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A scheme for the implementation of unconventional

geometric phase gates with trapped ions∗
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We propose a scheme for the realization of unconventional geometric two-qubit phase gates with two identical

two-level ions. In the present scheme, the two ions are simultaneously illuminated by a standing-wave laser pulse with

its pulse frequency being tuned to the ionic transition. The gate operation time can be much shorter, making the system

robust against decoherence. In addition, we choose the appropriate experimental parameters to construct the geometric

phase gate in one step, and thus avoid implementing the pure geometric single qubit operation.
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1. Introduction

It has been shown that the basic building blocks

of a quantum computer are quantum logic gates, i.e.

any quantum computation can be implemented by a

series of universal two-qubit logic gates and one-qubit

local operators. This discovery motivates an inten-

sive research into quantum logic gates such as dy-

namic quantum logic gates and geometric quantum

logic gates. So far, most of the quantum informa-

tion processings and quantum computations are based

on dynamic quantum logic gates. However, dynamic

quantum phase gates are very sensitive to parameter

fluctuation, which is a blockage to large-scale quantum

computation. In contrast, the geometric phase gates

depends only on the area of the path that the state

takes in Hilbert space, and does not depend on the

details of the path,[1,2] thus it may be fault-tolerant

and possess high fidelity.[3]

There are two kinds of geometric phase gates:

conventional geometric quantum phase gates[2,4−6]

and unconventional ones.[7−11] The conventional

phase gate can be constructed by driving the qubits

to undergo appropriate adiabatic cyclic evolutions and

they require additional operations to cancel the effects

from the corresponding dynamical phases, which may

result in additional errors. While the unconventional

ones can be obtained by displacing the qubits along

a closed path in the phase space and they do not re-

quire additional operations to cancel the effects from

the dynamical phases. This is because the dynamic

phase created in the whole procedure is proportional

to the geometric phase, leading the total phase to be

dependent only on global geometric features. Thus,

the unconventional geometric gate possesses all ad-

vantages owned by the conventional geometric gate.

Until now, there are numerous schemes for the

implementation of the unconventional geometric gate

proposed in cavity QED system[8,10−13] and in the

trap-ion system.[3,7,9] In this paper, we propose an

alternative scheme for implementing geometric phase

gate with two trapped ions. Compared with the

schemes depicted in Ref.[9–11], our scheme only use

two-level ions as memory, and the laser beam is tuned

to the ionic transition. Furthermore, we choose the

appropriate experimental parameters to construct the

geometric phase gate without implementing the pure

geometric single qubit operation, since it is much diffi-

cult than the common single qubit operation.[7] Thus

in our scheme the experimental procedure is quite sim-

ple.

The unconventional geometric phase gate can be

constructed by displacing the qubit along a closed loop

in the phase space. The displacement operator is ex-

pressed as

D(α) = eαa+−α∗a, (1)

∗Project supported by the National Natural Science Foundation of China (Grant No 10574022), and the Funds of the Natural

Science of Fujian Province, China (Grant Nos Z0512006 and A0210014).
†Corresponding author. E-mail: hcli45@fjnu.edu.cn
http://www.iop.org/journals/cp http://cp.iphy.ac.cn



No. 11 A scheme for the implementation of unconventional geometric phase gates with trapped ions 3383

where a+ and a are the creation and annihilation op-

erators of the harmonic oscillator, respectively. The

displacement operator satisfies

D(β)D(α) = D(α + β)eiIm(βα∗). (2)

Considering a path consisting of N short straight sec-

tions ∆αj , the total operation is

Dtotal =D(∆αN )L · · ·D(∆α1)

=D
(

N
∑

j=1

∆αj

)

exp
[

iIm
(

N
∑

j=2

∆αj

j−1
∑

k=1

∆α∗
k

)]

. (3)

Since an arbitrary path γ can be obtained in the limit

N → ∞, we have

Dtotal = D
(

∫

γ

dα
)

eiΘ , (4)

where Θ = Im(
∫

γ
α∗dα).

For a closed path we obtain

Dtotal = D(0)eiΘ = eiΘ , (5)

where the phase operator Θ is determined by the area

of the loop in the phase space.

2. Implementation of unconven-

tional geometric phase gates

We now consider two identical two-level ions with

the excited state |e〉 and the ground state |g〉 confined

in a potential trap. The two ions are driven by a

standing-wave laser beam tuned to the ionic transi-

tion. In the rotating-wave approximation, the Hamil-

tonian for this system is given by [14]

H = H0 + Hint,

H0 = νa†a +
1

2

2
∑

j=1

ω0σz,j ,

Hint =
Ω

2

2
∑

j=1

{σ+
j sin[η(a + a†) + φ]

× e−iω0t + H.c.}, (6)

where σz,j = (|ej〉〈ej | − |gj〉〈gj |), σ+
j = |ej〉〈gj | and

σ−
j = |gj〉〈ej |; ω0 is the transition frequency for the

two-level ion, ν is the vibrational frequency of the

centre-of-mass mode, Ω and φ are the Rabi frequency

and the phase of the laser field respectively, and η is

Lamb–Dicke parameter. We can rewrite the interac-

tion term as

Hint =
Ω

2

2
∑

j=1

{σ+
j [sin η(a + a†) cosφ

+ cos η(a + a†) sin φ]e−iω0t + H.c.}. (7)

In the Lamb–Dicke regime (η
√

n + 1 ≪ 1), where

n is the mean phonon number, we can retain terms

only to the first order in η.

Hint =
Ω

2

2
∑

j=1

{σ+
j [η(a + a†) cosφ

+ sin φ]e−iω0t + H.c.}.

Then, in the interaction picture the interaction Hamil-

tonian is given by

HI = eiH0tHinte
−iH0t

= Ω

2
∑

j=1

σx,j [η(ae−iνt + a†eiνt) cosφ + sin φ], (8)

where σx,j = (σ+
j + σ−

j )/2.

We choose the superposition states |±〉j of the

ions as qubits, where |±〉j = (1/
√

2)(|e〉j ± |g〉j). It is

easy to check that the states |±〉j satisfies σx,j |±〉j =

±(1/2)|±〉j.
During the infinitesimal time interval [t, t + dt],

the evolution operator is

dU = e−iHidt

=e−iΩ
2

∑

j=1

[η(ae−iνt+a†eiνt) cosφ+sinφ]σx,jdt.(9)

This leads to

dU |+〉j = eidθ1ea†dα1−adα∗
1 |+〉j ;

dU |−〉j = eidθ2ea†dα2−adα∗
2 |−〉j , (10)

where

dθ1 = −Ω

2
sin φdt,

dα1 = − i

2
Ωη cosφeiνtdt;

dθ2 =
Ω

2
sinφdt,

dα2 =
i

2
Ωη cosφeiνtdt. (11)

Thus, the different initial system states will evolve as

|+1〉|+2〉|φv(0)〉 → e2idθ1D(2dα1)

× |+1〉|+2〉|φv(0)〉, (12a)

|+1〉|−2〉|φv(0)〉 → |+1〉|−2〉|φv(0)〉, (12b)

|−1〉|+2〉|φv(0)〉 → |−1〉|+2〉|φv(0)〉, (12c)
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|−1〉|−2〉|φv(0)〉 → e2idθ2D(2dα2)

× |−1〉|−2〉|φv(0)〉, (12d)

where |φv(0)〉 is the initial state of the vibrational

mode. After an interaction time t, the system states

becomes

|+1〉|+2〉|φv(0)〉 → eiθ1(t)eiΘ1D(2α1)

× |+1〉|+2〉|φv(0)〉, (13a)

|+1〉|−2〉|φv(0)〉 → |+1〉|−2〉|φv(0)〉, (13b)

|−1〉|+2〉|φv(0)〉 → |−1〉|+2〉|φv(0)〉, (13c)

|−1〉|−2〉|φv(0)〉 → eiθ2(t)eiΘ2D(2α2)

× |−1〉|−2〉|φv(0)〉, (13d)

where

θ1(t) = −θ2(t) = 2

∫ t

0

dθ1 = −Ω sin(φ)t,

α1 = −α2 =

∫

dα1 =

∫ t

0

(

− i

2
Ωη cosφeiνt

)

dt = −Ωη

2ν
(eiνt − 1) cosφ,

Θ1 = Θ2 = Im
(

∫

l

2α∗
1d(2α1)

)

= 4Im
[

∫ t

0

Ωη

2ν
(e−iνt − 1) cosφ

(

− i

2
Ωη cosφeiνt

)

dt
]

=
(Ωη)2

ν

[

t − 1

ν
sin(νt)

]

cos2 φ.

In the case of νt = 2π, α1 = α2 = 0, which means

that the displacement is along a closed path and the

vibrational mode returns to its initial state. Then we

obtain the evolution of the internal states

|+1〉|+2〉 → e−iΩ sin(φ)teiΘ1 |+1〉|+2〉, (14a)

|+1〉|−2〉 → |+1〉|−2〉, (14b)

|−1〉|+2〉 → |−1〉|+2〉, (14c)

|−1〉|−2〉 → eiΩ sin(φ)teiΘ1 |−1〉|−2〉, (14d)

where we have eliminated the state of the vibrational

mode.

With the choice of Ω sin(φ)t = Θ1, the evolution

becomes

|+1〉|+2〉 → |+1〉|+2〉, (15a)

|+1〉|−2〉 → |+1〉|−2〉, (15b)

|−1〉|+2〉 → |−1〉|+2〉, (15c)

|−1〉|−2〉 → e2iΘ1 |−1〉|−2〉, (15d)

which stands for a controlled phase operation. If

and only if both ions are in the state |−1〉|−2〉, the

system obtains a phase 2Θ1. When 2Θ1 = π, we

obtain a π-phase gate.[15,16] This condition can be

satisfied with the choice of Ω = ν tan φ/(η2 cosφ)

and η = 2 tanφ. It is noted that the geometric

π-phase gate can be applied to implement quantum

computation such as Deutsch–Jozsa algorithm[17] and

Grover search algorithm,[18] or to generate the cluster

states.[19]

3. Discussion and conclusion

Now we give a brief discussion of the experi-

mental data. According to Ref.[20], the S1/2 ground

state and the metastable D5/2 state of the 40Ca+

ions can represent the qubits. Since the lifetime

of the metastable state is very long, we can ne-

glect the ionic spontaneous emission. Let η = 0.01,

n = 1, φ = 0.1π, Ω = ν tan φ/(η2 cosφ). Then the

Lamb–Dicke limit η
√

n + 1 ≪ 1 and the condition

η = 2 tanφ can be satisfied. In addition, the de-

coherence rate for a one-phonon state of a trapped

ion is about γ0 = 10−3ν/(2π),[21] and the corre-

sponding decoherence time for a one-phonon state is

T0 = 1/γ0 = 2π × 103/ν, much longer than the in-

teraction time t = 2π/v. Thus, our scheme may be

feasible based on current technologies.

In conclusion, we have proposed an alternative

scheme for the implementation of unconventional geo-

metric gate with trapped ions. In the present protocol,

we use two-level ions as memory to remove the possi-

ble existence of spectator internal atomic levels, which

can act as potential ‘leaks’ from the two levels spanned

by the qubits.[22] The two ions are simultaneously il-
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luminated by a standing-wave laser pulse. Because

the laser beam is tuned to ionic transition frequency,

the gate speed is much faster and the system is ro-

bust against decoherence. Moreover, we can realize

the geometric phase gate without implementing any

pure geometric single qubit operation. Although the

intensity of the laser in our scheme must be large, it

can be obtained using current technologies. There-

fore, our scheme of implementing the unconventional

geometric phase gates may be applicable in practice.
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