
Vol 16 No 12, December 2007 c© 2007 Chin. Phys. Soc.

1009-1963/2007/16(12)/3560-06 Chinese Physics and IOP Publishing Ltd

The double Lagrangian with U (1, J) symmetry and

its applications to the cosmology∗

Wu Ya-Bo(ÇæÅ)†, Lü Jian-Bo(½êÅ), He Jing(å ¹), and Fu Ming-Hui(G²¦)

Department of Physics, Liaoning Normal University, Dalian 116029, China

(Received 4 December 2006; revised manuscript received 20 March 2007)

By introducing the double complex scalar field, this paper constructs the double Lagrangian with the potential

V (Φ(J), Φ∗(J)) = V (|Φ(J)|), which not only can describe the evolution of quintom Universe, but also can naturally

give the spintessence and hessence Universe. Furthermore, the U(1, J) symmetry of the double complex Lagrangian

is verified, and the total conserved charge within the physical volume is derived by means of the Noëther theorem.

Moreover, it can point out that the ‘imaginary motion’ of the angular parameter in Ref.[14], in fact, is only a real phase

displacement in our model.
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1. Introduction

The type Ia supernova (SNe Ia) searches[1], the

cosmic microwave background results from balloon

and ground experiments[2] and recent Wilkinson Mi-

crowave Anisotropy Probe (WMAP)[3] observations

all suggest that the Universe is speeding up rather

than slowing down. In order to explain this fact, many

kinds of models have already been constructed such

as the cosmological constant Λ plus cold dark matter

(ΛCDM) model,[4] quintessence[5], phantom[6], gener-

alized Chaplygin gas,[7] k-essence,[8] and so forth.

On the other hand, by fitting the SNe Ia data,

marginal evidence for the equation of state (EOS)

ωde(z) < −1 at z < 0.2 has recently been found[9].

Moreover, the present data seem to slightly favour an

evolving dark energy with ωde being below −1 around

present epoch from ωde > −1 in the near past[10].

Hence a class of proposals such as quintom[10,11], the

geometric approach[12], holographic dark energy[13],

etc., in which the EOS or effective EOS crosses over

the cosmological constant boundary (or called the

phantom divide) has recently presented.

Furthermore, the advice of using a single ordinary

complex (or called elliptical complex) non-canonical

scalar field as dark energy has already been estab-

lished, for example, hessence.[14] However, there are

some problems we have to face: (1) how to understand

the so-called internal ‘imaginary motion’ mentioned in

Ref.[14]; (2) whether there is a method of avoiding us-

ing the non-canonical complex scalar field in Ref.[14];

(3) whether we can obtain the EOS for dark energy

from a more fundamental theory such as field theory.

We will answer these questions affirmatively by in-

troducing a double complex canonical scalar field to

describe the dark energy.

It is well known that using the ordinary (ellipti-

cal) complex scalar field as dark energy has been ex-

tensively applied to cosmology, such as Refs.[14–17],

etc. However, hyperbolic complex field functions are

seldom involved in this field although they have been

already applied to other fields in physics.[18−20] There-

fore, in this paper, we will extend the Lagrangian den-

sity constructed by an ordinary complex scalar field

in Ref.[15] to the double complex form, i.e., construct

a double Lagrangian, which can respectively describe

the evolution of the quintessence/spintessence and

quintom/hessence dark energy by introducing the or-

dinary and hyperbolic complex scalar fields in the fol-

lowing two different ways. Exactly, on the one hand,

by utilizing the form of the double complex scalar field

Φ(J) = φ1(J) + Jφ2(J), we obtain the quintessence

and quintom dark energy models and it is worth not-

ing that our method of obtaining both of them is dif-

ferent from that of the previous literature.[5,10,11] On

the other hand, we find that the double Lagrangian
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constructed by us has the interesting feature of U(1, J)

symmetry, where we express the form of the double

complex scalar field as Φ(J) = φ(J)eJθ in order to

discuss the symmetry easily. The spintessence and

hessence Universe models can be obtained under this

description of the double complex scalar field Φ(J).

Next, we can definitely point out that the ‘imaginary

motion’ of the angular parameter in Ref.[14], in fact, is

only a real phase displacement in our model. Further-

more, according to the internal U(1, J) symmetry of

the double Lagrangian, we obtain the total conserved

charge within the physical volume by means of the

Noëther theorem. Finally, some discussions about the

conserved charge and conserved current will be given,

too.

For the sake of convenience, it is necessary to re-

view the related knowledge to the double complex

function method (DCFM)[18] in this paper. It is

well known that, besides the ordinary (elliptical) com-

plex numbers, of which the imaginary unit is i (i2 =

−1), there exist other generalized complex numbers,

namely the hyperbolic complex numbers, of which the

imaginary unit is ǫ, where ǫ2 = +1, ǫ 6= 1. Cor-

responding to the ordinary complex number C, hy-

perbolic complex numbers can be described as a + ǫb

(a, b are real). Next, let J denote the double imagi-

nary unit, i.e., J may be the ordinary unit i, it also

may be the hyperbolic imaginary unit ǫ. An element

Z = a + Jb is called a double complex number, the

conjugate element of Z is Z∗ = a − Jb. According

to the common way, in the set DC of all double com-

plex numbers we can introduce addition, multiplica-

tion, etc.. So DC = C when J = i, and DC = H when

J = ǫ. The inverse of a + ib exists if |a|+ |b| 6= 0, and

the inverse of a + ǫb exists if |a| − |b| 6= 0. Therefore,

in the following we suppose that |a| 6= |b| when an

abstract double complex number Z = a − Jb is taken

as a divisor. The Z corresponds to a pair (ZC, ZH),

where

ZC = Z(J = i) = a + ib,

ZH = Z(J = ǫ) = a + ǫb. (1)

Below, we will give the definition of a double

complex function and consider the case in which the

function has four independent real variables (xµ =

t, x, y, z, here µ = 0, 1, 2, 3 denotes spacetime index).

Definition:

Φ = Φ(J) = Φ(xµ; J) = φ1(x
µ; J) + Jφ2(x

µ; J)

is called a double complex function defined on a region

N ⊂ R4 if the following conditions are satisfied.

(a) ΦC = φ1C +iφ2C and ΦH = φ1H + ǫφ2H are an

ordinary complex function and a hyperbolic complex

function, respectively, where

φ1C = φ1(J = i) = φ1C(xµ),

φ1H = φ1(J = ǫ) = φ1H(xµ),

φ2C = φ2(J = i) = φ2C(xµ),

φ2H = φ2(J = ǫ) = φ2H(xµ) (2)

are all real functions defined on N .

(b) J is an ‘analysis link’ between ΦC and ΦH.

This means that if we take t, x, y and z as constants,

and take J as a formal real independent variable, then

φ1(J) and φ2(J) are real analytic functions of J , and

they can be written as an infinite series:

φ1(J) =

∞
∑

n=0

anJ2n,

φ2(J) =
∞
∑

n=0

bnJ2n, (3)

where an(xµ) and bn(xµ) are real functions, and the

series
∑

an,
∑

(−1)nan,
∑

bn, and
∑

(−1)nbn are all

convergent on N .

Notice that the above condition (b) of analytic-

ity links ΦC with ΦH. As a result of condition (b),

Φ(J) is not a mechanical combination of ΦC and ΦH in

which J only plays a role as a discrete index (J = i, ǫ),

there is certain analytic relation between the ordinary

complex function Φ(xµ; i) and the hyperbolic complex

function Φ(xµ; ǫ).

In this paper, we shall use the double exponential

function eθJ . It is defined as follows:

eθJ =

∞
∑

n=0

1

n!
θnJn = C[θ, J ] + JS[θ, J ], (4)

where θ ≡ θ(xµ, J) is a real function, i.e., θC = θ(J =

i) = θC(xµ), θH = θ(J = ǫ) = θH(xµ), and C[θ, J ] ,

S[θ, J ] have the following definitions:

C[θ, J ] ≡
{

cos θc J = i

cosh θH J = ǫ,

S[θ, J ] ≡
{

sin θc J = i

sinhθH J = ǫ.
(5)

Furthermore, for simplicity, we will displace the real

function θ(xµ, J) with θ in the following. Thus, we

can generally describe a double complex function as

follows:

Φ(J) = φ(J)eJθ = φ(J)(C[θ, J ] + JS[θ, J ]),
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Φ
∗(J) = φ(J)e−Jθ = φ(J)(C[θ, J ] − JS[θ, J ]), (6)

where

φ(J) ≡ |Φ(J)| =
√

Φ(J)Φ∗(J)

=
√

φ2
1(J) − J2φ2

2(J),

i.e., φ2
C = φ2(J = i) = φ2

1C + φ2
2C, φ2

H = φ2(J =

ǫ) = φ2
1H − φ2

2H, and θ, a double real parameter. φ(J)

and θ are respectively called “modulus” and “phase

angular” of the double complex function Φ(J).

2. The double Lagrangian with

U (1, J) symmetry and its ap-

plications to the cosmology

Consider the Robertson-Walker Universe

ds2 = dt2 − a2(t)dx
2, (7)

with the action

S(Φ(J),Φ∗(J))

=

∫

d4x
√−g

(

− 1

16πG
R + LΦ(J)

)

, (8)

where g is the determinant of the metric tensor gµν , R
is the Ricci scalar, and LΦ(J) is the double Lagrangian

density with respect to a double complex scalar field

Φ(J), which can be constructed as follows:

LΦ(J) =
1

2
gµν(∂µΦ

∗(J))(∂νΦ(J))

− V (Φ(J),Φ∗(J)). (9)

In order to get the double real Lagrangian and the

corresponding real energy-momentum tensor of mat-

ter, we will consider a special Lagrangian density for

a double complex scalar field Φ(J), in which the po-

tential is forced to depend only on the modulus of

Φ(J), i.e., V (Φ(J),Φ∗(J)) = V (|Φ(J)|) . Thus, the

Lagrangian density of the double complex scalar field

in Eq.(9) can reduce into the form

LΦ(J) =
1

2
gµν(∂µΦ

∗(J))(∂νΦ(J)) − V (|Φ(J)|)

=
1

2
∂µφ1(J)∂µφ1(J)

− 1

2
J2∂µφ2(J)∂µφ2(J) − V (φ(J)), (10)

where φ1(J) and φ2(J) are two double real scalar fields

of Φ(J), and the square of the modulus of Φ(J) is

φ2(J) = φ2
1(J) − J2φ2

2(J). Obviously, when we take

J = i, Eq.(10) changes into

LΦC
=

1

2
gµν(∂µΦ

∗
C)(∂νΦC) − V (|ΦC|)

=
1

2
∂µφ1C∂µφ1C +

1

2
∂µφ2C∂µφ2C − V (φC),

but when we take J = ǫ, the corresponding La-

grangian density in Eq.(10) is

LΦH
=

1

2
gµν(∂µΦ

∗
H)(∂νΦH) − V (|ΦH|)

=
1

2
∂µφ1H∂µφ1H − 1

2
∂µφ2H∂µφ2H − V (φH).

Thus, based on the double Lagrangian den-

sity, i.e., Eq.(10), we can obtain the evolution of

quintessence and quintom Universe for the case of

J = i and J = ǫ, respectively. Concretely, we consider

a spatially flat Universe, and assume that φ1(J) and

φ2(J) are homogeneous, then the Friedmann equation

can be written as

H2 =
4πG

3
[φ̇1

2
(J) − J2φ̇2

2
(J) + V (φ(J))], (11)

where H ≡ (ȧ/a) is the Hubble parameter, ‘dot’ de-

notes the derivative with respect to the cosmic time t.

The energy density and pressure for the double com-

plex scalar field has the following form:

ρΦ(J) =
1

2
φ̇1

2
(J) − 1

2
J2φ̇2

2
(J) + V (φ(J)), (12)

pΦ(J) =
1

2
φ̇1

2
(J) − 1

2
J2φ̇2

2
(J) − V (φ(J)). (13)

Moreover, the corresponding EOS parameter is given

by

ωΦ(J) =
pΦ(J)

ρΦ(J)

=
1
2 φ̇2

1(J) − 1
2J2φ̇2

2
(J) − V (φ(J))

1
2 φ̇2

1(J) − 1
2J2φ̇2

2
(J) + V (φ(J))

. (14)

It is easy to see that, for the case of J = ǫ, the EOS

parameter can cross over the cosmological constant

boundary along with the evolution of the field compo-

nents φ1H(t) and φ2H(t). Exactly, when φ̇2
1H < φ̇2

2H,

the pressure will be negative and ωΦH
< −1, which

satisfies the phantom equation of state; instead, when

φ̇2
1H > φ̇2

2H, the EOS parameter exceeds −1; and when

φ̇2
1H = φ̇2

2H, this corresponds exactly to the phantom

divide line. Thus, we conclude that the quintom Uni-

verse can also be obtained by using the hyperbolic

complex scalar field as dark energy. On the other

hand, for J = i, the evolution of EOS parameter is

similar to the case of quintessence, namely, ωΦC
> −1
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always, because of the same positive sign of φ̇2
1C and

φ̇2
2C in Eq.(14).

Below, we will verify that the double Lagrangian

(10) constructed by us has the interesting feature of

the U(1, J) symmetry. In order to discuss the symme-

try easily, we express the form of the double complex

scalar field as Φ(J) = φ(J)eJθ, where φ(J) and θ are

respectively ‘modulus’ and ‘phase angular’ of the dou-

ble complex function Φ(J), and both of them are real.

Thus, the Lagrangian density (10) can be rewritten as

LΦ(J) =
1

2
gµν(∂µφ(J))(∂νφ(J))

− 1

2
J2φ2(J)gµν(∂µθ)(∂νθ) − V (φ(J)). (15)

Furthermore, based on the U(1, J) symmetry of the

double Lagrangian (15), we will point out: (1) the un-

canny ‘imaginary motion’ of angular parameter for the

ordinary complex non-canonical scalar field in Ref.[14]

is only an internal real phase displacement in our

model; (2) it can be verified that there is conserved

current and corresponding conserved charge in our

Universe and they are the dual charges when we take

J = i and J = ǫ; (3) the cosmological evolution can be

described by the double complex scalar field Φ(J), i.e.,

the spintessence model and hessence model of dark en-

ergy can be obtained in a natural way.

Let M(J) be any element of the double unitary

group U(1, J), i.e. M(J) ∈ U(1, J), and satisfy

M(J)M(J)† = I. Note that

U(1, J = i) = U(1, C), U(1, J = ǫ) = U(1, H), (16)

are respectively called the ordinary and hyperbolic

unitary groups.

If we take M(α, J) = eαJ , and consider the trans-

formation

Φ
′(J) = M(J)Φ(J) = eαJ

Φ(J),

Φ
′∗(J) = M∗(J)Φ∗(J) = e−αJ

Φ
∗(J), (17)

where star and α denote respectively complex conju-

gate and ‘angular’ parameter (a real constant), we can

get the following results.

(1) When Φ(J) and Φ
∗(J) are expressed as the

exponential forms like the Eq.(6), the transformation

Eq.(17) changes into Φ
′(J) = φ(J)eJ(α+θ), Φ

′∗(J) =

φ(J)e−J(α+θ), i.e.

φ′(J) = φ(J), θ′ = α + θ, (18)

which indicates that under the transformation Eq.(17)

there is only a phase displacement of Φ(J) : θ → α+θ.

It follows that the ‘imaginary motion’ of angular pa-

rameter for the ordinary complex non-canonical scalar

field in Ref.[14] is only an internal real phase displace-

ment for the hyperbolic (J = ǫ) complex canonical

scalar field in our model. Meanwhile, we can ver-

ify that under the transformation Eq.(17) |Φ′(J)|2 =

|Φ(J)|2 = Φ
∗(J)Φ(J), i.e., φ′(J) = φ(J). Hence the

Lagrangian Eq.(15) is also invariant, i.e. LΦ′(J) =

LΦ(J). Thus, for the case of J = ǫ, here we also dub

its corresponding dark energy model as hessence in

order to accord with Ref.[14]. But we think that the

hessence model of dark energy reconstructed by us in

the more natural way than one in the Ref.[14] because

of the real ‘angular motion’ in our method.

(2) Since the double Lagrangian Eq.(15) is invari-

ant under the transformation Eq.(17), according to

the well-known Noëther theorem, this internal symme-

try implies that there may be some conserved quan-

tity. For the double complex canonical scalar field

Φ(J) = φ(J)eJθ , the global symmetry of the La-

grangian under Φ(J) −→ Φ(J)eJα gives rise to the

conserved current

Jµ(J) =
1

2
J [(∂µ

Φ
∗(J))Φ(J)−(∂µ

Φ(J))Φ∗(J)]. (19)

From it we can find the corresponding conserved

charge by the integral over the fourth component of

the current:

Q(J) ≡
∫

d3xJ0(J) = −J2a3φ2(J)θ̇,

θ̇ =
Q(J)

−J2a3φ2(J)
. (20)

It follows that the conserved charges Q(J) has the

different signs for two cases of J = i and J = ǫ,

namely, Q(J = i) = QC = a3φ2
Cθ̇C, Q(J = ǫ) =

QH = −a3φ2
Hθ̇H. Therefore, here we call them the

dual charges.

In addition, for the double complex canonical

scalar field Φ(J) the energy conservation equation

ρ̇Φ(J) + 3H(ρΦ(J) + pΦ(J)) = 0 can be described as

φ̈(J) + 3Hφ̇(J) + J2 Q2(J)

a6φ3(J)
+ V ′(φ(J)) = 0. (21)

The total charge conservation equation dQ(J)/dt = 0

and the corresponding current conservation equation

can be also derived as follows:

φ2(J)θ̈ + 2φ(J)φ̇(J)θ̇ + 3Hφ2(J)θ̇ = 0, (22)

φ2(J)θ̈ + 2φ(J)φ̇(J)θ̇ = 0. (23)

Integrating Eq.(23), we have

φ2(t, J)θ̇(t, J) = B(t, J), (24)
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where B(t, J) is an integration constant, but it de-

pends on time t. On the other hand, by using Eq.(19),

we get the charge density ρ(t, J)

ρ(t, J) ≡ J0(t, J) = φ2(t, J)θ̇(t, J). (25)

Comparing Eq.(24) with (25), we can discover that the

integration constant B(t, J) denotes the charge den-

sity. Besides, from Eq.(25), we have θ̇(t, J) > 0 due

to ρ(t, J) > 0. Moreover, according to Eq.(20) we can

give the results that QC > 0 and QH < 0 always come

into existence.

(3) Considering a spatially flat Friedmann–

Robertson–Walker (FRW) Universe and assuming

that the scalar fields φ(J) and θ are homogeneous, we

find that the evolving double complex scalar field con-

tributes the energy density ρΦ(J) and pressure pΦ(J)

as follows:

pΦ(J) =
1

2
(φ̇2(J) − J2φ2(J)θ̇2) − V (φ(J)), (26)

ρΦ(J) =
1

2
(φ̇2(J) − J2φ2(J)θ̇2) + V (φ(J)). (27)

Thus the corresponding EOS parameter is given by

ωΦ(J) =
pΦ(J)

ρΦ(J)

=
φ̇2(J) − J2φ2(J)θ̇2 − 2V (φ(J))

φ̇2(J) − J2φ2(J)θ̇2 + 2V (φ(J))
. (28)

From the above equations it is not difficult to see that

our results include some results given in the Ref.[15],

i.e., spintessence, as a special case of J = i. On the

other hand, when J = ǫ, hessence model can be ob-

tained again, whose EOS parameter can cross over the

cosmological constant boundary along with the evolu-

tion of the field components φH(t) and θH(t). More-

over, the corresponding Friedmann equation is

H2 =
4πG

3
[φ̇2(J) − J2φ2(J)θ̇2 + 2V (φ(J))], (29)

ä

a
= −8πG

3
[φ̇2(J) − J2φ2(J)θ̇2 − V (φ(J))]. (30)

Furthermore, substituting Eq.(20) into Eqs. (28)–(30),

we have

ωΦ(J) =

φ̇2(J) − J2 Q2(J)

a6φ2(J)
− 2V (φ(J))

φ̇2(J) − J2
Q2(J)

a6φ2(J)
+ 2V (φ(J))

, (31)

H2 =
4πG

3

[

φ̇2(J) − J2 Q2(J)

a6φ2(J)
+ 2V (φ(J))

]

, (32)

ä

a
= −8πG

3

[

φ̇2(J) − J2 Q2(J)

a6φ2(J)
− V (φ(J))

]

. (33)

Obviously, from Eq.(31), we see once more that, when

J = i and J = ǫ, the EOS parameters respec-

tively correspond to the spintessence Universe and

hessence Universe which can cross over the bound-

ary of the cosmological constant due to the existence

of the conserved charge QH in the Eq.(31). But when

Q(J) = 0 the EOS parameter in Eq.(31) reduces to the

quintessence model.[5] It follows that the conserved

charge QH plays an important role in hessence Uni-

verse for crossing the boundary of ω = −1.

3. Conclusions and discussions

In summary, we have constructed the double La-

grangian density with the U(1, J) symmetry by using

the double complex scalar field as dark energy, and

discussed the evolution of the EOS parameters for the

both cases of J = i and J = ǫ. We find that our

method includes quintessence and quintom Universe

when the double complex scalar field is written as the

form of Φ(J) = φ1(J) + Jφ2(J). Furthermore, we

not only verified the internal symmetry of U(1, J) for

the double Lagrangian density in Eq.(15), and pre-

sented the expressions of the conserved current and

corresponding charge by means of Noëther theorem,

but also pointed out that the charges QC(> 0) and

QH(< 0) corresponding to J = i and J = ǫ are both

dual. This seems to imply that if the ordinary complex

scalar field ΦC is taken as a model of the dark energy

(such as the spintessence model), the hyperbolic com-

plex scalar field ΦH would be considered as its dual

model of dark energy (such as the hessence model),

which is consistent with the viewpoint mentioned in

Ref.[14] that there would be certain anti-dark energy.

More importantly, based on the above discussions,

the cosmological evolution has been described by using

the double complex canonical scalar field Φ(J) as dark

energy and spintessence model and hessence model of

dark energy have been also derived in a natural way.

It is worthy of noting that there is the great differ-

ence between our method and one in Ref.[14] for ob-

taining the hessence model. That is, in our method

the double complex canonical scalar field Φ(J), rather

than the ordinary complex non-canonical scalar field

in Ref.[14], plays an important role in establishing

hessence model of dark energy. Meanwhile, we also

showed that the ‘imaginary motion’ of angular pa-

rameter for hessence in Ref.[14] is only a real phase

displacement in our method.
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