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Evolutionary snowdrift game with disordered
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We investigate an evolutionary snowdrift game on a square N = L × L lattice with periodic boundary conditions,

where a population of n0 (n0 ≤ N) players located on the sites of this lattice can either cooperate with or defect from

their nearest neighbours. After each generation, every player moves with a certain probability p to one of the player’s

nearest empty sites. It is shown that, when p = 0, the cooperative behaviour can be enhanced in disordered structures.

When p > 0, the effect of mobility on cooperation remarkably depends on the payoff parameter r and the density of

individuals ρ (ρ = n0/N). Compared with the results of p = 0, for small r, the persistence of cooperation is enhanced

at not too small values of ρ; whereas for large r, the introduction of mobility inhibits the emergence of cooperation at

any ρ < 1; for the intermediate value of r, the cooperative behaviour is sometimes enhanced and sometimes inhibited,

depending on the values of p and ρ. In particular, the cooperator density can reach its maximum when the values of p

and ρ reach their respective optimal values. In addition, two absorbing states of all cooperators and all defectors can

emerge respectively for small and large r in the case of p > 0.
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1. Introduction

Understanding the emergence and persistence of

cooperation is one of the central problems in evolu-

tionary biology and socioeconomics.[1,2] Evolutionary

game theory[2,3] has become a powerful means to in-

vestigate this problem. Especially two simple games,

the prisoner’s dilemma (PD)[4] and its variation, the

snowdrift game (SG),[5] have attracted most atten-

tion. In the spatial extensions of PD, it is widely ac-

cepted that spatial structure benefits the evolution of

cooperation.[6−10]

The SG (also known as the hawk-dove or chicken

game) can be illustrated with a situation in which two

drivers are caught in a blizzard and trapped on ei-

ther side of a snowdrift. They can either get out and

start shovelling (cooperate) or stay in the car (defect).

If both cooperate, they have the benefit b of getting

home while sharing the labour c. Thus each driver ob-

tains the net benefit R = b− c/2. If both defect, they

do not get anywhere and obtain zero benefit P = 0.

If only one of them cooperates, both can get home,

but the defector avoids the labour cost and obtains

benefit T = b, whereas the cooperator’s benefit is re-

duced by the workload, i.e. S = b − c. In the SG,

b > c > 0, leading to T > R > S > P . Therefore,

the best action depends on the co-player: to defect if

the other cooperates, but to cooperate if the other de-

fects. This leads to stable coexistence of cooperators

and defectors in well-mixed populations. Without loss

of generality, it is useful to assign R = 1 so that the

payoffs can be characterized by a single parameter r,

where r = c/(2b − c) is the cost-to-benefit ratio of

mutual cooperation. In terms of 0 < r < 1, we have

T = 1+ r, R = 1, S = 1− r, and P = 0. According to

the replicator dynamics,[11] the equilibrium frequency

of cooperators in the snowdrift game is 1 − r.

In recent years, many of networks of interacting

entities or agents such as humans, computers, animal

species, proteins, and neurons have been investigated

vigorously.[12−14] And previous works on SG have fo-

cused on the effects of connectivity in structures such

as lattices[15] and fully connected networks,[11,15] and

other network structures.[16−18] However, unexpect-

edly, spatial structure reduces the proportion of coop-

erators for a wide range of parameters in the context

of SG.[15] Recently, Vainstein et al investigated the

PD game in site diluted lattices[19] and found that
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the fraction of cooperators in the population is en-

hanced due to disorder. And then, this group con-

sidered the mobility of individuals in PD game for

the payoff parameter b = 1.4[20] and showed that the

cooperative behaviour can be enhanced for a certain

mobile probability p as compared with the ‘never-

move’ case. In fact, in the real world, not all indi-

viduals interact the same number of times, either due

to the nonsynchronous character of the interaction or

to the environmental structure that prevents some of

the contacts. In addition, real systems are far from

being static: individuals are really dynamic and con-

tinuously come into contact, and lose contact, with

other individuals. For example, the farmworkers in

Sinkiang do not usually occupy well-defined territo-

rial regions, they always move far from their present

places of work. Hence, the interactions between them

are rather instantaneous and time dependent. How-

ever, the factors of the disordered environments and

the mobility of individuals have not been considered

in SG up to now.

In the present work, we explore the SG with disor-

dered environments in mobile societies. We find that,

in the case of ‘never-move’, depending on the amount

of disorder, cooperation can be enhanced. And we

also find that the introduction of mobility has a sig-

nificant effect on the cooperation. For small r, the

persistence of cooperation is enhanced due to the in-

troduction of individuals’ mobility; whereas for large

r, the individuals’ mobility inhibits the emergence of

cooperation; for the intermediate value of r, the coop-

erative behaviour is sometimes enhanced and some-

times inhibited, depending on the values of p and ρ.

In particular, the fraction of cooperators can reach its

maximum when p and ρ reach their optimal values.

In addition, the system can exist in two absorbing

states of all cooperators and all defectors respectively

for small and large r in the case of p > 0.

2. The model

We consider the spatial version of SG,[15] plac-

ing the interacting individuals on the vertices of an

N = 100 × 100 square lattice with periodic bound-

ary conditions. Initially, a population of n0 (n0 ≤ N)

players labelled by 1, 2, ..., n0 are randomly distributed

on the sites of the lattice. Each player follows one of

the two simple strategies: cooperation (C) or defec-

tion (D), represented by the variable Si = ±1 respec-

tively. During the process of interactions, each player

interacts at most with its four nearest neighbours (self-

interactions are excluded). The players collect their

payoffs depending on the payoff-matrix parameters,

and the total payoff of a certain player is the sum over

all its interactions. A player’s payoff is a measure of its

reproductive success. In every generation, the players

update their strategies according to the deterministic

rule:[6,19−21] i.e., each individual will adopt the strat-

egy of the player with the highest payoff among its

nearest neighbours and itself in the next round. Af-

ter each generation, every player moves with a certain

probability p (p ∈ [0, 1]) to one of the nearest empty

sites (if it is possible) and there cannot be more than

one player on the same site.

To characterize the macroscopic behaviour of the

system, we introduce an order parameter. Let ρC(t)

represent the fraction of cooperators at a given time,

ρC(t) =
1

2n0

n0∑

i=1

(Si + 1),

where n0 is the total number of individuals. Since we

are interested in the long time regime, and the results

depend on the choice of the frozen empty sites, we

define the order parameter as the average over time

(〈...〉) and over the realizations of the disorder (...)

of the asymptotic cooperator density ρC = 〈ρC(∞)〉.

ρC = 0 means that the population is full of defectors,

and ρC = 1 denotes the population is occupied by co-

operators. For an intermediate case 0 < ρC < 1, both

strategists coexist.

3. Simulation results and analysis

Using Monte Carlo simulations, we study the key

quantity of cooperator density ρC for different values

of the individual density ρ and the moving probability

p. Initially, the two strategies of C and D are ran-

domly distributed among the individuals with equal

probability 1/2. Eventually, the system reaches a dy-

namic equilibrium state where the fraction of cooper-

ators ρC fluctuates stably around a certain value. The

simulation results were obtained by averaging over the

last 2000 Monte Carlo (MC) time steps of the total

20000. Each data point results from an average over

20 simulations for the same type of network structures.

In Fig.1 the cooperator density ρC is plotted

against the total individual density ρ on the lattice

for several different values of r in the case of p = 0. If

the total density of individuals ρ is near zero, almost
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all players are isolated and do not change strategy

since there is no combat cluster at all; the cooperator

density is the same as the initial one: ρC ≃ ρC(0).

Fig.1. Monte Carlo results for the cooperator density ρC

in the steady state versus the lattice occupation ρ for sev-

eral values of r. The mobile probability of individuals

p = 0.

Indeed, for small ρ, the curves for different values of

r merge. When ρ > 0.05, the cooperative behaviour

will be determined by the dynamics, and the curves for

different values of r will depart from each other: the

higher the r is, the more favourable the defector is; and

vice versa. In fact, in the region of 0 < r < 0.34, the

curves first rise with ρ and then they drop slowly after

the maximal values of ρC occur at large ρ but ρ < 1

(see the curve for r = 0.3 in Fig.1). For 0.65 < r < 1,

the change of curves with ρ shows the reverse trend

as that of 0 < r < 0.34, but the maximal values

of ρC occur in the limit ρ → 0 (see the curve for

r = 0.8 in Fig.1). For the intermediate values of r

(0.34 < r ≤ 0.65), the curves first drop, and then they

rise with ρ when the values of ρC reach their mini-

mum, and then they will drop with ρ after the largest

values of ρC appear (see the curve for r = 0.5 in Fig.1).

From the above results, we can see that, for any value

of the payoff parameter r, the maximum of the coop-

erator density ρC occurs at the optimal value of the

individual density ρ (ρ < 1). Therefore, we can con-

clude that, due to disorder, the cooperative behaviour

is enhanced in the context of SG. It is pointed out that

the main difference between PD and SG is that: In the

context of PD, for small payoff parameter b, the co-

operator density ρC increases monotonically with the

total density of individuals ρ,[19] i.e., the cooperation

is not enhanced in disordered structures in the space

of small payoff parameters; while as for our results,

in the context of SG, the fraction of cooperators ρC

has a maximal value at certain value of the individ-

ual density ρ (ρ < 1). Furthermore, we would point

out that the cooperative behaviour, being enhanced

due to the disorder in a wide range of parameters, is

a general result for both PD and SG. Interestingly,

the disordered structures promote the emergence and

persistence of cooperation for a wide range of the pay-

off parameter r as compared with the result 1 − r in

well-mixed situation in the context of SG.

In the following, we will consider the case of mo-

bility. Figure 2 shows three plots of the cooperator

density ρC as a function of ρ for different values of the

mobile probability p and the payoff parameter r. We

Fig.2. Monte Carlo result for cooperator density ρC as a function of the lattice occupation ρ for different values of mobility

p and payoff parameter r: (a) r = 0.3, (b) r = 0.5 and (c) r = 0.8.
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can see from Fig.2(a) that, when ρ ≤ 0.225, the emer-

gence of cooperation is inhibited due to the introduc-

tion of mobility. In the region of 0.225 ≤ ρ ≤ 0.3, for

each curve of p > 0, there exists a threshold of ρ above

which the persistence of cooperation is enhanced as

compared with the result of p = 0. The thresholds of ρ

are about 0.25, 0.25, 0.275, 0.3 for p = 0.01, 0.1, 0.5, 1.0

respectively. And for large ρ, there appears a ho-

mogeneous state of all cooperators for any p > 0.

There are two reasons for this: small r is in favour

of the persistence of cooperation; due to the mobil-

ity of individuals, the chance of interactions between

the players increases remarkably, which enhances the

persistence of cooperation. For large r, due to the in-

troduction of the individuals’ mobility, the emergence

of cooperation is remarkably inhibited, and the homo-

geneous state of all defectors appears for any p > 0

(see Fig.2(c)). The reason is that, large r benefits

the defectors, and when p > 0, the chance of inter-

actions among individuals obviously increases, which

inhibits the emergence of cooperation. From Figs.2(a)

and 2(c), we can conclude that in a wide range of ρ,

when the payoff parameter r benefits the cooperators,

the introduction of mobility enhances the persistence

of cooperation; whereas, when the payoff parameter

benefits the defectors, the introduction of mobility in-

hibits the emergence of cooperation. These results

were not discussed in the work of Vainstein.[20]

In the intermediate region (see Fig.2(b)), com-

pared with the results of p = 0, the cooperative be-

haviour is sometimes enhanced and sometimes inhib-

ited, depending on the magnitude of p and ρ. The

maximal value of ρC occurs at the optimal value of

the mobile probability p for a certain value of ρ. It is

pointed out that the optimal values of ρ are not equal

to one, which indicates that the emergence and per-

sistence of cooperation is enhanced due to disorder in

the case of mobility. Next, we will show that the co-

operator density changes with the mobile probability

p for several values of ρ in this parameter region (see

Fig.3).

In Fig.3, the curves of cooperator density ρC

against mobile probability p for several values of ρ

when r = 0.5 are plotted. From Fig.3, we can see

that, for small ρ (ρ = 0.45), any amount of mobility

could inhibit the emergence of cooperation. In the in-

termediate density of individuals (see the curves for

ρ = 0.55, 0.65, 0.75), when the mobile probability p is

small, the fraction of cooperators can reach its max-

imal value. When the total density of individuals ρ

is large (not included here), the introduction of mo-

bility can inhibit the persistence of cooperation, but

the values of ρC are not zero (see Fig.2(b)). We can

conclude that the effect of the individuals’ mobility

on the cooperative behaviour depends remarkably on

the value of the individual density ρ and the mobile

probability p in this payoff parameter space.

Fig.3. The cooperator density ρC as a function of

the mobile probability p for several densities ρ =

0.45, 0.55, 0.65, 0.75 when r = 0.5.

4. Conclusions

In summary, we have studied the evolution of co-

operation in the context of SG with mobile agents on

site diluted square lattices. It was shown that, in the

case of p = 0, the fraction of cooperators in the pop-

ulation can be enhanced due to disorder. The intro-

duction of individuals’ mobility has a significant effect

on the cooperative behaviour: in a wide range of pa-

rameter ρ, the introduction of mobility enhances the

persistence of cooperation when the payoff parame-

ter r benefits the cooperators (small r); whereas the

emergence of cooperation is inhibited due to the in-

troduction of mobility when r benefits the defectors

(large r); for the intermediate value of r, the coopera-

tive behaviour is sometimes enhanced and sometimes

inhibited, depending on the values of p and ρ. In par-

ticular, the fraction of cooperators can reach its max-

imum when the values of p and ρ reach their optimal

values. In addition, the system appears to have two

homogeneous states of all cooperators and all defec-

tors respectively for small and large r in a wide range

of ρ in the case of introduction of mobility. To some

extent, the introduction of the mobility could be of

particular interest in the evolutionary game dynamics

and may shed some lights on the evolution of cooper-

ation in the society.
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