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Effects of trapped electrons on off-axis lower hybrid

current drive in tokamaks∗
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The effects of trapped electrons on off-axis lower hybrid current drive (LHCD) in tokamaks are studied, A computer

code for solving the Fokker–Planck equation in a toroidal geometry is developed and employed. The code is suitable

for various auxiliary heating and current drive schemes in tokamak plasmas. The influence of the resonance regime

on the current drive efficiency as well as the influence of trapped particle fraction on the current drive efficiency are

emphasized. It is shown that, as an electrostatic force, the lower hybrid wave causes some of the trapped electrons to

be untrapped and lose their energy, which can cut the LHCD efficiency by about 30%. The ITER scaling law is also

used to estimate the trapped electron effects.
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1. Introduction

As good auxiliary methods, lower hybrid wave

heating (LHH) and lower hybrid current drive

(LHCD) have been successfully investigated in toka-

mak experiments, such as JET, TORE-SUPRA, and

TRIAM-1M.[1−3] With the application basis estab-

lished in the early 80’s of the last century through

theoretical and experimental studies, an MW and MA

level of LHCD is achievable in experiments[4,5] nowa-

days. This is close to the LHCD requirement for

higher current drive efficiency and higher plasma den-

sity in fusion reactors.

In the review papers of Fish,[6,7] the basic the-

ories of LHH and LHCD are presented. The theo-

ries and experiments have demonstrated that lower

hybrid (LH) waves interact efficiently with electrons

in the high energy tail of their distribution in velocity

space. Brambilla’s spectrum determines the injected

wave resonance regime and its power distribution.[8]

One can obtain the resonance regime [n// min, n//Max]

from the spectrum and use it as the initial values in

a ray tracing code.[9,10] The regime corresponds to

[v//1, v//2] in the velocity space, where v// = c/n//.

For a tokamak equilibrium with poloidal inhomogene-

ity and axial symmetry, the poloidal mode number of

the waves is not conserved,[11] whereas the toroidal

mode number is a constant of the wave motion, i.e.

along a ray trajectory wave momentum changes, and

there exist various k// resonance regimes at different

magnetic surfaces. This enables us to choose a suitable

resonance regime at a magnetic surface for optimizing

driven current profile.

Trapped electron effect is an issue for LHCD.

Since particle trapping effects become more impor-

tant at larger plasma radii, they negatively impact

the power requirements for off-axis current drive using

LHCD. Toroidal drifts of the trapped electrons have a

block effect on lower hybrid current drive. This part

of electrons has lower toroidal velocities after mag-

netic surface has been averaged, and absorbs more

injected LH wave energy. This is not in favour of

lower hybrid current drive. Yoshioka and Antonsen[12]

derived a bounce averaged 2D Fokker–Planck equa-

tion, and analysed the neoclassical effects on the cur-

rent drive with electron cyclotron waves. Giruzzi[13]

gave a simple analytical formula to express the current

drive efficiency, and showed a significant degradation

of the current generated away from plasma axis due

to the trapping effect. Cohen,[14] in his work, gave

the trapped-particle effects on electron cyclotron res-

onance heating and lower hybrid current drive using

the adjoint formalism. His calculations illustrate the

mutual effects of ECRH and LHCD on flux surfaces in

tokamaks. In this paper, trapped electron effects on

off-axis LHCD and rf power absorption by electrons
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in the resonance regime at the tail of the distribu-

tion function are investigated. The analysis utilizes

a 2D velocity space Fokker Planck code rather than

an adjoint technique for studying the effects of particle

trapping in LHCD. We emphasize the influences of the

resonance regime and the trapped particle fraction on

the current drive efficiency. This is relevant to velocity

space distribution at a given magnetic surface.

2. Trapping effect in tokamak

devices

In a tokamak configuration, particles can be di-

vided into passing particles and trapped particles (see

Ref.[15]). The trapped particles are trapped on the

low magnetic field side of a tokamak, where the re-

gion can be considered as a magnetic mirror. The

magnitude field in a tokamak is

Bϕ = B0(1 − ε cos θ), (1)

where ε = r/R0, and the particles satisfying

v2
//

v2
⊥

<
2ε

1 − ε
(2)

are trapped. The fraction of trapped particles is

fT =

√

2ε

1 + ε
(3)

for a Maxwellian distribution.

Using equation J =
∮

mv//dl, we can obtain

toroidal drift velocity of a trapped electron[16]

vϕ =
∆R0ϕ

τb
=

mv2
⊥q

eBϕr

[( E(k)

K(k)
− 1

2

)

+
2q′r

q

( E(k)

K(k)
− 1 + k2

)]

, (4)

where, q = rBϕ/(RBθ) is the safety factor; K(k) and

E(k) are

K(k) =

∫ π/2

0

dx

(1 − k2 sin2 x)1/2
,

E(k) =

∫ π/2

0

(1 − k2 sin2 x)1/2dx,

k2 =
W − µB0(1 − ε)

2εµB0
. (5)

k2 ≈ (1/(2ε))(v2
///v2

⊥) < 1 is for the trapped electrons.

And the reversal angle θM satisfies cos θM = 1−k2. vϕ

decreases as θM decreases, thus as k2 decreases, and

when k2 → 0, vϕ runs to the value mv2q/(2eBϕr).

The toroidal drift speed of a trapped electron is al-

ways less than its thermal speed, and the bouncing

motion has a block effect on current drive.

Now we consider the number of trapped electrons

in the resonance regime [v//1, v//2], which satisfies in-

equality (2)

ntrap = 2π

∫ v//2

v//1

∫ ∞

√
1−ε
2ε v//

v⊥f(v//, v⊥)dv⊥dv//. (6)

The total number of electrons in the resonance

regime [v//1, v//2] is

nres = 2π

∫ v//2

v//1

∫ ∞

0

v⊥f(v//, v⊥)dv⊥dv//. (7)

Here, 2π
∫ ∞

−∞

∫ ∞

0
v⊥f(v//, v⊥)dv⊥dv// = 1, and the

speeds are normalized with the thermal speed vTe =
√

2Te/me.

Table 1. The trapped particle fraction in the resonance regime.

[v//1, v//2] D0 ε = r/R0 ntrap nres ntrap/nres

[0.0, 15] 0.0 0.2 0.2551 0.4962 0.5141

[1.0, 15] 0.0 0.2 0.0276 0.1558 0.1771

[1.0, 15] 1.0 0.2 0.0252 0.5716 0.0441

[2.0, 15] 0.0 0.2 2.58× 10−4 0.0226 0.0114

[2.0, 15] 1.0 0.2 7.21× 10−4 0.1210 0.0060

[2.5, 15] 0.0 0.2 7.94× 10−6 0.0062 0.0013

[2.5, 15] 1.0 0.2 3.11× 10−5 0.0281 0.0011

[3.0, 15] 0.0 0.2 1.10× 10−7 1.38 × 10−3 8.03× 10−5

[3.0, 15] 1.0 0.2 1.71× 10−7 6.19 × 10−3 2.76× 10−5

[1.0, 15] 0.0 0.4 0.0688 0.1560 0.4410

[1.0, 15] 1.0 0.4 0.1130 0.4250 0.2660

[2.0, 15] 0.0 0.4 0.0036 0.0226 0.1570

[2.0, 15] 1.0 0.4 0.0066 0.0767 0.0860

[3.0, 15] 0.0 0.4 3.66× 10−5 0.0014 0.0266

[3.0, 15] 1.0 0.4 1.09× 10−4 0.0055 0.0197

where Te = 1 keV.
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Table 1 gives the fraction of the trapped electrons

in the resonance regime [v//1, v//2]. In the table, the

first column gives the trapped electron fraction with

the Maxwellian distribution, which fits Eq.(2). We

can also see that the fraction of the trapped electrons

increases rapidly as the lower limit of the resonance

regime (LLRR) is downshifted, and that the resonance

electron fraction and trapped electron fraction become

very small when the LLRR is larger than 3.0. With

LHCD, the trapped electron ratio decreases, but the

trapped electron number slightly increases. This in-

dicates that part of the LH power is deposited on the

low energy trapped electrons and thus they turn into

passing electrons. The lower hybrid waves drive cur-

rent by moving electrons out of the trapping regime

instead of into it.

3. Fokker–Planck analysis

The general Fokker–Planck equation about the

wave heating and current drive can be given

as[6,7,9−11]

∂f

∂t
=

(∂f

∂t

)

c
+ Q + S, (8)

where the first term on the right-hand side is the

Fokker–Planck operator, and the particle source S is

defined in Ref.[17]. The quasilinear operator can be

expressed with the speeds v// and v⊥ as

Q =
1

v⊥

∂

∂v⊥

[

v⊥

(

D22
∂f

∂v⊥
+ D21

∂f

∂v//

)]

+
∂

∂v//

[

D12
∂f

∂v⊥
+ D11

∂f

∂v//

]

. (9)

where D12 = D21. Because LHH and LHCD are

only induced through v// = ω/k// resonance energy

transform, the quasilinear diffusion tensor only has

the term of v//v//. Introducing D ≡ D11, we obtain

(∂f

∂t

)

LH
=

∂

∂v//

D
∂

∂v//

f, (10)

where

D = π
e2

m2
e

∫

dk//|Ẽk|2
k2

//

k2
⊥

δ(ω − k//v//)

for c/n//M < v// < c/n//m, and D = 0 otherwise.

The resonance condition is

ω − v//k// = 0. (11)

By using the code FPPAC developed from the

two-dimensional Fokker–Planck package edited by

McCoy et al,[17] to numerically solve Eq.(8), we can

obtain the electron speed distribution function, and

then the driven current density and power deposition

density

Jrf = −enevTe

∫ v//2

v//1

v//f(v//)dv//,

Pabs =
1

2
nemeν0v

2
Te

∫ v//2

v//1

v2
//

∂

∂v//

D
∂f

∂v//

dv//, (12)

where v → v/vTe, and t → tν0. As a simple model,

we can take the quasilinear coefficient as a constant

(D0). The Brambilla spectrum and the toroidal effect

determine the injecting wave resonance regime and its

power distribution.

For the LHCD case, the wave mainly accelerates

the electrons along magnetic field lines. We obtain an

obvious anisotropic energy deposition in accordance

with the electron distribution function (see Fig.1).

Fig.1. Anisotropic energy depositions under different

trapping effects.

Fig.2. Electron velocity distribution functions with dif-

ferent trapping effects.

Figure 2 shows the electron velocity distribution

functions with different trapping effects under LHCD.

The electron distribution function deviates from the

Maxwellian distribution clearly. From Fig.2 we can

see that the trapped electrons consume more rf power,
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which makes a lower flat resonance regime which rep-

resents the driven current.

Fig.3. Current drive efficiencies with different trapping

effects.

Fig.4. Driven currents with different LLRRs.

The results from a numerical simulation are given

in Table 2, from which, we can see the relationship be-

tween trapping effect and plasma parameter. LHCD

efficiency decreases as the trapping effect increases

(see Fig.3), which is determined largely by the lower

velocity limit of the resonance regime. The broaden-

ing of resonance regime, of course, benefits the current

drive. Figure 4 shows the driven currents with differ-

ent lower limits of resonance regime. The current de-

creases as the resonance regime lower limit increases.

Figure 5 gives the current drive efficiencies with differ-

ent lower limits of resonance regime When the LLRR

is below 2.5, the trapping effect has a dominant ef-

fect, but the driving efficiency and driven current are

high for very low LLRRs, because of the large num-

bers of resonance electrons. When LLRR is 2.0–2.5

the current drive efficiency is low. When it is higher

than 2.5, the trapping effect gradually reduces, and

the drive efficiency is high for very high LLRRs, but

the driven current is low because of the small reso-

nance regime and low ‘plateau’ in the velocity space.

Because of the lower parallel velocity of trapped elec-

trons, trapped electron fraction decreases with the

raising of the LLRR, but current drive needs a rel-

atively low value of the lower limit parallel velocity,

so that we must distinguish the effects of resonance

electron number from the trapping effect. Generally,

trapping effect can cut the current drive efficiency by

30% (see Table 2).

Fig.5. Current drive efficiencies with different LLRRs.

Table 2. Numerical simulation results for LHCD.

D0 [v//1, v//2] ε = r/R0 jrf pabs jrf/pabs

0.5 [2.0,6.0] 0.0 0.8779 0.0740 11.85

0.5 [2.0,6.0] 0.2 0.3619 0.0547 6.709

0.5 [2.0,8.0] 0.0 1.2140 0.0946 12.38

0.5 [2.0,8.0] 0.2 0.5747 0.0639 8.994

0.5 [3.5,8.0] 0.0 0.0267 0.0018 15.13

0.5 [3.5,8.0] 0.2 0.0159 0.0013 12.16

0.5 [2.0,8.0] 0.0 1.2140 0.0946 12.83

0.5 [2.0,8.0] 0.4 0.4216 0.0581 7.252

1.0 [2.0,8.0] 0.0 1.9220 0.1298 14.80

1.0 [2.0,8.0] 0.4 0.5737 0.0544 10.54

Where Te = 1 keV and jrf =

Z

v//2

v//1

v//f(v//)dv//, pabs = ν0D0

R v//2

v//1
v2

//

∂2f

∂v2
//

dv//.
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4. ITER scaling law estimation

Lower hybrid waves undergo strong single-pass

damping in an ITER-like tokamak with the damping

location being determined by the condition v///vTe ∼
2.5.[6,7,9,10] This condition can be used to determine

the peak value for the n// spectrum. The lower limit

phase speed of the power spectrum can be set below

this condition, but must avoid absorbing by electron

landau damping (ELD). The upper limit phase speed

can be set by the condition of lower hybrid (LH) wave

accessibility. The two conditions can be used to re-

strict the LH deposition location to r/a = 0.6− 0.8 in

off-axis current profile control for the typical param-

eters. The trapping effect must be considered in this

region.

We assume the density and temperature profiles

to be as follows:

ne(r) = ne0(1 − (r/a)2)αn ,

Te(r) = Te0(1 − (r/a)2)αT , (13)

where ne0 and Te0 are the density and temperature

at plasma centre. The choice of the coefficients αn

and αT depends on the distinct discharge conditions,

which can be chosen as peaking or flattening profiles.

According to quasilinear theory and ignoring the

DC electric field, ITER experiential scale gives the

current drive efficiency[18]

ηcd ≡ n̄eR0Ip/Pd = γ0F (x, Zeff)G(ε, x), (14)

where γ0 is the Fisch–Boozer factor

γ0 =
2meε

2
0c

2

e3 lnΛ

1

〈n//〉2
4

5 + Zeff

1

〈n//〉2
=

[ 1

n2
// min

− 1

n2
// max

] /

ln
[n2

// max

n2
// min

]

; (15)

F (x, Zeff) is the temperature factor

F (x, Zeff) = 1 +
1

x2

[5 + Zeff

4
+

3

2

6 + Zeff

3 + Zeff

]

+
1

x3

3
√

2π(5 + Zeff)

8Zeff
; (16)

G(ε, x) is trapping effect

G(ε, x) = 1 − ε0.77(12.25 + x2)0.5

3.5ε0.77 + x
, (17)

where x = c/(〈n//〉vth) and vth =
√

Te/me.

From Figs.6 and 7, it is clear that the accessi-

bility condition is mainly determined by plasma den-

sity and easily satisfied in the off-axis current drive,

since the required n// value decreases with the mi-

nor radius increasing. The major issue in off-axis cur-

rent drive is the power deposition since we want it

to be located at about r/a = 0.6 − 0.8. From quasi-

linear theory, the power spectrum peak value must

be located near v///vTe ∼ 2.5. This corresponds to

ε = 0.15 − 0.2, 〈n//〉 = 8.15 − 14.48 for HL-2A,

and ε = 0.19 − 0.26, 〈n//〉 = 3.16 − 5.62 for ITER

respectively. Using the ITER scaling law, expres-

sion (17), we obtain G = 0.77 − 0.72 for HL-2A, and

G = 0.68−0.66 for ITER, the trapping effect cuts the

current drive efficiency by about 30%.

Fig.6. Parameter profiles for HL-2A with αn = 1, αT = 2

and ne0 = 5 × 1019 m−3, Te0 = 1.5 keV: (a) reverse as-

pect ratio, (b) trapping factor defined in expression (17),

(c) n// index given by quasilinear absorption, (d) n// in-

dex given by accessibility.

Fig.7. Parameter profiles for ITER with αn = 1, αT = 2

and ne0 = 1× 1020 m−3, Te0 = 10 keV: (a) reverse aspect

ratio, (b) trapping factor defined in expression (17), (c)

n// index given by quasilinear absorption, (d) n// index

given by accessibility.

Because the ε = r/R increases along the minor

radius and equals zero at the plasma centre, the trap-

ping effect happens only in the off-axis current drive.

In an ITER-like large tokamak (with R = 6.2 m and
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a = 2.0 m), because of its high density and high tem-

perature, the off-axis current drive can be easily ob-

tained by the ‘grill’ in the general power spectrum:

for example, n// ⊂ [2.0, 8.0]. But in HL-2A-like mid-

dle scale tokamak (with R = 1.64 m and a = 0.4 m),

because of its low density and low temperature, the

off-axis current drive needs higher n// spectrum, for

example, n// > 8.0. This is difficult to reach in the

general ‘grill’ spectrum, but perhaps can be obtained

by tokamak toroidal effect. In this case, v///vTe is

very low (see Table 1) and the trapping effect must be

considered.

5. Discussion and conclusions

Wave accessibility in a plasma depends on

plasma conditions and wave properties. The eikonal

method[9,10] is used to study the lower hybrid wave

propagation in tokamak plasmas. The ray equations

describing the trajectory of a wave packet are obtained

from the local dispersion relation D(x, k, ω) = 0,

where ω, k and D are real in calculating the ray tra-

jectory. In a tokamak configuration, the ray equations

are written as

dr

dt
= −∂D/∂kr

∂D/∂ω
,

dkr

dt
=

∂D/∂r

∂D/∂ω
,

dθ

dt
= −∂D/∂m

∂D/∂ω
,

dm

dt
=

∂D/∂θ

∂D/∂ω
,

dϕ

dt
= −∂D/∂n

∂D/∂ω
,

dn

dt
=

∂D/∂ϕ

∂D/∂ω
= 0, (18)

where r is the radius measured from the magnetic

axis of the torus, θ is the poloidal angle, and ϕ is

the toroidal angle. Conjugate wave number variables

are kr, m = rkθ, and n = (R0 + r cos θ)kϕ with R0

being the major radius. In terms of these variables,

we have

k// =
[

krBr +
(m

r

)

Bθ +
nBϕ

(R0 + r cos θ)

]

|B|−1,

k2
⊥ = k2

r +
(m

r

)2

+
( n

R0 + r cos θ

)2

− k2
//. (19)

The equations clearly show that for a tokamak

equilibrium with poloidal inhomogeneity and axial

symmetry, the poloidal mode number is not conserved,

whereas the toroidal mode number is a constant of the

wave motion, i.e. along the ray trajectory wave mo-

mentum changes. Therefore, there exist various res-

onance regimes at difference magnetic surfaces. We

can hardly obtain an analytic expression for a reso-

nance regime on a local magnetic surface because of

its dependence on tokamak parameters. With the ini-

tial power spectrum given by the launcher, we can

obtain the ray trajectory and its k// or n// value, and

then the resonance speed v// = c/n// by numerically

solving Eq.(18).

The resonance regimes on local magnetic sur-

faces are required in the views of plasma current pro-

file control by LHCD. These can be obtained from

the combination of tokamak magnetic configuration

and ray tracing technology.[1−5,19] Spectral broaden-

ing and trapped electron effect are the two aspects of

the toroidal effects. Detailed ray trajectory analysis

may provide beneficial application of off-axis lower hy-

brid current drive. Such work is in progress and will

be presented separately in the near future.
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