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Long-term prediction of chaotic time series is very difficult, for the chaos restricts predictability. In this paper

a new method is studied to model and predict chaotic time series based on minimax probability machine regression

(MPMR). Since the positive global Lyapunov exponents lead the errors to increase exponentially in modelling the

chaotic time series, a weighted term is introduced to compensate a cost function. Using mean square error (MSE) and

absolute error (AE) as a criterion, simulation results show that the proposed method is more effective and accurate for

multistep prediction. It can identify the system characteristics quite well and provide a new way to make long-term

predictions of the chaotic time series.
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1. Introduction

Prediction for chaotic time series is just to ap-
proximate the unknown nonlinear functional mapping
of a chaotic signal. The potential in short-term pre-
diction in chaos based models have been widely ap-
preciated and the prediction accuracy of such mod-
els has been improved by various techniques. For
instance, some traditional methods associated with
time series prediction have been proposed such as lin-
ear regression and auto regressive integrated moving
average (ARIMA) models.[':?] Nevertheless, in recent
years various innovative approaches, such as time-

[3.4] (I and global dynam-

delay embedding, wavelets,
ical models, ! have been proposed to solve the predic-
tion problems associated with nonlinear time series.
Furthermore, the more recent studies, on the other
hand, place much emphasis on machine learning meth-
ods such as general neural networks, "8 radial basis
function network,!® % Gaussian process!''! and sup-

port vector machines (SVM).[12~14]

In practice, the training set in conventional
approaches, behaving in a nonlinear autoregressive
model with exogenous input (NARX) or autonomous
case, is involved with the theory of reconstructed em-
So the embedding

parameters must be determined in advance. However,

bedding phase space in a sense.

the reasonable explanation to the choice of embedding
parameters is not given in some classical methods. In
addition, the sensitivity to initial condition of chaotic
system introduced by the largest Lyapunov exponent,
namely ‘butterfly effect’, must be taken into account
to solve the prediction problem, for this effect can in-
duce some additional prediction errors.

In this paper, we pay attention to a novel ap-
proach to solving the prediction problem by using
the minimax probability machine regression (MPMR)
method, which has been successfully applied to the
classification and regression problem.'516] Compared
with traditional general approaches such as Gaussian
process, the MPMR, does not need to make any as-
sumptions of the data distribution which are often in-
valid and lacking in generality. Especially, the most
attractive property of MPMR is that it can explicitly
provide a low bound to the probability with which the
regression model is within an assigned error of the true
regression function when the mean and covariance ma-
trix of the data is known.[*®! In addition, we expect the
errors resulting from the later iteration to have a less
influence by introducing a compensatory component
since the largest Lyapunov exponent might introduce
the exponential distortion into a chaotic time series.

The remainder of this paper is organized as fol-
lows. In Section 2 the theory of reconstruction of
phase space is described. In Section 3 the problem
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of chaotic time series prediction is considered by us-
ing the MPMR. In Section 4, the prediction simulated
by using MPMR is described. Finally, the summary
and conclusion are given in Section 5.

2. Reconstruction of phase space
2.1. Time series and dynamical system

In common cases, a discrete scalar time series
{z;,i=1,2,---,N} is observed in a chaotic dynam-
ical system. According to the Takens’ embedding the-
orem, the phase space can be reconstructed with the
appropriate embedding dimension m and the time de-
lay 7, and the point (reconstructed vector) in the re-
constructed phase space can be written as

xr; = [xi—(m_l)T, Ii—(m—2)7—, e wri} . (1)

For simplicity, we assume 7 = 1 in the following
discussion. According to Takens’ embedding theorem,
amap F: R™! — R™! exists that transforms the
current reconstructed state point x; to the next state
point x;41, i.e.

Lit+1 = F (iltz) (2)

Furthermore, the Takens’s embedding theorem
ensures that such a smooth map f : R™ — R ex-
ists that

Tiy1 = f(x;). (3)

In Egs.(2) and (3), the function F'(-) represents
the state change of dynamical system; x; ;1 is the ob-
served value at time i+1; f (-) denotes the observation
function.

2.2. Choice of embedding parameters for
prediction

Reconstruction of a phase space by using the time
delay coordinate method needs to estimate the phase
space parameters including embedding dimension m
and time delay 7. Varieties of heuristic techniques of
estimating the embedding parameters have been pro-
posed. In this paper, we pay attention to the most
representative ones. For the estimation of the embed-
ding dimension, the most commonly used technique is
the false nearest neighbour method.'” For the esti-

mation of delay time, average mutual information!'®!

at a varying sample rate is computed and the first
minimum is taken as the appropriate sample rate.

In practical application, we have found that the
embedding parameters estimated by the above meth-
ods are not the optimal values with respect to the pre-
diction performance. Thus, we choose the optimal em-
bedding parameters by utilizing the cross-validation
technique in a neighbouring region of the value esti-
mated by the methods in Refs.[8,15].

3. Proposed algorithm for multi-

step prediction
3.1. Regression model

Equation (3) is actually the estimated nonlinear
autoregressive model of the input time series. The ob-
jective of modelling the time series is to find a true
functional form f* based on the training set pairs
[€i, 9], = 1,2,--+, N, where y; = x;+1 is the out-
put of the model, and «; is the input of the model. So
the relationship between x; and y; is shown as follows:

yi = f* (%) + pi, (4)

where p; represents the noise or fitting error with an
expected value of F [p] = p = 0 and some finite vari-
ance Var[p] = o3.

In this case, given a hypothesis space H of func-
tions from R™ to R, the strategy of MPMR is to find
a model f € H that maximizes the minimum proba-
bility with an accuracy of +e. The fitting error from

the point of view of probability is defined as follows:

Qp= f  Pr{|f(z) -yl <e}, (5

(z,y)~(2,7,%)
where X' = cov (2, 4i) = coV(Ti—(m-1)s Ti(m-2)s"" ">
Tiy Tj41 )

Y e RmTDx(m+1) g the covariance matrix of
the random vector x; and the random variable y; =
f* (x;) + p;. Consequently, the model f that we are
looking for must satisfy

Q; > 0y forall f € H.

In the linear model case, H contains all the func-
tions that are linear combinations of the input vectors:

f@) =Y Bwi+ 6o =p"z+ b, (6)

i=1

where g € R™, and [ € R.
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For a chaotic system, the effect of Lyapunov ex-
ponent on the fitting error should be taken into ac-
count. The Lyapunov exponent measures the rate at
which nearby orbits converge or diverge. If it is pos-
itive, then the distance between nearby orbits grows
exponentially in time, and the system exhibits sensi-
tive dependence on initial conditions. In Fig.1(a), 6y
is the initial distance between two nearby points; as
the dynamical system evolves, it will turn into 6;. The
relationship between 6; and 6, is shown as follows:

6 = Goe et ”)

where Apax is the largest Lyapunov exponent and
the At sampling interval. We introduce a compen-

[
=0T

satory component for weighting the fitting error re-
sulting from the largest Lyapunov exponent. There-
fore, Eq.(5) can be changed into the following form:

Qf = inf

(@)~ (,5)

Pri[f(z) —yl <ep}, (8)

where p is the compensatory variable and p (i) =
(Amasdt) T L 4 1 m 4+ 2,--+, N, With
this weighting variable, the errors for later iteration
are given to be less credible due to the divergence of
trajectories, and a small error is magnified propor-
tionally to the largest Lyapunov exponent. Assum-
ing f(x) =z, Fig.1(b) shows the prediction accurate
within +e€ % p.

150
100}
50f
0
—50f estimation
°°°°° + estimation 4+ *p
—100f ¢ . . N
s o estimation - €™p
s (b)
—150E - - - -
0 20 40 60 80 100

x

Fig.1. Effect of largest Lyapunov exponent. (a) is for the evolution of dynamical system, and (b) for the prediction

accurate within +e * p.

In the nonlinear model case, the general basis
function is as follows:

f(z)= Zﬁi% (x) + Bo- 9)

Similar to the SVM, the kernelized version of the
MPMR can also be constructed by mapping the in-
put vectors into a high-dimensional feature space R",
where the linear regression in R" corresponds to a
nonlinear regression in the original input space. Ac-
cording to the mapping function ¢; (x) = K (x;, x),
where K : R™ x R™ — R is the kernel representation,
Eq.(9) can be rewritten as

m

f(x) = ZﬁiKi (5, @) + fo.

=1

(10)

3.2. Prediction with MPMR

According to the above mentioned regression
model, the MPMR can be realized by utilizing the

minimax probability machine classification (MPMC).
Before the modified MPMR is proposed, we give an
overview on the MPMC. Let {ui}fiul and {vi}ivz”l rep-
resent the training samples for the class u € R™ and
class v € R™ respectively. We assume that the point
u; is generated from a bounded distribution that has
a mean u and a covariance matrix Y, which is writ-
ten as u ~ (@, X, ). Similarly, v ~ (v, %,) is defined.
For the nonlinear case, input data are mapped into a
high-dimensional space by using the mapping function
¢: R™— R" as follows: u — ¢ (u) ~ (¢ (u), Tyw))
and v — ¢ (v) ~ (¢(v), Z,)). Consequently, the
decision hyperplane in R" is then given by aT¢ (2) =
b with a,¢ (2) € R" and b € R. The following opti-
mization problem needs solving in R":

min \/a® X, a
+y/aTS,ma st a’ (¢ (u) — @ (v)) =1.(11)

According to the kernel trick method, we can
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avoid using ¢ explicitly. Thus the kernel version of de-
cision hyperplane for binary classifier can be derived
as the following form:

Nu+Noy

¢ = sign l Z 7K (zi,2) +b|, (12)
i1

where K (z;,2) = p(z;)¢(z) and v; and b are ob-
tained by solving the following optimization problem:

ngn{H\ﬁ;%y } it T (I — o)
(13)

with K and k being the parameters for the Gram ma-

+
2

K,
gl
V|,

trix and kernel function respectively.

For the sake of using the above mentioned MPMC
method to formulate our modified MPMR, two classes
of points u € R™ and v € R™ must be created
from the original learning data set. Namely, origi-
nal scalar chaotic time series data point [z (i), (7)]
fori =1,2,---,N in Eq.(3) turns into two (m + 1)-
dimensional vectors by shifting y value by +ep as ex-
pressed in the following form:

u; = (y’L +ep, Ti—(m—1)s Ti—(m—2)s""" wri)

7;:1,"'7N7
v; = (y’L —Ep, Ti—(m—1)s Ti—(m—2)s """ ;Ii)
7::1,-..7]\]

)

where p has the same meaning as that defined in
Eq.(8).

With these two classes of training points set, we
can obtain v and b by solving Eq.(13). Thus, with ref-
erence to Eq.(12), the classification boundary of the
binary MPM classifier is given by

2N
> 7K (zi,2) +b=0. (14)
=1

Here this classification boundary is interpreted as
a regression surface that is accurate within +ep (see
Fig.1(b)).

From Eq.(3), we can see that the resulting dy-
namic model f (-) is obtained for the single step pre-
diction. For the multistep prediction, the prediction
time series is generated by regarding the prediction
one, obtained by single step prediction, as a new in-
put to realize the iterative procedure. This procedure
can be formulated as follows:

Tip1 = f(24)

= f (ii‘i_(m—l)‘lw ji—(m—2)7—; e 5571) (15)

with
i, 0<i< m,

T, = _

f ('ri—(m—l)‘raxi—(m—2)7'7 o ',Iz‘) 1>m.
Equation (15) states that ;41 is the (i — m)th it-
eration of the predictive part of the map (for ¢ > m),

i.e.

Firr=f(F G f@m) = (f (@a)"™.  (16)

4. Simulation and discussion

In this section, we present the application of our
algorithm to a dynamical system (Section 4.1) and a
set of experimental data (Section 4.2). The test sys-
tems that we choose are the Rossler systems with and
without the noise. We then describe the application of
this method to experimental recordings of the chaotic
laser data utilized in the 1992 Santa Fe time series
competition. ]

The prediction is different from that from the dy-
namic modelling of chaotic time series since the for-
mer addresses only the instantaneous prediction er-
ror, while the latter is interested in the long-term be-
haviour. In order to quantitatively investigate the per-
formance of the algorithm, absolute error (AE) and
mean square error (MSE) are computed from the fol-
lowing formulas.

Eabscrr (k) - 571 — Tg, (17)
1 M N

Ewse = 7% SO &k — wiks %, (18)
i=1 k=1

where z; and x; are the evaluated point and true point,
respectively; M is the number of independent exper-
iments; N is the number of available samples in each
experiment.

4.1. Dynamical equations

The Rossler equations are described as follows:

T=-y—z,
j=a+ay,
Z=b+z(x—c). (19)

A Rossler attractor is generated by taking a =
045, b = 2.0, and ¢ = 4.0.
has been generated for initial condition [0.1;—0.1;
0.02] by using a chaos function of TSTOOL tool-
box (this toolbox can be free to download from

A trajectory
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After
the transients have died down to a time series of 2000

www.physik3.gwdg.de/tstool /indexed.html).

points, the time series is divided into two subsets re-
ferred to as the training subset and the test subset.
We use the points 1-700 for training, while the points
701-2000 for testing. For estimating the performance
of modified MPMR, we compare the simulation results
from the classical local weighted method (LWP) and
least squares support vector machines (LS-SVM).

The choosing of embedding parameters is a key
problem for prediction. As mentioned in Section 2,
the most commonly used techniques are the false near-
est neighbour method and average mutual informa-
tion method. However, we find that the values es-
timated by using these methods are not optimal to
our prediction problem. In order to acquire the bet-
ter performance, we utilize the cross-validation tech-
nique by changing the combination (m,7) within a
range of [10,30] x [1,10] for z-component data of the
system. With respect to our MPMR method, the re-
lationship between MSE and (m, ) can be obtained,
and it is shown in Fig.2. Therefore, the optimal value
(20,1) for (m,7) is chosen in the sense of minimal
MSE. Similarly, (60, 1) is chosen for the y-component
and z-component data.

We first investigate the performance under the

noise-free condition. Owing to the sightlessness of

high-dimensional space, we can only draw the 3D
phase space portrait for the Rossler system to estimate
the performance intuitively. In Fig.3, the original at-
tractor (Fig.3(a)) is compared with the reconstructed
one by using the MPMR method. The similarity be-
tween Fig.3(a) and Fig.3(b) suggests that the two time
series represent two trajectories lying on the same
attractor. With the development of prediction lead
time, there appears the difference between Fig.3(a)
and Fig.3(b), and the prediction accuracy is reduced,
which implies that the chaotic system is sensitive to
the initial condition, namely, butterfly effect.

Time delay

Fig.2. MSE versus embedding dimension and time delay.

Fig.3. Reconstructed phase space portrait of Rossler time series: (a) the origin time series and (b) prediction

time series of MPMR.

For the z-component data of Rossler system, the
prediction performances of our MPMR, LS-SVM and
LWP methods are shown in Figs.4(a)—4(c) under the
noise-free condition, respectively.

We can see that about 400 anterior steps can be
predicted accurately for MPMR and LWP methods.
Specially, LS-SVM method can predict 400 steps per-

fectly. With the prediction time growing, the predic-
tion error increases accordingly. When prediction time
is greater than 400 steps, the prediction errors from
the LS-SVM and LWP methods increase remarkably.
At the same time, better and more acceptable results
for predicting about 1000 steps can be reached by us-
ing the MPMR method as shown in Fig.4(a). The
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error mainly comes from two sources. One is the es-
sential character of the chaotic system, that is, the
chaotic time series that can be predicted only in a
short range due to the ‘Butterfly Effect’. The other,

obviously, is the algorithm in which the system can be
learnt accurately only within a certain principle, and
the prediction errors will be cumulated with predic-
tion step increasing.
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Fig.4. Comparison among the predicted errors of z-component data of Rossler system in noise-free condition, from the
MPMR (a), LS-SVM (b), and LWP methods (c), where the circle and continuous line denote the true and training points

respectively.

The Fyse can be used to describe how well the
model accounts for the variation in the observed data.
Under the different initial conditions for a Rossler sys-
tem, we have carried out eight independent experi-
ments. Figure 5 shows the Eysp versus the predic-
tion time. For 600 steps ahead prediction, the MSE
from MPMR method is larger than those from the LS-
SVM and LWP methods. Therefore, for a short time
prediction (600 steps), the performances of LS-SVM
and LWP methods are better. Their improvement is
not remarkable, which can be seen in Fig.4(a). In ad-
dition, the performance of MPMR method can still
be accepted. For the larger prediction lead time case
(larger than 600 steps), obviously, the prediction ac-
curacy of the MPMR method is better than those of
LS-SVM and LWP methods.

8
6 B
ol
=
ot B S .—&— local weight ..
—6— LS-SVM

0 G L . L H .
0 20 400 600 800 1000 1200 1400

Time

Fig.5. MSE versus lead time from the MPMR, LS-SVM,
and LWP methods.
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In order to evaluate the prediction performance of
our method in the noise case, simulation is carried out
by adding a white noise with a Gaussian distribution
to a clean time series (SNR = 20dB). Figures 6(a)—-
6(c) show the simulation results from the MPMR, LS-
SVM and LWP methods, respectively. From these
results, we can find that the predicted performances
of these methods degrade due to the presence of the
noise. Only about 100 steps can be predicted for the
MPMR and LS-SVM methods. Compared with the
MPMR and LS-SVM methods, the LWP method can
still predict about 400 steps despite the higher error
existing in the early 100 steps (though the instanta-
neous prediction error increases, the shape and trend
of time series can be accepted). This phenomenon
is due to the filtering process present in the LWP

method, namely, a weighted average operation. In
the MPMR method, it is assumed that the mean
and covariance matrix of the distribution that gen-
erates the regression data is estimated accurately in
advance. However, the estimated error of the mean
and covariance matrix increases due to the introduc-
ing of the noise that leads the prediction performance
to degrade. So we believe that the performance of the
MPMR method can be improved by utilizing the fil-
ter technique and effective method of estimating the
mean and covariance matrix. We must point out that
we do not develop the MPMR method in the context
of noise in this paper. In fact, the similar research
has been done by Strohmann and Grudic?’! who pro-
posed a robust MPMR method to estimate the mean

and covariance matrix effectively.
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Fig.6. Comparison among the predicted errors of z-component data of Rdssler system in the context of noise (SNR =
20dB) from MPMR (a), LS-SVM (b), and LWP method (c), where the circle and continuous line denote the true and

training points respectively.
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4.2. Experimental Data

Experimental data, such as of the chaotic laser
data and electrocardiographic (ECG) data that are
natural phenomena are more complicated than those
of the above dynamical system. Here experimental
recordings of the chaotic laser data are utilized in the
1992 Santa Fe time series competition. We have cho-
sen the 1100 data points, of which 750 points are used

Absolute error

as a training set and the rest as the testing data. The
optimal value (18,1) for (m,7) is chosen by using a
similar method to that described in Section 4.1.

Figures 7(a)-7(c) show the results from the
MPMR, LS-SVM and LWP methods, respectively.
Compared with LS-SVM and LWP methods, the
MPMR method manifests an outstanding prediction
ability to predict about 240 steps accurately.
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Fig.7. Comparison among the predicted errors of Santa Fe time series in noise free condition, from MPMR (a), LS-SVM
(b), and LWP methods (c), where the circle and continuous line denote the true and training points respectively.

5. Conclusion

In this paper we have described a new method to
model and predict chaotic time series, based on the
MPMR method. And we have investigated the per-
formance of the MPMR method as a global model
in chaotic time series predictions compared with the
widely used local weighted prediction (LWP) and least
squares support vector machines (LS-SVM). To gain
a more general and robust conclusions, the analysis
is conducted on a chaotic Rossler series and Santa
Fe time series competition. The prediction is made
by examining trajectories in the reconstructed phase

space. The simulation result shows that the MPMR,
method can learn the chaotic system effectively. Us-
ing the absolute error and mean square error as a
criterion, the MPMR method exhibits a better pre-
diction performance than LWP and LS-SVM predic-
tion methods under the noise-free condition. For the
short-range prediction case (less than 400 steps), the
MPMR, LWP and LS-SVM methods can give a re-
markably high prediction accuracy. However, the im-
proving of the performance of MPMR method is sig-
nificant in a long prediction range. Although the pre-
diction accuracies of all the methods, reduce with pre-
diction time developing, the prediction performance of
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MPMR method is still better than those of the LWP
and LS-SVM methods. For the Santa Fe time series
prediction, a similar conclusion can be obtained. In
the context of noise, the performances of MPMR and
LS-SVM methods degrade dramatically for lack of fil-
ter operation. It should be noted that this study is
primarily conducted under the noise-free condition.
However, these problems could be solved if we use the
filter technique and robust method to estimate the
mean and covariance matrix. We can conclude that
the MPMR method can yield the prediction as good

as, if no better than, the widely used LWP and LS-
SVM methods in the phase space prediction of chaotic
time series.
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