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The dc Josephson effect in superconductor / insulator / normal metal / insulator /ferromagnetic superconductor

junctions has been studied. We calculate the dc Josephson current based on the Bogoliubov de Gennes equation. The

Josephson current is derived as a function of exchange field in ferromagnetic superconductor, normal metal thickness

and insulating barrier strength. It is found that there exists an oscillation relation between the critical Josephson current

and the normal metal thickness. The oscillation amplitude decreases as the thickness of the normal metal increases or

the exchange field augments.
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Josephson effect is a well-known manifestation of
macroscopic phase coherence. The mechanism of the
effect is the phase coherent transport of quasiparti-
cles from one superconductor to another in the case
in which the two superconductors are weakly cou-
pled with each other.['"?l Barly studies of weak links
mainly focused on the superconductor / insulator /su-
perconductor junctions.[] A new era in the research
of Josephson effect started from the discovery of a
peculiar scattering mechanism at the superconductor
/normal metal (S/N) boundary, known as the Andreev
reflection.[] Tn the superconductor /normal metal /su-
perconductor (S/N/S) junctions, the Andreev reflec-
tion indicates that the dc Josephson effect arises due
to the phase coherent transport in the normal region.
The mechanism may be the transport of Cooper pairs
from one superconducting electrode to another.[>~*]

Recently, the coexistence of superconductivity
and ferromagnetism has been a very interesting
subject.[%10 It was predicted by Fulde and Ferrel,['!]
and Larkin and Ovchinnikov!'? (FFLO) that pair-
ing can exist when electron momenta at Fermi en-
ergy are different in two spin directions. Experimen-
tally, CeColns was proposed as a candidate for the
observation of the FFLO state.!'? Unlike the conven-
tional Cooper pair, in which two electrons have op-
posite spins and momenta (K 1,—K |), the FFLO
pair in the presence of an exchange field has a finite
centre-of-mass momentum @ = 2hg/hvp, where 2hg
is the exchange energy corresponding to the difference

in energy between the spin-up and spin-down bands,
and vp is the Fermi velocity. The FFLO state with
[(K+Q/2) 1,(—K + Q/2) |] was never observed in
bulk materials. It stems from the fact that in a bulk
ferromagnet (F), ho is at least two orders of magni-
tude larger than the energy gap Ap of a bulk supercon-
ductor (S), while the FFLO state can appear only in
the region where ho < 0.754A for the s-wave S['1:12]
or hy < 1.064, for d-wave S.*4 However, in a thin
F/S bi-layer, the effective exchange field hg and ef-
fective superconducting order parameter A may be
of the same order of magnitude and thus the coexis-
tence between superconductivity and ferromagnetism
can be realized. On the assumption that the thick-
ness of superconducting layer is smaller than the su-
perconducting coherent length, and the thickness of
the ferromagnetic layer smaller than the length of the
condensate penetration into the F, a thin F/S bi-layer
can be treated as a ferromagnetic superconductor (FS)
film. [15—17]

In this paper, we theoretically study the universal
features of the coherent quantum transport in super-
conductor / insulator / normal metal / insulator /fer-
romagnetic superconductor (S/I/N/I/FS) junctions.
Solving the Bogoliubov de Gennes (BdG) equation, !
the superconducting order parameter A(T,hg) and
the energy spectrum are obtained for the F'S film. We
extend the approach of Blonder—Tinkham—Klapwijk
(BTK)™ to the study of the Josephson current in
S/I/N/I/FS. We consider simultaneously four types

*Project supported by the Natural Science Foundation of Jiangsu Higher Education Institutions, China (Grant No 06KJB140009).

TE-mail: lxw@hytc.edu.cn
http://www.iop.org/journals/cp http://cp.iphy.ac.cn



No. 11

Coherence effects in S/I/N/I/FS tunnel junctions 3515

of quasiparticle injection process: electron and hole
injection from the S to the normal metal (N), and
corresponding hole and electron injection from the F'S
to the N, as shown in Fig.1. The quasiparticle inter-
ference in the N and the resonant tunnelling play an
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Fig.1. Schematic illustration of reflections and transmis-
sions of quasiparticles in S/I/N/I/FS structures, in which
subfigures (a) and (b), respectively, show spin-up (1) elec-
tron and spin-down (] ) hole incident on the interface = 0
from the S; subfigures (c) and (d), respectively, indicate
spin-up (1) electron and spin-down(]) hole incident on the
interface x = L from the F'S. Here horizontal arrows refer
to quasiparticle transporting directions, solid lines repre-
sent electron in N or electronlike in S and FS, dash lines
represent hole in N or holelike in S and FS.

important role and exhibit a new quantum effect on
the de Josephson current in the S/I/N/I/FS junctions.
It is shown that there exists the oscillation relation be-
tween the critical Josephson current and the normal
metal thickness. The oscillation amplitude decreases
as the thickness of the N increases or the exchange
field augments.

For the model of calculation, we consider a one-
dimensional S/I/N/I/FS junction with the magneti-
zations in the F'S layer parallel to the interface. We
must pay attention to the face that the quasiparticles
have different potentials in the FS film. In the ab-
sence of spin-flip scattering, the four-component BdG
equations are decoupled and become two sets of two-
component BdG equations for the spin-up electron-
like and spin-down holelike quasiparticle wave func-
tion (ut,vy), and (uj,v;).2% The BAG equation is

given by
HQ — ’I]Uh/ A(T, ho) Uy
A*(T, ho) —(HO — 7’]5-/7/) V&
5", (1)
(%

where Hj is the single-particle Hamiltonian; the quasi-
particle energy F is measured relatively to the Fermi
energy FEr; h' = ho©O(x — L) is the effective exchange
field in the FS with ©(x — L) being the Heaviside step
function; n, = 1 for ¢ =7; 1, = —1 for ¢ =|; &
denotes the spin opposite to o; A(T, hg) is the effec-
tive superconducting order parameter independent of
coordinates, but dependent on effective exchange field
and temperature. From the BdG equations, we obtain

The wave vectors of the electronlike and holelike
quasiparticles in the FS are given respectively by

ke =/ (2m/12) B + /(B + nho)? — 22(T, ho)l, (4)

K2 =/ (2m/12)[Er — /(B — noho) — A2(T, ho)). (5)

The order parameter A(T, h) of the FS film is determined by the self-consistent equation A = U < ¥; ¥ >,
where U is the effective attractive potential between electrons, and ¥y = > (yerusg —WavZT) and V| =
k

> (Ve ury + 'y,:?v;; 1) with v, and 7y are the Bogoliubov transformative operators.!'¥] With expressions (2)
k
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and (3) as well as 51 and x,'® we obtain

1—

1Y fr1
where
.fko’ -
e[
hQ ke 2

with e, = M — Ep,

m
self-consistent equation for A(T, h) is obtained as

(7)

FotA2(Tho)—noholB | 1

and [ = 1/(kgT) the inverse temperature. From expressions (6) and (7), the

1 1

In (i) Y der v ®)
A(T, ho) 0 EL+ AT, ho) \ {VETETha)~holB 4 1 oV/EFFATTho)+holB 4 1 )

where Ay = A (0,0) is the BCS gap at zero tempera-
ture and in the absence of exchange field; wp is the De-
bye frequency. By solving Eq.(8) self-consistently, the
dependence of the effective order parameter A(T, hg)
in the F'S layer on the temperature is obtained.

In the S/I/N/I/FS junction under consideration,
the two layers of insulator are located at x=0 and
x = L separately. The insulating barriers may be
modelled by a d-type potential V(d(z) + é(z — L)),
where V' indicates the barrier strength. The assumed
spatial dependence of the effective pair potential is

described as

Ag(T)elr, x <0,
A=< 0, 0<z<L, (9)
A(T, ho)e'?r, x> L.

The temperature dependence of the magnitude of the
pair potential Ag(T') is assumed to obey the BCS re-
lation. We assume that Ag(0) = Ay in the S is equal
to A(0,0) in the FS. The macroscopic phase ¢r(¢Rr)
of the S (F'S) is measured relatively to the normal to
the interface of the superconductor.

Consider an electronlike quasiparticle incident on the insulating barrier at z = 0 from the S. With general

solutions of the Eq.(1), the wavefunctions are given by

ipr/2 ipr/2 ipr/2
Uip(x) = oiki e ue ! + agefL® oret?/ T bye ke ure'?/ x <0 (10)
7 vLe*WL/Q 7 uLe*i‘ﬁL/Q 7 vLe*i‘ZBL/Q 7 7
. . . L 0
Uo, (2) = e,el? ™ + freTl® +gpeia'® + haeld ® . O<z<L, (11
1
e U eifr/? : vyl PR/2
Uy, (z) = coe®e | 77 +dgether [ 77T . z>1L, (12)
vye I PR/2 ugeion/2

where a,,b,,c, and d, are, respectively, coefficients
of the Andreev reflection, normal reflection, transmis-
sion to the F'S as electronlike quasiparticles and trans-
mission as holelike quasiparticles. Amplitudes of elec-
trons and holes propagating in the N are given by the

coefficients e, , fr, go and h,. ¢& = [k +2mE/h%]1/?
are the wave vectors of the electron and hole in the
N. The wave vectors of the electronlike and holelike

quasiparticles in the s-wave S are given by
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ki = [kf £ 2my/ (B2 — |A(T)]*)/R%)/2, (13)
and
1
2 _ 2
=5 |1y 1ampE. (1)
1
2 _ 2
= {1—\/1—|AS(T)| /E2] (15)

The wavefunctions must satisfy the following boundary conditions:!**!

Vig(z =0) = Vo, (z = 0), (16)
dv. a dv o 2mV

( I )x_o N ( P )z_o = =5 Yoo (z =0), (17)

Voo (2 = L) = W,z = L), "
dw o deg 2mV

( & )I_L B ( dz )H =T ele=1D) (19)

From Eqs.(10)—(12) and (16)—(19), we obtain

aff(d)v E) =

8[uovs (cos ¢ — i(uf — v})sin @] — urvr[8cos LigT — ¢7) +i(8 — 42%)(u

5 —v3)sinL(g" —q7)]

~ 4cos L(gT — q7) — 16uLvLucvs cos ¢ — i4(2 + 22)(u2 — vE)sin L(gt — q¢~) + R(u? — v)(u2 — v2)’

(20)

where R = 4[z%cos L(q* 4+ q7) + cos L(qg" — q7)] + 423sin L(q* + ¢7) + 2*[cos L(¢T — q~) — cos L(¢™ + q7)],
¢ = ¢r — oL, and z = 2mV/h%kp. Since hg is much smaller than Er, we have made the Andreev approximation

in part.

With the obtained a, (¢, E), the Josephson current can be calculated using the generalized coeflicient of

Andreev reflection a, (¢, iwy, ), which is obtained by analytic continuation of F to iwy, yielding

I =

[21,22]

a| (¢7 lwn) —aj (_(ba 1&]“)

2h QnL

with 2,1, w2+ AZ(T), and the Matsubara fre-
quency wy = 2wkpT (n +1/2).
Figures 2, 3 and 4 show the numerical results for

the Josephson critical currents I. as a function of the
normal metal thickness L for the different values of ex-
change field hg, barrier strength z and temperature 7.
Several features can be found from the figures. First,
there exists an oscillation relation between the Joseph-
son critical current I, and corresponding normal metal
thickness L. The amplitude of the oscillation de-
creases as L increases. Second, the exchange field and
the temperature always suppress the Andreev reflec-
tion in the S/I/N/I/FS junction. The Josephson criti-
cal current is reduced as the exchange energy increases
or the temperature is elevated as shown in Figs.2 and
3. Third, for z = 0, Josephson critical current I, dose
not exhibit the oscillation behaviour. The value of I.
is reduced with thickness L of the N increasing. The

ekpT As(T) Rez [‘IT (¢,iwn) — ar(—¢, iwy) N

L (21)

maximum values of oscillation currents for z # 0 are
equal to the value of the current at the same thickness
L for z = 0.

ho/Aso = 0.1
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Fig.2. Critical current as a function of normal metal

thickness for different exchange fields, where ¢ = m/2,
kT /Aso = 0.2 and z = 0.2.
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Fig.3. Critical current as a function of normal metal thick-
ness for different temperatures, where ¢ = 7/2, z = 0.1,
and ho/Aso = 0.3.

In Fig.5 the temperature dependences of the
Josephson critical current I, are plotted for different
values of hg. With increasing the temperature, I, de-
creases and drops to zero at Tc(ho), which is lower
than T¢(ho = 0). Such a sudden drop in I in the
presence of hg is due to the drop of A(T,hp) from a
finite value to zero at T¢(ho) (Ref.[16]). In Fig.6, the
phase dependences of the Josephson critical current
I. are plotted for different values of L. We see that
the shape of current-phase relationship is sensitive to
the normal metal thickness L. Besides, the Josephson
currents do not change from 0 state to 7 state since

Ich/(eds0)

kpT/Aso
Fig.5. Critical current as a function of normal metal thickness
for different temperatures, where ¢ = /2, ho/Aso = 0 (solid
line), ho/Aso = 0.3 (dashed line), and ho/Asp = 0.6 (dash
dotted line).

Fig.4. Critical current as a function of normal metal
thickness for different barrier strengths, where ¢ = m/2,
kT /Aso = 0.2, and ho/Aso = 0.2.
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Fig.6. Dependence of current on phase difference for four
values of kp L, where z = 1, hg/Aso = 0.1, kT /Ao = 0.1,
kpL = 8 (solid line), kpL = 8.5 (dash line), kpL = 9 (dot
line), and kpL = 9.5 (dash dot line).

ho is much smaller than Fr.

In summary we have studied the coherent Joseph-
son current in an S/I/N/I/FS junction. The supercon-
ducting order parameter and the energy spectrum of
the Bogoliubov excitations are derived from the BdG
equation for the FS. The Josephson currents in the
S/I/N/I/FS junction are calculated as a function of
normal metal thickness, exchange field, temperature,
and insulating barrier strength. The oscillation rela-
tion between the tunnelling current and corresponding
thickness of normal layer is due to the quantum inter-
ference effect of quasiparticles in the N interlayer. The
amplitude of oscillation of the Josephson current is re-
duced with increasing normal metal thickness L. The
Josephson critical current is suppressed in the pres-
ence of exchange field and depends on temperature.
It is expected that the theoretical result obtained will
be confirmed in the future experiments.
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