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We have investigated the dressed effects of non-degenerate four-wave mixing (NDFWM) and demonstrated a

phase-sensitive method of studying the fifth-order nonlinear susceptibility due to atomic coherence in RN-type four-level

system. In the presence of a strong coupling field, NDFWM spectrum exhibits Autler–Townes splitting, accompanied

by either suppression or enhancement of the NDFWM signal, which is directly related to the competition between

the absorption and dispersion contributions. The heterodyne-detected nonlinear absorption and dispersion of six-wave

mixing signal in the RN-type system show that the hybrid radiation-matter detuning damping oscillation is in the THz

range and can be controlled and modified through the colour-locked correlation of twin noisy fields.
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1. Introduction

Four-wave mixing (FWM) and six-wave mixing

(SWM) are the third-order and fifth-order nonlin-

ear optical processes, respectively, in which the input

beams induce a nonlinear polarization in a medium,

giving rise to the generation of a coherent beam.

The FWM signal is directly related to the third-order

nonlinear susceptibility χ(3), which exhibits resonant

characteristic of the medium, thus FWM with reso-

nant excitations can be employed as a versatile spec-

troscopic technique. Similarly, SWM is correspond-

ing to the fifth-order nonlinear susceptibility χ(5) and

it can also be used as a tool to study the nonlin-

earity of the researched medium. For example, in

degenerate four-wave mixing (DFWM), the three in-

put beams and the signal beam have an identical fre-

quency. When the frequency is such as to cause the

signal to be in resonance with a molecule the signal

will be enhanced tremendously as a result of multiple

resonant terms. Based on this feature, the DFWM has

been developed as a diagnostic method of detecting

trace molecule species in combustion environments.

The DFWM is also shown to be able to serve as a

means of probing rotational anisotropy in nonequilib-

rium ensembles of gaseous molecules.

In recent years, people have been interested in us-

ing the resonance-enhanced non-degenerate four-wave

mixing (NDFWM) as a new tool for various pur-

poses and it does work well and manifests some ad-

vantages, such as free choice of interaction volume,

excellent spatial signal resolution and simple optical

alignment compared with the DFWM. For example,

we have used it to study the vibrational dephasing

in molecular materials both in the frequency-domain

and in the time-domain. We have proposed a kind
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of Doppler-free laser spectroscopy, which we called

ultra-fast modulation spectroscopy,[1−5] to measure

the energy levels of an atomic system. This tech-

nique is based on the interference between macro-

scopic polarizations that are excited simultaneously

in the medium. In addition, a Rayleigh-enhanced

NDFWM,[4,5] which can be employed for the measure-

ment of ultra-fast longitudinal relaxation time in the

frequency-domain, was demonstrated recently. This

technique can be applied even to an absorbing medium

if a time-delayed method, which is based on the field-

correlation effects, is adopted.[4−6]

Our previous studies on the NDFWM and SWM

were restricted to two- or three-photon resonance

in two- or three-level systems. In this paper

we study two-photon resonant NDFWM and three-

photon SWM in dressed atomic systems. Specifically,

we consider an RN-type four-level system in which

the two upper levels are coupled by a strong laser

field. This scheme involves resonant three-photon ex-

citation, therefore highly excited atomic states can be

studied with high sensitivity. We find that in the pres-

ence of the coupling field the two-photon resonant ND-

FWM signal can be suppressed or enhanced due to the

quantum interference. Using this method, not only

the resonant frequency and transverse relaxation rate

but also the dipole moment of the transition can be

deduced.

In this paper, we presented a novel type of phase-

sensitive detection for the fifth-order complex sus-

ceptibility in a multi-level gas medium. We study

three-photon SWM in sub- femtosecond polarization

beats induced by the fifth-order susceptibility. In our

heterodyne detection scheme, the reference signal is

the two-photon resonant NDFWM signal, which is

induced by the ω1 frequency component in beam 1

and ω2 in beam 2 and 3. The SWM signal beam

and the NDFWM reference beam then interfere di-

rectly at the detector. Our method is based on

femtosecond polarization interference between ND-

FWM and SWM processes in a pure homogeneously-

broadened or Doppler-broadened three-level ladder-

type system[3−5] and it is a good and easy way to

measure the fifth-order susceptibility, by which way

we measure the real and imaginary parts of the suscep-

tibility directly. The modified third-order absorption

and dispersion can be controlled coherently by noisy

light colour-locking bandwidth, frequency detuning,

and time delay. The Doppler-free counter-propagation

configuration we use allows us to observe these inter-

esting nonlinear effects in a long atomic vapour cell.

This paper is organized as follows. Section 2

presents the Autler–Townes splitting in the NFWM

spectrum and its numerical derivation. We show that

in the presence of a strong coupling field, the NFWM

spectrum splits into two separate peaks, which is

known as AT splitting. The coupling field can also

lead to either suppression or enhancement of the

NFWM signal. Section 3 presents the numerical re-

sults and the theory of our phase-sensitive hetero-

dyne detection. Finally, Section 4 gives the discussion

and conclusion. We point out that the two-photon

resonant NDFWM signal in dressed atoms provides

an effective spectroscopic tool of measuring not only

the resonant frequency and dephasing rate but also

the transition dipole moment between two highly ex-

cited atomic states, and we also demonstrate that the

phase-sensitive heterodyne detection method is good

way to study the nonlinear effects under various limits

and conditions.

2. Autler–Townes splitting in the

NDFWM spectrum

We first consider two-photon resonant NDFWM

in a Λ-type three-level system [Figs.1(a) and 1(b)],

where states between |0〉 and |1〉 and between |1〉 and

|2〉 are coupled by dipolar transitions with resonant

frequencies denoted by Ω1 and Ω2 and dipole moment

matrix elements µ1 and µ2, respectively. As shown

in Fig.1(a), beams 2 and 3 have the same frequency

ω2 and a small angle exists between them; beam 1

with frequency ω1 propagates along the opposite di-

rection of beam 2. The ω1 and ω2 will connect the

transition from |0〉 to |1〉 and |1〉 to |2〉, respectively.

The simultaneous interactions of atoms with beams 1

and 2 will induce atomic coherence between |0〉 and

|2〉 through two-photon excitation. This coherence is

probed by beam 3, and as a result a NDFWM signal

(beam 4) of frequency ω1 is generated in the direc-

tion almost opposite to the direction of beam 3. Next

when ω3 and −ω3 are turned on [Fig.1(c)], the coher-

ence between |0〉 and |3〉 is excited, and as a result a

three-photon resonant SWM signal of frequency ω1 is

generated (beam 4).
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Fig.1. Schematics of NDFWM and SWM (a), energy-level diagram for two-photon resonant NDFWM (b), and

energy-level diagram for three-photon SWM (c).

The stochastic fields of beam 2 (Ep2), beam 3 (Ep3) and beam 1 (E1) are expressed as

Ep2 = ε2u2(t) exp[i(k2 · r − ω2t)] + ε3u3(t) exp[i(k3 · r − ω3t)] + ε′3u3(t − τ) exp[i(k′
3 · r − ω3t + ω3τ)], (1)

Ep3 = ε′2u2(t − τ) exp[i(k′
2 · r − ω2t + ω2τ)] and E1 = A1(r, t) exp(−iω1t) = ε1u1(t) exp[i(k1 · r − ω1t)].(2)

Here, εi, ki(ε
′
i, k

′
i) are the constant field ampli-

tude and the wave vector of the ωi component;

ui(t) is a dimensionless statistical factor that con-

tains phase and amplitude fluctuations; τ is a rela-

tive time delay between the prompt (unprime) and

delayed (prime) fields. Beam 1 is assumed to be a

quasi-monochromatic light (u1(t) ≈ 1). To accom-

plish this arrangement the frequency components of

ω2 and ω3 lights are split and then recombined to pro-

vide one and three frequency pulses in such a way that

the ω2 component is delayed by τ in beam 3 and the

ω3 component delayed by the same amount in beam

2 (Fig.1(a)).

We assume the common detuning to be ∆1 =

Ω1 − ω1, ∆2 = Ω2 − ω2 and ∆3 = Ω3 − ω3. Since

the nonlinear polarizations responsible for the two-

photon resonant NDFWM and three-photon SWM

signal are proportional to the off-diagonal density ma-

trix elements ρ
(3)
10 and ρ

(5)
10 respectively, which can be

obtained from the density matrix equations with re-

laxation terms properly included, we can directly ob-

tain them by the perturbation chains using the density

matrix dynamic equations. The perturbation chains

that are corresponding to the NDFWM and SWM pro-

cesses are as follows:

(I) ρ00
ω1−→ ρ10

−ω2−→ ρ20
ω2−→ ρ10, (3)

(II) ρ00
ω1−→ ρ10

−ω2−→ ρ20
ω3−→ ρ30

−ω3−→ ρ20

ω2−→ ρ10. (4)

The Liouville pathway can also be clearly described

by double-sided Feynman diagrams (DSFDs) shown

in Fig.2. Using the density matrix dynamic equations,

we obtain

∂ρ̂(t)

∂t
=

1

i~
[Ĥ0 + Ĥ1(t), ρ̂(t)] − Γ ρ̂. (5)

Fig.2. The double-sided Feynman diagrams of FWM and

SWM Liouville pathway.

By solving the density matrix dynamic equations and

using partially rotating wave approximation we obtain

the density matrix expression and its approximation

under assumption |G3|
2
≪ Γ20Γ30 as below:

ρ
(3)
10 =

−iG1G2G
′∗
2 ei(k1+k2−k

′

2
)·r[Γ30 + i(∆1 − ∆2 + ∆3)]

(Γ10 + i∆1)2{[Γ20 + i(∆1 − ∆2)][Γ30 + i(∆1 − ∆2 + ∆3)] + |G3|
2
}
, (6)

ρ
(3)
10 ≈

−i(G′
2)

∗G1G2 exp[i(k1 + k2 − k
′
2) · r]

(Γ10 + i∆1)2[Γ20 + i(∆1 − ∆2)]
×

{

1 −
|G3|

2

[Γ20 + i(∆1 − ∆2)][Γ30 + i(∆1 − ∆2 + ∆3)]

}

. (7)
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Here, we define the coupling coefficients G1 = µ1ε1/~,

G2 = µ2ε2/~ and G′
2 = µ2ε

′
2/~, the transverse re-

laxation rate Γn0 between states |n〉 and |0〉, and we

assume that ε1, ε and ε′2 are weak so that the pertur-

bation theory is applicable and the atoms are initially

in the ground state |0〉, i.e. ρ
(0)
00 = 1. The NDFWM

signal intensity is proportional to the
∣

∣

∣
ρ
(3)
10

∣

∣

∣

2

. The two-

photon NDFWM results above is a form of Doppler-

free spectrum when the incident lasers have narrow

bandwidths. On the basis of two-photon NDFWM

in the Λ-type three-level system, we use an additional

coupling field of frequency ω3(≈ Ω3) to drive the tran-

sition from |2〉 to |3〉 so as to induce atomic coherence

between states |0〉 and |3〉. In the same way, we as-

sume that ε1, ε2 and ε′2 are weak whereas the coupling

field ε3 has an arbitrary magnitude, and we can ob-

tain the fifth-order nonlinear susceptibility expression

as below:

ρ
(5)
10 =

iG1G2(G
′
2)

∗ |G3|
2
exp[i(k1 + k2 − k

′
2 + k3 − k3) · r]

(Γ10 + i∆1)2[Γ20 + i(∆1 − ∆2)]2[Γ30 + i(∆1 − ∆2 + ∆3)]
. (8)

Therefore, we can see from expression (7) that the

third-order susceptibility under the weak field approx-

imation is the sum of the result of FWM and the result

of SWM; the first term on the right-hand side cor-

responds to the two-photon resonant NDFWM. The

second term corresponds to the three-photon resonant

SWM, as shown by Eqs.(6) and (8). Figure 3 presents

the NDFWM signal intensity versus (∆1 − ∆2)/Γ30.

The maximum of the signal intensity with G3/Γ30 = 0

is normalized to 1. We can find that as the strong

coupling field G3 is increased a dip appears at the line

centre first, and then the spectrum splits into two sep-

arate peaks. This is AT splitting, which reflects the

levels of the dressed states. The two peaks are located

symmetrically with respect to ∆1 − ∆2 = 0 when the

coupling field is exactly in resonance (Fig.3(a)). On

the other hand, for the case of ∆3 6= 0 the two sepa-

rate peaks become asymmetric, which is more evident

for small values of G3/Γ30 (Fig.3(b)).

Fig.3. NDFWM signal intensity versus (∆1 − ∆2)/Γ30 for (a) ∆3 = 0, Γ10/Γ30 = 1, Γ20/Γ30 = 1, G3/Γ10 = 0

(solid curve), G3/Γ30 = 1(dashed curve), G3/Γ30 = 10 (dotted curve) and G3/Γ30 = 20 (dash-dotted curve),

respectively; (b) ∆3/Γ30 = 10, Γ10/Γ30 = 1, Γ20/Γ30 = 1, G3/Γ30 = 0 ( solid curve), 1 (dashed curve), 10 (dotted

curve) and 20 (dash-dotted curve). The maximum of NDFWM signal intensity with G3/Γ30 is normalized to 1.

Now, we study the AT splitting in the NDFWM spec-

trum. For simplicity, we consider the case where the

coupling field is in resonance ∆3 = 0. According to

expression (6), the signal intensity, which is propor-

tional to
∣

∣

∣
ρ
(3)
10

∣

∣

∣

2

, is given by

I(∆) ∝
∆

2 + Γ
2
30

∆4 + (Γ 2 − 2g2)∆2 + g4
. (9)
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Fig.4. AT splitting of NDFWM ∆AT/Γ20 versus G3/Γ20

for Γ30/Γ20 = 0.5 (solid curve), Γ30/Γ20 = 1 ( dashed

curve), Γ30/Γ20 = 2 ( dotted curve), Γ30/Γ20 = 5 ( dash-

dotted curve).

Here, ∆ = ∆1 − ∆2, Γ = Γ20 + Γ30 and g2 =

G2
3 + Γ20Γ30. The condition for the appearance of

peaks is dI(∆)/d∆ = 0, which leads to

∆
4 + 2Γ 2

30∆
2 + (Γ 2

30Γ
2 − 2Γ 2

30g
2 − g4) = 0. (10)

We thus obtain ∆
2 = G3[G

2
3+2Γ30(Γ20+Γ30)]

1/2−Γ
2
30

and the AT splitting is given as

∆AT

= 2{G3[G
2
3 + 2Γ30(Γ20 + Γ30)]

1/2 − Γ
2
30}

1/2.(11)

Figure 4 gives the G3-dependence of the AT split-

ting. In the limit of G3 ≪ Γ20Γ30, we can obtain

∆AT = 2G3 from expression (11).

3. Dispersion and absorption of

the SWM and its heterodyne

detection

In this section, we presents the FWM and SWM

results in another way, i.e. by taking into consider-

ation the fluctuations of both amplitude and phase,

which is given by the statistical factor ui(t), just as

their heterodyne detection results given by expressions

(1) and (2). Now, we use the two perturbation chains

(3) and (4) and the density matrix dynamic equations

to obtain the polarization results as below:

PF(v, t) = Nµ1

∫ +∞

−∞

dvw(v)ρ
(3)
10 (v)

= S1(r) exp[−i(ω1t + ω2τ)]

∫ +∞

−∞

dvw(v)

∫ ∞

0

dt3

∫ ∞

0

dt2

∫ ∞

0

dt1

× exp[−iθ(I)]H1(t1)H2(t2)H1(t3)u
∗
2(t − t2 − t3 − τ)u2(t − t3), (12)

PS(v, t) = Nµ1

∫ +∞

−∞

dvw(v)ρ
(5)
10 (v)

= S2(r) exp{−i[ω1t + (ω2 + ω3)τ ]}

∫ +∞

−∞

dvw(v)

∫ ∞

0

dt5

∫ ∞

0

dt4

∫ ∞

0

dt3

∫ ∞

0

dt2

∫ ∞

0

dt1 exp[−iθ(II)]

×H1(t1)H2(t2)H3(t3)H2(t4)H1(t5)u2(t − t5)u
∗
3(t − t4 − t5 − τ)u3(t − t3 − t4 − t5)

×u∗
2(t − t2 − t3 − t4 − t5 − τ), (13)

where, H1(t) = e−d1t, H2(t) = e−d2t, H3(t) = e−d3t;

A = S1(r)e−i(ω1t+ω2τ), B = S2(r)e−i(ω1t+ω2τ+ω3τ);

S1(r) = −iNµ2
1µ

2
2ε1ε2(ε

′
2)

∗eikf ·r/~
3, S2(r) =

iNµ2
1µ

2
2µ

2
3ε1ε2(ε

′
3)

∗ε3(ε
′
2)

∗eiks·r/~
5; d1 = Γ10 + i∆1,

d2 = Γ20 + i∆a, d′2 = Γ20 − i∆a, d3 = Γ30 + i∆b,

∆a = ∆1 − ∆2 and ∆b = ∆1 − ∆2 + ∆3; θ(I)(v) =

v · [k1(t1 + t2 + t3) + k2(t2 + t3) − k
′
2t3], θ(II)(v) =

v · [k1(t1 + t2 + t3 + t4 + t5) + k2(t2 + t3 + t4 + t5) −

k
′
3(t3 + t4 + t5)+k3(t4 + t5)−k

′
2t5]. The nonlinear po-

larizations PF and PS correspond to FWM and SWM

respectively. In the expression w(v) is the velocity dis-

tribution function. The physical processes of FWM

and SWM we have discussed in our previous work [4,5]

and we do not give them in detail here. For simplicity,

here we neglect the Doppler effects, which is mathe-

matically expressed as the approximation kiv ≈ 0 and

k′
iv ≈ 0. Thus after performing the tedious integra-

tion we obtain the polarization results below. In a

purely homodyne broaden medium when the time de-

lay τ > 0 the polarization results becomes



3412 Gan Chen-Li et al Vol. 16

PF =
A exp[−α2τ ]

d2
1(d2 + α2)

, (14)

PS =
B exp[−α2τ ]

d2
1(α2 + d2)2

[

e−α3τ − e−(α2+d3)τ

α2 − α3 + d3

+
e−(α2+d3)τ

α2 + α3 + d3

]

. (15)

Using the relationship between the susceptibility and

polarizations we can obtain the third- and fifth-order

susceptibilities as below:

χF =
P1

ε0 < E2(E′
2)

∗ > E1

= −
iNµ2

1µ
2
2

ε0~3

1

d2
1(d2 + α2)

, (16)

χS =
P2

ε0 < E
′∗
3 E3E

′∗
2 E2 > E1

=
iNµ2

1µ
2
2µ

2
3

ε0~
5

eα3τ

d2
1(α2 + d2)2

[

e−α3τ − e−(α2+d3)τ

α2 − α3 + d3

+
e−(α2+d3)τ

α2 + α3 + d3

]

. (17)

We can see from expression (17) that the fifth-order

susceptibility contains the radiation-matter oscilla-

tion, which is known as radiation-matter detuning os-

cillation (RDO), and it shows that both atom and light

response together. We can also see that the nonlin-

ear susceptibility strongly depends on the time-delay

τ and linewidth αi, and it can be modified by the

colour-locked noisy fields. The real and imaginary

parts of χB correspond to the modified dispersion and

absorption of the fifth-order susceptibility. For the

absorption curves, the positive value indicates gain

and the anomalous dispersion generally corresponds

to strong absorption of the medium. Figures 5(a) and

5(b) present the dispersion and absorption of the fifth-

order susceptibility with obvious RDO and Figure 5(e)

gives their RDO frequency values.

Fig.5. The nonlinear dispersion and absorption of SWM and their heterodyne detection results (for τ > 0) versus

∆3/Γ10 with α2/Γ10 = α3/Γ10 = 10, ∆1/Γ10 = 0.01, ∆2/Γ10 = 0.01, Γ10τ = 0.705685 (dispersion) and Γ10τ =

0.706078 (absorption). FFT stands for fast Fourier transform.
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Now, we introduce a phase-sensitive detection to

detect the real and imaginary parts of SWM, which

is known as heterodyne detection. Our heterodyne

detection is based on the polarization interference be-

tween the FWM and SWM processes at the detector.

Since the optical fields oscillate too quickly to detect

directly, we have to introduce the FWM polarization

PF, which is designed in frequency and wave vector

so as to conjugate it in its complex representation

with the SWM polarization PS. Thus, the femtosec-

ond polarization beat (FSPB) signal intensity can be

obtained as follows:

I(τ,∆i, αi) ∝ e−2α2τ [|χF|
2 + η2

0 |χS|
2 e−2α3τ

+2η0 |χF| |χS| e
−α3τ cos(θF − θS + θ)].

(18)

Here χF = |χF| e
iθF = |χF| cos θF + i |χF| sin θF, χS =

|χS| e
iθS = |χS| cos θS +i |χS| sin θS, θR = ω3τ −∆k ·r,

∆k = (k3 − k
′
3), η0 = (ε′3)

∗ε3.

Although the complex susceptibilities (nonlinear

responses) are greatly modified by the colour-locked

noisy fields, they can still be obtained effectively in

an ideal limit. Expression (18) corresponds to the

homodyne signal intensity, while in the heterodyne

detection, we assume that |PF|
2 ≫ |PS|

2 at intensity

level (|χF| ≫ |χS| at field level), so the reference signal

(NDFWM) originating from the ω2 frequency compo-

nents of the twin beams 2 and 3 is much larger than

the SWM signal originating from the frequency com-

ponents ω2 and ω3 of the twin beams 2 and 3. After

the approximation, we can obtain the heterodyne sig-

nal intensity

I(τ,∆i, αi) ∝ e−2α2τ [|χF|
2 + 2η0 |χF| |χS|

×e−α3τ cos(θF − θS + θ)]. (19)

Expression (19) indicates that the FSPB signal of het-

erodyne detection is modulated with the frequency ω3

as τ is varied. The phase coherent control of the light

beams in FSPB is subtle. Such an FSPB can effec-

tively be employed via optical heterodyne detection

to yield the real and imaginary parts of χF. If we ad-

just the time delay τ and r such that θF + θR = 2nπ

(i.e. τ = [θF(τ) + ∆k · r − 2nπ]/ω3, ∆k · r = 0, the

value of integer n depends on the sign of τ sensitively),

then

I(∆3) ∝ e−2α2τ [|χF|
2

+ 2η0 |χF|

×e−α3τRe[χS(∆3)]. (20)

However, if θF + θR = (2n + 1/2)π (i.e. τ = [θF(τ) +

∆k · r − 2nπ − π/2]/ω3, ∆k · r = 0), we have

I(∆3) ∝ e−2α2τ [|χF|
2 + 2η0 |χF|

×e−α3τ Im[χS(∆3)]. (21)

By changing the time delay τ between beams 2 and 3

we can obtain the real and imaginary parts of χS(∆3).

The subtle value of τ is generally determined by the

gradually approaching method from θF(τ) + θR(τ) =

2nπ or (2n + 1/2)π. Due to the local oscillator inten-

sity that is brought about by the reference signal, the

dispersion and absorption only show positive values

compared with Figs.5(a) and 5(b). After subtract-

ing the local oscillator background from them, they

then turn to being in good agreement with Figs.5(a)

and 5(b). This method can only be used for detect-

ing SWM for it has the unique detuning ∆3 compared

with NDFWM. Figures 5(c) and 5(d) give the hetero-

dyne detection results which obviously reflect the real

and imaginary parts of χS(∆3). Figure 5(e) gives the

RDO frequency values of Re[χS(∆3)] and Im[χS(∆3)].

When the time delay τ < 0, we can also obtain the in-

tegration results of the FWM and SWM polarizations

that correspond to expressions (12) and (13)

PF =
A

d2
1

(

eα2τ − ed2τ

d2 − α2
+

ed2τ

d2 + α2

)

, (22)

P (II) =
Beα3τ

d2
1(α3 + d3 − d2)

{

(α2 + α3 + d3)[e
d2τ − e(α3+d3)τ ] + (α3 + d3 − d2)e

d3τ

(α2 + d2)2(α2 + α3 + d3)

+
e(α3+d3)τ − [1 + (α3 + d3 − d2)τ ]ed2τ

(α2 + d2)(α3 + d3 − d2)

+
(α3 − α2 + d3)[1 + (α2 − d2)τ ][e(α3+d3)τ − ed2τ ] + (α3 + d3 − d2)[e

α2τ − e(α3+d3)τ ]

(α2 − d2)2(α2 − α3 + d3)

+
(e(α3+d3)τ − ed2τ )[1 − (α3 + d3 − d2)τ ]

(α2 − d2)(α3 + d3 − d2)

}

. (23)
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Then using the relationship between the susceptibility and polarization we can obtain the third- and fifth-order

susceptibilities as below:

χF = −
iNµ2

1µ
2
2

~3

e−α2τ

d2
1

(

eα2τ − ed2τ

d2 − α2
+

ed2τ

d2 + α2

)

, (24)

χS =
iNµ2

1µ
2
2µ

2
3

~5

e−α2τ

d2
1(α3 + d3 − d2)

{

(α2 + α3 + d3)[e
d2τ − e(α3+d3)τ ] + (α3 + d3 − d2)e

d3τ

(α2 + d2)2(α2 + α3 + d3)

+
e(α3+d3)τ − [1 + (α3 + d3 − d2)τ ]ed2τ

(α2 + d2)(α3 + d3 − d2)

+
(α3 − α2 + d3)[1 + (α2 − d2)τ ][e(α3+d3)τ − ed2τ ] + (α3 + d3 − d2)[e

α2τ − e(α3+d3)τ ]

(α2 − d2)2(α2 − α3 + d3)

+
(e(α3+d3)τ − ed2τ )[1 − (α3 + d3 − d2)τ ]

(α2 − d2)(α3 + d3 − d2)

}

. (25)

We can see from expressions (24) and (25) that

the third- and fifth-order susceptibilities are greatly

modified by the colour-locked noisy fields and if the

laser linewidth is much larger than the relaxation rate

(αi ≫ Γi0), the nonlinear susceptibility strongly de-

pends on the linewidth αi and the time delay τ . In

the purely homogeneously broadened medium, we can

use the same way as that in the case of τ > 0 to obtain

the real and imaginary parts of χS(∆3) and thus ob-

tain their dispersion and absorption curves. Since the

fifth-order susceptibility contains the radiation-matter

detuning oscillation terms, which are corresponding

to the response to both light and atoms, we can see

clearly the RDO phenomenon at the tails of the dis-

persion and absorption curves. Figures 6(a) and 6(b)

give the dispersion and absorption curves that are cor-

responding to the real and imaginary parts of χS(∆3).

Since our detection is based on the interference be-

tween the FWM and SWM at the detector, the ho-

modyne signal intensity can be viewed as the sum of

three contributions, i.e. the NDFWM signal intensity

(|PF|
2), the SWM signal intensity (|PS|

2) and cross

term between NDFWM and SWM (P ∗
FPS +PFP ∗

S ). If

we use nonlinear susceptibility to replace the polariza-

tion, we have the homodyne detected signal intensity

as follows:

I(τ,∆i, αi) ∝ e2α2τ [|χF|
2

+ η2
0 |χS|

2
e2α3τ

+2η0 |χF| |χS|

×eα3τ cos(θF − θS + θ)]. (26)

The equation above gives us the homodyne-detected

signal intensity when time delay τ < 0 while time de-

lay τ > 0, the signal intensity is given by expression

(18). Expressions (18) and (26) contain rich dynamics

of the colour-locked noisy-field correlation effects,[6]

and the competition between femtosecond modulation

and hybrid RDO. Close inspection of expressions (18)

and (26) reveals some interesting points: (a) change

frequency ω3, the femtosecond oscillation within RDO

will be thicker; (b) when the detuning ∆2/Γ10 de-

creases, the RDO oscillation period will decrease; (c)

the frequency can be read in Table 1, which is the

combination of Γ10τ > 0 and Γ10τ < 0. Figure 6

presents the homodyne detection results and its RDO

frequency components. In order to observe the FSPB

more clearly, the solid curve has been multiplied by

2000, while dashed line by 1000 and dotted curve by

5000.

Table 1. Ultrafast oscillation frequencies and RDO frequencies of the FSPB signal intensity between ND-

FWM and SWM under Doppler-free limit.

FSPB between NDFWM and SWM

time delay τ > 0 τ < 0
combination of τ > 0

and τ < 0

Doppler free
(∆1 − ∆2 + ∆3) , ω3,

ω3 + (∆1 − ∆2 + ∆3)

(∆1 − ∆2) , (∆1 − ∆2 + ∆3) ,

∆3, ω3, ω3 − (∆1 − ∆2) ,

ω3 − (∆1 − ∆2 + ∆3) ,

ω3 + (∆1 − ∆2) , ω3 − ∆3

(∆1 − ∆2) , (∆1 − ∆2 + ∆3) ,

∆3, ω3, ω3 − (∆1 − ∆2) ,

ω3 − (∆1 − ∆2 + ∆3) ,

ω3 + (∆1 − ∆2) , ω3 − ∆3,

ω3 + (∆1 − ∆2 + ∆3)
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Fig.6. The femtosecond polarization beat, RDO and its FFT in the Doppler free medium. (a) FSPB and RDO

versus Γ10τ . α2/Γ10 = 1, α3/Γ10 = 1, ∆1/Γ10 = 5, ∆2/Γ10 = 2, ∆3/Γ10 = 9, ω3 = 100 (solid curve); ∆2/Γ10 = 0.1

(dashed curve); ∆1/Γ10 = 0.5, ω3 = 50 (dotted curve); (b) FFT of FSPB and RDO. The frequencies from left to

right correspond to ∆1−∆2, ∆3, ∆1−∆2 +∆3, ω3−(∆1−∆2 +∆3), ω3−∆3, ω3−(∆1−∆2), ω3, ω3 +(∆1 −∆2),

ω3 + (∆1 − ∆2 + ∆3).

4. Discussion and conclusion

Two-photon NDFWM is a good tool for spectro-

scopic analysis, and in the presence of a strong cou-

pling field NDFWM exhibits Autler–Townes splitting,

accompanied by either suppression or enhancement of

the NDFWM. This also provides us a new way to in-

vestigate the slow light effects.[7−9] NDFWM can also

be employed to measure the fifth-order susceptibility

directly. Using NDFWM as a reference signal, we can

easily measure the real and imaginary parts of χS(∆3),

which is known as heterodyne detection.

As a time-domain technique, the main advantage

of heterodyne detection over the conventional quan-

tum beat is that the temporal resolution is not limited

by the laser pulse and the phase information of suscep-

tibility can be retained. Since the heterodyne-detected

signal intensity is proportional to real and imaginary

parts of susceptibility, we can take a full measure of

the complex susceptibility, including its phase. The

method presented here is simple to employ and can

be applied to a large variety of materials.

In summary, we have demonstrated a phase-

sensitive heterodyne method to study the SWM in

a Reverse-N-type four-level atomic system. The refer-

ence signal is NDFWM signal, which propagates some-

what differently from the SWM signal. This point is

very important since the reference signal always trav-

els in basically the same direction; such that it is much

easier to match modes and reduce background. This

method can also be used to investigate the phase dis-

persion of the fifth-order susceptibility and the optical

heterodyne detection of the three-photon SWM signal

under various limits and conditions.
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