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The excess Helmholtz free energy functional for nonpolar chain-like molecules is formulated in terms of a weighted

density approximation (WDA) for short-range interactions and a Weaks–Chandler–Andersen (WCA) approximation

and a Barker–Henderson (BH) theory for long-range attraction. Within the framework of density functional theory

(DFT), vapour–liquid interfacial properties including density profile and surface tension, and vapour–liquid nucleation

properties including density profile, work of formation and number of particles are investigated for spherical and chain-

like molecules. The obtained vapour–liquid surface tension and the number of particles in critical nucleus for Lennard-

Jones (LJ) fluids are consistent with the simulation results. The influences of supersaturation, temperature and chain

length on vapour–liquid nucleation properties are discussed.
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1. Introduction

Nucleation is the first appearance of a new

phase during a first-order transition and plays an

important role in materials science, atmospheric sci-

ences and biology.[1−4] Vapour–liquid nucleation is

of fundamental as well as practical importance and

great efforts have been devoted to understanding

the vapour–liquid nucleation properties including den-

sity profiles across the nucleus, work of formation,

number of particles and nucleation rate in recent

years. Besides the experimental technology,[5−17]

computer simulation techniques,[18−25] classical nucle-

ation theory (CNT)[26−30] and density functional the-

ory (DFT)[31,32] are routinely used to study these in-

homogeneous properties.

Molecular dynamics (MD) and Monte Carlo (MC)

simulation techniques have been used to simulate the

critical supersaturation, density distribution from su-

persaturated gas to the centre of the liquid, the num-

ber of particles in critical nuclei and work of forma-

tion for Lennard-Jones (LJ)[18−23] and water.[24] Ya-

suoka et al [25] have simulated the nucleation proper-

ties for LJ fluids confined in slit pores using the MD

method and showed that at a given supersaturation

and temperature, nucleation rate for confined LJ fluid

is greater than that for unconfined LJ fluid. While

the simulation approaches are efficient to describe the

vapour–liquid nucleation properties for spherical flu-

ids, their usage is restricted to long chain molecules

due to the computational intensive nature.

The classical nucleation theory has been exten-

sively used to investigate the vapour–liquid nucleation

properties in early studies.[26−30] In the CNT, the crit-

ical vapour–liquid nuclei are treated as droplets with

dividing surface separating the new and old phases.

Molecules within the dividing surface are treated as

part of the bulk phase. Due to lack of the knowledge

of microscopic cluster properties, the work required

to get over the energy barrier and form the nucleus is

calculated by using the experimental results of bulk

properties and surface tension. It has two important

limitations. One is that the energy barrier to nucle-

ation at a spinodal must vanish, but this is not pre-

dicted by the CNT, the other is that even for an in-

terface sharply curved in realistic situations, the CNT

treats it as an infinite planar surface hence it is inac-

curate for small critical nuclei. Although the CNT is

easy to use, it predicts the nucleation rate too low at

low temperatures and too high at high temperatures.
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The DFT[31,32] is theoretically better than the

CNT for vapour–liquid nucleation because it correctly

predicts the critical energy that vanishes at the spin-

odal and it allows more realistic treatment of curva-

ture effects and small clusters. A self-consistent DFT

can be well reduced to bulk phase and applicable for

interfacial properties, hence the bulk properties and

surface tension required in the investigation of nucle-

ation properties can be predicted and are no longer

dependent on experiments. Moreover, compared with

the simulation techniques, the DFT is able to quanti-

tatively capture all the characteristics of the structure

and inhomogeneous properties with the advantage of

low computational cost. The basic framework for in-

vestigating the vapour–liquid nucleation properties us-

ing the DFT has been established by Oxtoby and co-

workers in the early 1980s. From then on, the DFT

has been extensively used in this field and become the

basis of the theoretical understanding of vapour–liquid

nucleation properties.[33−47]

In this work, an equation of state (EOS) ap-

plicable for both uniform and non-uniform flu-

ids is constructed for chain-like fluids by using a

weighted density approximation (WDA)[48−50] for

short-range interactions and a Weaks–Chandler–

Andersen (WCA) approximation and a Barker–

Henderson (BH) theory[51] for long-range attraction.

In the framework of DFT,[52−66] the vapour–liquid nu-

cleation properties for LJ and chain-like fluids are in-

vestigated and the influences of supersaturation, tem-

perature and chain length on the work of formation

and number of particles for vapour–liquid nucleation

are discussed.

The remainder of this paper is organized as fol-

lows. In Section 2, the density functional theory for

chain-like molecules is introduced. In Section 3, nu-

merical results for interfacial and nucleation proper-

ties are shown together with discussion. Finally, a

short conclusion is given in the last section.

2. Theory

In the absence of an external potential, the grand

potential Ω [ρM (R)] for chain-like fluids is expressed

as

Ω [ρM (R)] = F [ρM (R)] − µ

∫

ρM (R)dR, (1)

where M represents the number of segments for each

chain-like molecule; R ≡ (r1, r2, · · · , rM ) denotes the

position of M segments; ri is the spatial position of

the ith segment; ρM (R) is the molecule density as

a function of segment positions R; µ is the chemical

potential. The intrinsic Helmholtz free energy func-

tional, F [ρM (R)], is usually separated into two con-

tributions: the ideal part and the excess part, i.e.

F [ρM (R)] = F id[ρM (R)] + F ex[ρM (R)]. (2)

The ideal gas part of the Helmholtz free energy

functional is exactly given as

βF id =

∫

ρM (R)[ln ρM (R) − 1 + Vb(R)]dR, (3)

where β = 1/(kT ), k is the Boltzmann constant

and T is the absolute temperature. Vb(R) ≈
∑M−1

i=1 vb(|ri+1 − ri|) specifies the intramolecular in-

teraction with the bonding potential vb given by

exp[−βvb(|r − r′|)] =
δ(|r − r′| − σ)

4πσ2
, (4)

where σ is the diameter of segment in each chain-like

molecule.

The excess Helmholtz free energy functional is for-

mulated as

F ex[ρM (R)] = F hs[ρM (R)]

+ F chain[ρM (R)] + F att[ρM (R)], (5)

where F hs, F chain and F att represent the free energy

functional for hard-sphere repulsion, chain connectiv-

ity and attractive interaction, respectively. Using the

weighted density approximation, F hs and F chain are

respectively as

F hs[ρM (R)] =

∫

ρ(r)fhs[ρ̄(r)]dr, (6)

F chain[ρM (R)] =

∫

ρ(r)f chain[ρ̄(r)]dr, (7)

where fhs[ρ̄(r)][67] and f chain[ρ̄(r)][68,69] are the ex-

cess Helmholtz free-energy density of hard-sphere and

chain connectivity corresponding to a given density

ρ̄(r) =
∫

ρ(r′)w(|r − r′|)dr′ responsible for the ex-

cluded volume effect. For the correction of short-range

interactions, the modified fundamental measure the-

ory (MFMT) proposed by Yu and Wu[70,71] not only

retains all the advantages of the original FMT but also

improves structural and thermodynamic properties of

hard-sphere fluids in the bulk under inhomogeneous

conditions. Application of the MFMT to the ther-

modynamic properties of fluids confined in slit pores

shows that the MFMT correctly captures all the os-

cillations of density profiles hence it can describe the

phase behaviour more accurately.[72−75] However, for

the investigation of vapour–liquid surface without an
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external potential, the WDA provides an inerrant yet

simple approach. In this work, the WDA is used

for the correction of short-range interactions with the

weight function given by

w(r) =
3Θ(σ − r)

4πσ3
. (8)

The attractive contribution to the Helmholtz free

energy functional is formulated as follows:

F att[ρ(r)]=−1

2

∫∫

dr′druWCA(|r − r′|)ρ(r)ρ(r′), (9)

where the WCA potential is expressed as

uWCA(|r − r′|) =











−ε, |r − r′| ≤ rmin,

4ε
( σ12

|r − r′|12
σ6

|r − r′|6
)

, rc ≥ |r − r′| > rmin,
(10)

where rc is the cut-off length and rmin = 6
√

2σ. As the

WCA potential is used here, an effective hard-sphere

diameter d instead of σ is used[51]

d

σ
=

0.3837 + 1.068/T ∗

0.4293 + 1/T ∗
, (11)

where T ∗ = kT/ε is the reduced temperature and ε is

the dispersion energy parameter.

At equilibrium, the grand potential is an ex-

tremum with respect to change in the density distri-

bution
δΩ [ρM (R)]

δρM (R)
= 0. (12)

Therefore, the equilibrium density distribution is

given by

ρM (R) = exp
{

β
(

µ − Vb(R) − δF ex[ρM (R)]

δρM (R)

)}

. (13)

The chain segment density is defined as

ρ(r) =

∫ M
∑

i=1

δ(r − ri)ρM (R)dR. (14)

By substituting expression (13) into expres-

sion (14), we have

ρ(r) = exp(βµ)

∫ M
∑

i=1

δ(r − ri)

× exp
{

−βVb(R) − β
δF ex[ρM (R)]

δρM (R)

}

dR (15)

with

δF ex[ρM (R)]

δρM (R)
=

M
∑

i=1

∫

δF ex[ρM (R)]

δρ(r′)
δ(r′ − ri)dr′. (16)

By substituting Eqs.(4) and (16) into expres-

sion (15) and defining

λ(ri) =
δF ex[ρM (R)]

δρ(r′)
,

we have

ρ(r) = exp(βµ)

∫ M
∑

i=1

δ(r − ri)

× exp[−βVb(R) − β

M
∑

j=1

λ(rj)]dR. (17)

3. Results and discussion

In the bulk phase, F hs[ρM (R)] is reduced

to the Carnahan–Starling equation,[67] F id[ρM (R)],

F chain[ρM (R)] and F att[ρM (R)] become

F id/NkT = ln(ρb
MΛ

3 − 1), (18)

F chain/NkT = (1 − M) ln[ghs(d)], (19)

F att/NkT =
β

2
M2ρb

M

∫

4πr2uWCA(r)dr, (20)

where β = 1/(kT ); ghs(d) = (1 − 0.5η)/(1 − η)2 is

the radial distribution function; η = (π/6)Mρb
Md3 is

the packing factor; ρb
M is the molecule density in bulk

phase.

Equations (18), (19) and (20) together with the

Carnahan–Starling equation construct the EOS for

uniform nonpolar chain-like fluids and the phase equi-

libria, chemical potential µ and the pressure pcoex for

bulk phases at a given temperature can be determined.

Using the chemical potential as an input, Eq.(17) is

solved by using the Picard iteration method with a

certain initial guess at density profile. Once the equi-

librium density distribution is obtained, the grand po-

tential in Eq.(1) can be rewritten as

βΩ [ρM (R)] = βF ex[ρM (R)] −
∫

dRρM (R)

−
∫

drρ(r)
δβF ex[ρM (R)]

δρ(r)
. (21)
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From Eq.(21), the excess grand potential can be

determined and the interfacial and nucleation proper-

ties can be calculated subsequently.

3.1.Vapour–liquid surface tension

For a vapour–liquid surface, the initial guess at

density profile is as follows:

ρM (z) =







ρl
M , z ≤ 0,

ρv
M , z > 0,

(22)

where ρl
M and ρv

M are the equilibrium molecule den-

sities in liquid and vapour phases, respectively.

The surface tension is given by

γ =
∆Ω [ρM (z)]

A
=

Ω [ρM (z)] + pcoexV

A
, (23)

where ρM (z) is the equilibrium molecule density

across the vapour–liquid surface, A and V denote the

surface area and volume, respectively.

Figure 1(a) shows the reduced vapour–liquid sur-

face tension (γ∗ = γσ2ε) and the corresponding den-

sity profile for LJ fluids. One may find from Fig.1(a)

that the density profile varies smoothly between the

bulk densities and the qualitative feature of the de-

pendence of the surface tension on temperature is cor-

rectly captured. Because the short-range interaction is

corrected by the WDA and the long-range attraction

is expressed by BH theory with WCA potential, the

surface tensions predicted by the present DFT are con-

sistent with the simulation results. Figure 1(b) shows

the vapour–liquid surface tension for chain-like flu-

ids. From Fig.1(b), one finds that the surface tension

for each chain-like fluid decreases with the increase

of temperature. At a given temperature, the surface

tension increases with the increase of chain length. In

addition, the longer the chain length, the higher the

temperature at which the vapour–liquid surface van-

ishes (γ∗ = 0).

Fig.1. Fig.1 Interfacial properties for spherical and chain-like fluids in vapour–liquid surface. —: predicted by

DFT. (a) surface tension and density profile (insert plot) for LJ fluids. ◦, •: simulation results;[76] (b) surface

tensions for chain-like fluids with different chain lengths (from left to right, M = 3, 5, 10 and 15, respectively).

3.2.Vapour–liquid nucleation properties

When the vapour–liquid surface tensions are

available, the initial guess at density profile for

vapour–liquid nuclei can be expressed as follows:

ρM (r) =







ρl
M , 0 ≤ r ≤ r0,

ρsv
M , r > r0,

(24)

where r0 = 2γ/(kTρl
M lnS) with S = p/pcoex being

the supersaturation and ρsv
M being the molecule densi-

ties for the supersaturated gas surrounding the liquid

droplets.

Once the equilibrium density profile from the su-

persaturated gas to the droplet centre is obtained, the

work of formation and number of particles can be cal-

culated from

∆Ω [ρM (R)] = Ω [ρM (R)] − Ω [ρsv
M ], (25)

ne =

∫ ∞

0

4πr2[ρM (r) − ρsv
M ]dr. (26)

The nucleation rate is then given by

J = J0exp
[−∆Ω [ρM (R)]

kT

]

with

J0 =
√

2γ/(πm)ρv2
M/ρl

M , (27)

where m is the molecular weight.
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3.2.1. Nucleation properties for LJ fluids

Fig.2. Vapour-liquid nucleation properties for LJ fluids

at T ∗ = 0.694. (a) density profiles (from right to left,

S = 1.0, 1.5, 2.0, 3.5 and 6.5, respectively) and the densi-

ties in the droplet centre and in supersaturated gas (insert

plot); (b) number of particles and work of formation (in-

sert plot), ◦, •: simulation results,[18] —: predicted by

DFT.

Figures 2(a) and 2(b) show the vapour–liquid nu-

cleation properties for LJ fluids at T ∗ = 0.694. Fig-

ure 2(a) presents the density profiles across the su-

persaturated gas and droplet centre under different

supersaturations. In the case of saturation (S = 1),

the density profile reduces to that for vapour–liquid

surface as shown by the dashed line. With the de-

crease of S, the density profiles broaden, which indi-

cates that the nuclei have a larger size in the case of

lower pressures. The insert plot in Fig.2(a) shows the

densities in the droplet centre (r = 0) and in super-

saturated gas. In the case of saturation, the densities

reduce to the coexistent vapour and liquid densities

that can be determined according to the principle that

the temperatures, chemical potentials and pressures

in vapour and liquid phases should be equal. When

the gas phase is supersaturated (S > 1), it is clearly

demonstrated by the insert plot that the densities in

the droplet centre first increase and then decrease with

the increase of S, while those in the supersaturated gas

increase monotonically with the increase of S. When

the pressure is sufficiently high, the larger the S, the

steeper the density profile with lower densities in the

droplet centre and higher densities in the surrounding

supersaturated gas. Figure 2(b) presents the predicted

number of particles and work of formation. The insert

plot indicates that the work of formation predicted by

the DFT has linear relationship with (lnS)−2 and it

decreases monotonically with the increase of S. From

Fig.2(b), one also finds that although there is obvi-

ous deviation between the predicted number of par-

ticles and that from simulation results, the presented

DFT correctly captures the qualitative feature that

the number of particles is a function of supersatura-

tion.

Figure 3 shows the number of particles, work of

formation and densities in droplet centre and in super-

saturated gas for LJ fluids at different temperatures.

One finds that at a given supersaturation, S = 2.5,

the number of particles and the work of formation

decrease monotonically with the increase of tempera-

ture. The insert plot in Fig.3 shows that the density

in droplet centre and that in supersaturated gas re-

spectively decreases and increases monotonically with

the increase of temperature.

Fig.3. Number of particles, work of formation, and densi-

ties in the droplet centre and in supersaturated gas (insert

plot) for LJ fluids at different temperatures. S = 2.5. —:

predicted by DFT.
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3.2.2. Nucleation properties for chain-like flu-

ids

Figure 4 shows the number of particles and work

of formation for short chain-like fluid with a chain

length M = 3. We find that similar to spherical fluid,

at a given temperature, the predicted number of parti-

cles for chain-like fluids decreases with the increase of

S, and the predicted work of formation for chain-like

fluids also has linear relationship with (lnS)−2 and it

decreases monotonically with the increase of S. Also

presented in this figure are, at a given supersatura-

tion, the predicted number of particles and work of

formation for chain-like fluids that tend to decrease

with the increase of temperature. Moreover, with the

increase of temperature, the supersaturation region in

which the vapour–liquid nuclei stably exist becomes

narrower. This indicates that at higher temperatures,

the energy barrier to nucleation vanishes at lower val-

ues of S.

Fig.4. Number of particles and work of formation (insert

plot) for chain-like fluids with M = 3. Symbols: predicted

by DFT, ◦: T ∗ = 1.0, �: T ∗ = 1.2, ♦: T ∗ = 1.4, ∆:

T ∗ = 1.6 and ∇: T ∗ = 1.8. —: for guiding the eyes.

Figure 5(a) shows the relationship between tem-

perature and the nucleation properties including the

number of particles and work of formation for chain-

like fluids with values of length M being 3, 5, 10 and

15. One finds from this figure that at a given super-

saturation, both the number of particles and work of

formation decrease with the increase of temperature.

With the increase of chain length, the temperature at

which the nuclei with a certain number of particles are

formed turns higher. Figure 5(b) shows the relation-

ship between the supersaturation and nucleation prop-

erties for chain-like fluids with values of chain length

M being 5, 10 and 15. This figure indicates that at a

given temperature, both the number of particles and

work of formation decrease with the increase of su-

persaturation. Moreover, with the increase of chain

length, the value of supersaturation under which the

nuclei with a certain number of particles are formed

becomes larger.

Fig.5. Number of particles and work of formation (insert

plot) for different chain-like fluids. Symbols: predicted by

DFT; —: for guiding the eyes. (a) S = 3 with the change

of T ∗, ◦: M = 3, �: M = 5, ♦: M = 10, ∆: M = 15; (b)

T ∗ = 2.8 with the change of S; ◦: M = 8, �: M = 10, ♦:

M = 15.

Figure 6 presents the influence of chain length

on number of particles and work of formation. We

find that at a given temperature and supersaturation,

both the number of particles and work of formation
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increase with the increase of chain length. A sim-

ilar relationship can also be derived from CNT, in

which the work of formation is formulated as ∆Ω =

16πγ3/(3(ρlkT lnS)2) and the number of particles is

formulated as nCNT
e = 32πγ3/((3ρl)2(kT lnS)3). At

a given temperature, as the equilibrium surface ten-

sion γ and the equilibrium liquid density ρl respec-

tively increases and decreases with the increases of

chain length, both the number of particles and work

of formation increase with the increase of chain length

at a given supersaturation.

Fig.6. Number of particles and work of formation (insert

plot) for different chain-like fluids at a given temperature

and fixed supersaturations. Symbols: predicted by DFT,

T ∗ = 1.8, ◦: S = 2, �: S = 4; —: for guiding the eyes.

It is worth noting that during the calculation of

the number of particles and the work of formation,

the predicted vapour–liquid surface tensions only play

a role in the initial guess at density profile. Moreover,

the nuclear radius evaluated by r0 = 2γ/(kTρl
M lnS)

should be adjusted in calculation according to the

methods well documented in the work of Oxtoby and

Evans.[34] To calculate the nucleation rate from ex-

pression (27), the molecular parameters, for example,

σ and ε for spherical molecules or σ and ε for each

segment in chain-like molecules must be defined, so

that the vapour–liquid surface tension γ can be de-

termined.

4. Conclusion

In summary, an EOS is constructed by using

WDA for short-range interaction and BH theory with

WCA potential for long-range attraction. This EOS

can be well reduced to bulk phase, and the surface

tensions and density profiles for vapour–liquid surface

and nucleation properties including the density pro-

file, work of formation and number of particles can be

investigated within the framework of DFT for chain-

like fluids. A comparison of the predicted results with

simulation results for LJ fluids shows that at low tem-

peratures, the predicted surface tension and number

of particles are respectively lower and higher than sim-

ulation results. This is due to the fact that our EOS is

on the basis of mean field approximation. A more ac-

curate EOS for vapour–liquid surface tension and nu-

cleation properties may be constructed by combining

the direct correlation function and the uniform EOS

based on non-mean field approximation. As a com-

parison with simulation results shows that the current

EOS correctly captures the qualitative features of the

dependence of the surface tension on temperature and

the dependence of number of particles on supersatura-

tion, and the main purpose of the work is to qualita-

tively analyse the influences of supersaturation, tem-

perature and chain length on vapour–liquid nucleation

properties, we use this EOS for all the calculations in

vapour–liquid nucleation properties. Our results show

that the work of formation and the number of parti-

cles have similar behaviours. No matter whether or

not the fluid is spherical or chain-like, these two prop-

erties decrease with the increase of temperature at a

given supersaturation, and decrease with the increase

of supersaturation at a given temperature. The chain

length of molecules significantly affects the vapour–

liquid surface tension and nucleation properties. The

vapour–liquid surface tensions at a given temperature

increase with the increase of chain length. At a given

supersaturation and temperature, both the number of

particles and work of formation increase with the in-

crease of chain length.
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