy to study further from

the result of the algorithm 3, because the result is of

trapezium form. The Wu elimination method can be

executed in computers. So for polynomial-type dy-

namics, the Faddeev–Jackiw approach can be imple-

mented with the help of computers. Algorithm 3 has

been executed by Mathematica symbolic computation

software, and using the program, some examples are

solved. The following example is one of the examples.

Example 1 The Lagrangian of a non-relativistic

point-particle moving on a surface is

L =
1

2

(

q̇1
2 + q̇2

2 + q̇3
2
)

+ λ
(

q2
1 + q2

2 + q2
3 − 1

)

.(20)

Introducing auxiliary variables p, which are momen-

tum here, the one-form Lagrangian is

L = p1q̇1 + p2q̇2 + p3q̇3 − V0, (21)

where the symplectic potential is

V0 =
1

2

(

p2
1 + p2

2 + p2
3

)

− λ
(

q2
1 + q2

2 + q2
3 − 1

)

. (22)

Using algorithm 3, the equations of motion are

q1

(

−q2
2p1 − q2

3 + q1q2p2 + q1q3p3 + q2q̇1

)

= 0,

q1

(

−q1q2p1 + q2
1p2 + q2

3p2 − q1q2p3 − q2q̇2

)

= 0,

q1

(

−q1q3p1 − q2q3p2 + q2
1p3 + q2

2p3 − q2q̇3

)

= 0,

q1

(

−q2p1p2 + q1p
2
2 − q3p1p3 + q1p

2
3 + q2ṗ1

)

= 0,

q1

(

q2p
2
1 − q1p1p2 − q3p2p3 + q2p

2
3 + q2ṗ2

)

= 0,

q1q2

(

q3p1 + q3p
2
2 − q1p1p3 − q2p2p3 + q2ṗ3

)

= 0,

q1q2q
2
(

p2 + q2η̇
)

= 0,

q1

(

−q1p1 − q2p2 − q3p3 + q2ρ̇
)

= 0,

where η and ρ are multipliers, and p2 = p2
1 + p2

2 + p2
3,

q2 = q2
1 + q2

2 + q2
3 .
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The dimension of Lagrangian is 4 and it is so

low that the equations can be solved simply by hand-

calculation, but the process is still very complicated.

When the dimension is high, it is so complicated that

it cannot be solved by hand-calculation, but using al-

gorithm 3, it is solved very easily with the help of

computers.

5. A new algorithm based on

Faddeev–Jackiw approach

Although the Faddeev–Jackiw approach is im-

proved by the Wu elimination method or other meth-

ods, it is still very complicated to study constrained

dynamics. On the one hand, with the new constrains

appearing and the multipliers being introduced, the

scales of the Euler-Lagrange equations become larger

and larger, so that they are more and more difficult to

be solved. On the other hand, once the new constrains

appear, the one-form Lagrangian and the symplectic

matrix are required to be calculated again, and thus

the computation process is complicated. In addition,

when the auxiliary variables are introduced, some con-

straints may appear, but they are not included in the

Faddeev–Jackiw approach. For example, the primary

constraints as the auxiliary variables are momenta.

After introducing auxiliary variables p, the auxil-

iary variables p and generalized coordinates q combine

with the symplectic variables ξ. So the variables in the

formulas including auxiliary variables are symplectic

variables. Then the formulas are regarded as equa-

tions in unknown symplectic variables ξ̇, and denoted

by Ps. Ps are rewritten as linear equations with re-

spect to ξ̇, such as ξ̇2 = ξ is rewritten as ξ̇ =
√

ξ. The

rewriting is to use the theory of linear equation sys-

tems. As the auxiliary variables are introduced, the

Euler-Lagrange equations of motion are

fij ξ̇j =
∂V (0) (ξ)

∂ξi
, (23)

which is a linear equation system in unknown ξ̇, and

denoted as Ls. Because Ls and Ps are all linear equa-

tions in unknown ξ̇, we let Ls = Ls ∪ Ps. Then the

constrains, as the auxiliary variables are introduced,

are included. Supposing that the rank of the coeffi-

cient of Ls is R and R < n, and using the primary

transformation of rows, Ls becomes





























g11 · · · g1n

...
...

...

gR1 · · · gRn

0 · · · 0
...

...
...

0 · · · 0

























































ξ̇
...

ξ̇R

ξ̇R+1

...

ξ̇n





























=





























Ω1

...

ΩR

ΩR+1

...

Ωn





























. (24)

According to the theory of linear equation systems,

Eq.(24) has a solution iff the coefficient matrix and

the augmented matrix have the same ranks. The inho-

mogeneous entries for Eq.(24) are functions, so there

are three possibilities for Ωk, k = R + 1, . . . , n. (1)

Ωk, k = R + 1, . . . , n are all zero, then Eq.(24) has

an infinite solution; in Ref.[10], Eq.(24) becomes only

one solution by the gauge fixing term introduced into

symplectic potential; (2) nonzero constants appear in

Ωk, k = R + 1, . . . , n, then Eq.(24) has no solution,

so the system does not have a stationary-point; (3)

Ωk, k = R + 1, . . . , n are all not zero, i.e. there exist

nonzero constants, so some are functions, and it might

as well let Ωk, k = R +1, . . . , n be all functions. Here,

only the third case is studied. Eq.(24) has solutions

iff

0 = Ωk, k = R + 1, . . . , n. (25)

Equations (25) are new equations, and called con-

strains. Because Eqs.(25) are equations, the derivative

of their both sides with respect to t are also equations,

0 = Ω̇k =
∂Ω

∂ξi
ξ̇i, k = R + 1, . . . , n. (26)

Equations (26) are consistent conditions and they are

linear equations in unknown ξ̇. Eqs.(23) and (26)

constitute a new system of linear equations. Solv-

ing the new linear equation system, new constrains

can be obtained, and then the consistent conditions

can be worked out. The steps continue until no new

constraints emerge. In addition, some constrains can

appear when the auxiliary variables are introduced.

Combing the above discussion yields the following al-

gorithm.

Algorithm 4

Input: Lagrange function L and Ps

Output: Constrained Euler-Lagrange equations

Step1 Calculate the one-form Lagrangian and

the Euler-Lagrange equations of motion, denoted by

Ls;
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Step2 Ls = Ls ∪ Ps. Let Cs = {};
Step3 Solve equations Ls, and choose the con-

straints and denoted by Ss;

Step4 If Ss are the subset of Cs, jump to Step5;

otherwise let Cs = Cs ∪ Ss; calculate the consistent

conditions of Ss, and denoted by Ds; let Ls = Ls∪Ds

and return to Step3;

Step5 Output Ls and Cs.

In algorithm 4, Constraints appear from the pro-

cess of solving equations, and the consistent conditions

are obtained from the law of motion and the same

as those obtained from the Faddeev–Jackiw approach.

Therefore algorithm 4 is correct. For a algorithm, be-

sides the correctness, it is also very important that the

algorithm can terminate in finite steps. Next we prove

that the new algorithm can terminate in finite steps

for the constraints are finite in the form of theorem.

Theorem 4 Algorithm 4 can terminate in finite

steps.

Proof Let the initial domain of the one-form La-

grangian be taken as the whole (2n + 1)-dimensional

(t, ξ, ξ̇)-space M . If constrains (25) appear, then

the variables t, ξ, ξ̇ of the dynamical system satisfy

Eqs.(25) and (26). So the Lagrangian is now de-

fined only in the (2n + 1 − R)-dimensional surface

S′ which is embedded in M . If the new constrains

appear, then the Lagrangian is now defined only in

the (2n+1−R−R′)-dimensional surface S′′ which is

embedded in S′. Continuously, the dimension of the

surface which the Lagrangian is defined in is reduced

with the new constrains appearing, but a minimum

value of the dimension must be bigger than zero, so

the dimension of embedded surface must be equal to

a minimum value in finite steps. From the discussion

above, it is obvious that the achievable minimum di-

mension of embedded surface is equivalent to that in

the case without new constrains appearing. So this

algorithm can terminate in finite steps.

The new algorithm is simpler than the Faddeev–

Jackiw approach, because it need not calculate the

one-form Lagrangian and symplectic matrix, and

introduce the multipliers repeatedly with the con-

straints appearing. For the polynomial type, in step

3, the Wu elimination method is still used to solve the

equations.

The problem in example 1 can be solved by Al-

gorithm 4. Here, the second Cawley’s counterexample

is solved by Algorithm 4. The counterexample is pre-

sented to Dirac’s conjecture. For the counterexample,

the Dirac method and Faddeev–Jackiw approach lead

to wrong outcomes. The example is not of a poly-

nomial type, so the simple form can be calculated by

hand-calculation.

Example 2 The Lagrange function is

L = ẋż2 + yz. (27)

The auxiliary variables are momenta px, py, pz

px =
∂L

∂ẋ
= ż2, py =

∂L

∂ẏ
= 0,

pz =
∂L

∂ż
= 2ẋż. (28)

Equations (28) are rewritten as

ż − p1/2
x = 0, py = 0, 2pxẋ − pz = 0. (29)

The symplectic variables are ξ = {x, y, x, px, py, pz}.
The one-form lagrangian is

L = pxẋ + pz ż − p1/2
x pz − yz. (30)

The Euler-Lagrange equations of motion are

ẋ − 1

2
p−1/2

x pz = 0, ż − p1/2
x = 0, ṗx = 0,

ṗz − y = 0, z = 0. (31)

Equations (29) and (31) constitute new linear equa-

tions. The first equation in Eqs.(31) is the same as

the third equation in Eqs.(29). Using Algorithm 4,

the results are as follows:

ẋ − 1

2
p−1/2

x pz = 0, ẏ = 0, ż − p1/2
x = 0; (32)

ṗx = 0, ṗy = 0, ṗz = 0; (33)

y = 0, z = 0, px = 0,

py = 0, pz = 0. (34)

Expressions (32) and (33) are equations of motion, and

expressions (34) are constraints. A lot of mathemati-

cians and physicians have studied the Cawley’s coun-

terexamples now. They try to obtain a general theory

containing the Dirac’s conjecture and the counterex-

amples, however at present, the correct result has not

been obtained yet.

6. Conclusions

In this paper, firstly, for the polynomial-type con-

strained dynamics, the Faddeev–Jackiw approach is

improved by the Wu elimination method. For the

Faddeev–Jackiw approach, it is very complicated to

treat the process of solving constraints. The burden

of computation is so heavy that it is very difficult to

do and prone to error by hand-calculation. But for the
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improved algorithm, on the one hand, the complicated

and a great many computations can be executed by

computers, so the constrained dynamics can be stud-

ied with the help of computers. On the other hand,

the result form of the improved algorithm is very good

and redounds to further study. Based on the Faddeev–

Jackiw approach, a new algorithm is presented. Be-

sides its being simpler than the Faddeev–Jackiw ap-

proach in application, the new algorithm is stricter

than the Faddeev–Jackiw approach in deduction. For

the polynomial type, the Wu elimination can also be

used to solve the constraints. So the new algorithm

can be implemented by computers more easily than

the improved algorithm.

The improved algorithm and the new algorithm

can be executed by computers, but the complexi-

ties of time and space need further studying. And

although the constraints have been solved, it is re-

quired to further study the quantization, gauge trans-

formation and other qualities of dynamics that are

computed by computers. The programs of the im-

proved algorithm and the new algorithm are com-

piled with Mathematica symbolic software. Besides

the above examples, other examples are studied by the

programs, such as the SU(2) Yang–Mills equation in

3+1 dimensional space, the SU(2) Yang–Mills equa-

tion in 3+1 dimensional space, the SU(2) Yang–Mills

equation in 0+1 dimensional space and the system La-

grangian L = q1(q̇2− q3)− q̇1q2, etc. In the Intel CPU

2.0G, the results are obtained in 5 seconds.
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