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In this paper, a general method of synchronizing noise-perturbed chaotic systems with unknown parameters is

proposed. Based on the LaSalle-type invariance principle for stochastic differential equations and by employing a

combination of feedback control and adaptive control, some sufficient conditions of chaos synchronization between these

noise-perturbed systems with unknown parameters are established. The model used in the research is the chaotic

system, but the method is also applicable to the hyperchaotic systems. Unified system and noise-perturbed Rossler

system, hyperchaotic Chen system and noise-perturbed hyperchaotic Rossler system are taken for illustrative examples

to demonstrate this technique.
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1. Introduction

Since the idea of synchronizing two identical
chaotic systems under different initial conditions was
first introduced by Pecora and Carrol™ in 1990, chaos
synchronization, as an important topic in nonlin-
ear science, has been widely investigated in many
fields.2=% Hence, a lot of approaches to the syn-
chronization of chaotic systems with linear or nonlin-
ear feedback control, adaptive-feedback control, and
active control (see Refs.[5-9] and references therein)
have been proposed.

In many practical fields such as biological sys-
tem and cognitive processes, and many other cases,
every component cannot be assumed to be identi-
cal, and some system’s parameters cannot be exactly
known beforehand. In view of these reasons, most of

[10-13] have studied the synchronization of

researchers
different systems with unknown parameters.

It is worth noticing that noise, which is com-
monly regarded as a random and persistent distur-
bance reducing the clarity of a signal, is omnipresent
in nature and in man-made systems. Synchronization
of chaotic systems is unavoidably subjected to noise.
Derived in Ref.[14] is a recursion formula of transi-
tion probability of the noise-induced synchronization

arising in a pair of identical uncouple logistic maps

linked by common noisy excitation only. In Ref.[15],
authors studied the relation between noise-induced
synchronization and the usual chaotic synchroniza-
tion, and demonstrated that noise-induced synchro-
nization was closely related to generalized synchro-
In Ref.[16], it is found that authors ap-
plied the simple adaptive-feedback control scheme to

nization.

synchronizing chaotic non-autonomous systems, and
numerical simulations showed the proposed method
was robust against the effect of external noise. Based
on the LaSalle-type invariance principle for stochastic
differential equations, the authors discussed the com-
plete synchronization problem between unidirection-
ally coupled Chua’s circuits within stochastic pertur-
bation in Ref.[17].

Motivated by the above findings, in this paper we
are mainly to further ascertain whether it is possible
to synchronize two different noise-perturbed chaotic
systems with unknown parameters. We give a general
method to study this problem. Based on the so-called
LaSalle-type invariance principle for stochastic differ-
ential equations, it is proved that the suggested ap-
proach can realize the chaos synchronization of noise-
The model used in the
present research is the chaotic system, but the method

perturbed chaotic systems.

is also applicable to the hyperchaotic systems. Simula-
tion results validate the effectiveness and universality
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of the proposed synchronization method.

2. Problem description

The drive chaotic system considered in this paper
is described as

z = f(x)+ F(x)p, (1)

where & € R"™ is the state vector, f(xz) € R",
F(x) € R™*™, and p € R™ is the unknown parame-
ter vector. And let {2 C R" be a chaotic bounded set
of Eq.(1) which is globally attractive.

The response system with stochastic perturbation
is given as follows:

Y=gy +Gy)g+oty—z)w+u, (2)

where y € R"™ is the state vector, g(y) € R",
G(y) € R™! and ¢ € R! is the unknown param-
eter vector. w € R"™ is the control input. Suppose
that y is defined on a set S, and S O (2. Accord-
ingly, w(t) = (@i(t),wa(t), -,y (1)
dimensional Brownian motion, w(t) = (11, - -

is an mgq-
T
)
is the m-dimensional white noise vector, in which ev-
ery two elements are statistically independent, i.e.

Elni(t)] = 0,
Eni(t)n;(t")] = dij0(t —t'),
i,jzl, c,Mma, (3)

S Om,) ¢ R — R™™ is

a function of noise coupling strength.

a’nda U(tvy - .’B) = (0'1;0'25 o

Assumption 1 For any y = (y1,y2, ", ¥n) "
and z = (21,22, -,2,)" € 9, there exists a positive

constant K such that

We call the above condition the uniform Lipschitz
condition, and K is referred to as the uniform Lips-
chitz constant. Note that condition (4) holds as long
as 0g;/0y;(i,j =1,2,---,n) are bounded.

Assumption 2 For any = = (71,72, -, 2,)T
and y = (y1,92, -, yn)" € 2 C R", 05ty —z)(i =
1,2,---,n) satisfies the Lipschitz condition. Moreover,

there exists a non-negative constant k; such that

o (ty —a)oi(t,y — ) < ki(y —z)" (y — z),
i=1,2,-,n (5)

and 0;(¢,0,0) = 0.

The implementation of chaos synchronization is
converted into how to design the control input u,
which is able to synchronize the states of both the
drive and the response systems with stochastic per-
turbations. Let e = y —«, then the dynamic equation
of synchronization error can be expressed as

e =gy - f(x)+Gy)q - F(z)p
+o(t,e)w + u. (6)

Hence, the objective of synchronization is to make
tlggo lle(t; to, e0)|| = 0, in light of the theory of stochas-
tic differential equations, for any initial condition ey €
R"™, where e(t;to, €p) denotes a unique global solution
(t > to) of error dynamics (6). Clearly, e(¢;0) = 0 is
a trivial solution of the error dynamics (6).

Inspired by the work in Ref.[18], we choose a con-
trol input as

u=f(z) —g(z)+ee+ F(x)p-Gy)g (7)

with the feedback strength e = diag(e;) € R"*™ up-
dated by the following law

éi:_ﬁiezza i:1727"'7n (8)

and the parameters p and g updated according to the
following noise-perturbed update laws

p=—(F(z)e+s(te)p, (9)
q = (G(y))Te'i_{(tve)'bv (10)
where 3;(i = 1,2,---,n) are arbitrary positive con-

stant, pu(t) and ©(t) are mo-dimensional and ms-
dimensional white noise vectors, respectively, in which
every two elements are statistically independent.
s(t,e) = (¢1,52, " +,6n) : R — R™ ™2 and £(t,e) =
(&1,&2,-+,&,) : R™ — R™™s are functions of noise
coupling strength, and there exist non-negative con-
stants ko and k3 such that ¢(¢,e) and £(¢, e) satisfy
assumption 2.

Then the combination of the control input and
noise-perturbed update laws can make a contribu-
tion to achieving the required synchronization by the
Lasalle invariance principle for stochastic differential

(19]

equations,'™” which will be described in the following

theorem.

Theorem 1 Under control input (7), noise-
perturbed update laws (9) and (10), the trivial so-
lution of the error system (6) is asymptotically stable,
i.e. noise-perturbed response system (2) and drive sys-
tem (1) can be completely synchronized.
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Proof Construct a non-negative function in the
form of

where p = p—p, § = q—q, and L is a constant bigger
than n(K +k1+ke+ks), i.e. L > n(K+ki+ko+ks).
By the Ito-differential rule, the stochastic derivative
function along the trajectories of Eq.(6) can be ob-
tained as follows:

Vie,p,G,e) = V(e p,G,e)+ Ve, p,G,€) + Vele, b, 4, €)& + Vi(e, B, G, €) s+ Vyle, p, G, e)0.  (12)

The generator for £V the evolution of V is given by
tV(e,p,g.e) = Te+p p+de+Z

+Y 5 (te(t)
=1

<zte

é(si + L)e; + Z o (t,e(t))oi(t, e(t))

+Z§Tte

i=1

)&i(t, e(t))

= (9(y) — g(x) + F(z)p — G(y)4 +ce)'e —p" (F(z))" e + ¢ (G(x)) e+ Z %(Ei + L)

Uzte

+ i ol (t,e(t)
i=1

+Z§z tye(t

n

)it e(t) + &8 (t,

i=1

e(t))&i(t, e(t))

= (g(y) —g(x))Te — Le"e + Z ol (t, e(t))oi(t, e(t))

=1

§Zt6

+_Zn:<§r(t,e(

M:

=1

n

+Z§ZT (t,e(t

By assumptions 1 and 2, we can obtain

)&i(t, e(t)).

€V<Z||e|| les| — Le e+2k1+2k2+2k3

Hence, following from the LaSalle-type invariance
principle for the stochastic differential equations pro-
posed in Ref.[19], it can be concluded that the trivial
solution of error system (6) is asymptotically stable,
i.e. noise-perturbed response system (2) can synchro-
nize with the drive system (1) asymptotically. QED.

Remark 1 Systems (1) and (2) describe a lot
of classic chaotic systems, such as Lorenz system,2"!
Chen system,[?!] Réssler system, unified system!??!

and so on.

Remark 2 The method proposed in this pa-

+Z€Z (t et

(gz(y)—gi(x))ei—LeTe—l-ZaiT(t,e )i (t, elt —I—Zgl (t,e(t))si(t, e(t))

)&, e(t))

n(K + ki + ko +k3) — L)eTe <0. (14)

per is the chaotic system, but it is also applicable
to the hyperchaotic systems and multi-scroll chaotic

systems. (23]

3. Illustrative examples

In this section, two examples and corresponding
numerical simulations are given to illustrate the va-
lidity of the proposed method. In example 1, we con-
sider the synchronization between a drive system with
unknown parameters and a noise-perturbed response
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with known parameters. In example 2, the synchro-
nization between a drive system and a noise-perturbed
response system all with unknown parameters is con-
sidered. In the two examples, example 1 is discussed
in detail, while example 2 briefly.

Example 1 To observe the synchronization be-

tween a unified system and a noise-perturbed Rossler
system, take the unified system[??! as the drive system

i1 = (25p+ 10)(zg — 71),
iy = (28 — 35p)x1 — x123 + (29p — 1)2,
I3 = T1To — (8 +ﬁ)x3/37 (15)

where unknown parameter p € [0,1]. Obviously, sys-
tem (15) becomes the generalized Lorenz system!?’)
for p € [0,0.8), while system (15) becomes the original
Chen system!?!] for p € (0.8,1]. When p = 0.8, system
(15) becomes the Lii system.? In particular, system
(15) contains the Lorenz and Chen systems as two ex-
tremes and the Lii system bridges the gap between the
Lorenz and Chen systems. Moreover, system (15) is
always chaotic in the whole interval p € [0,1].

And take the noise-perturbed Rossler system as
the response system

1 = —y2—y1 +oi(te(t)) +ui,
Y2 = y1 + Gry2 + o2(t, e(t)) + ug,
U3 = y1y3 — Goy2 + 43 + o3(t, e(t)) +uz.  (16)

Convert systems (15) and (16) into the forms of
Egs.(1) and (2) as follows:

& = f(x) + F(x)p, (17)

)T is the state vector, p
(10(z2 — 1),

2871 — mix3 — T2, T1T2 — 823/3)T, and F(x) =
25(%2 — LL‘l)

—35x1 + 29x9

—Ig/?)

where € = (1, x2, 23

is the unknown parameter, f(x) =

, and

y=9y)+Gy)d+olt,y—x)w+u, (18)

where y = (y1,92,y3)" is the state vector, § = 0,

—Y2 — U 00 O
g(y) = Y1 ) G(y) = Y2 0 0 ’ and
Y193 01 —ys

u = (u1,uz,u3)T is the control input. The elements

of noise coupling strength function for noise-coupled
system (18) can be written as

oi(t,e(t)) = (a1e1(t),0,0),
oa(t,e(t)) = (0,azex(t),0),
os(t,e(t)) = (0,0, azes(t)). (19)

According to Theorem 1, the control input is
taken as

u = f(z) —g(z) + F(z)p +ce

10(xe — x1) —T2 — I
= | 2801 —x123 — 22 | — T
x1T9 — 8x3/3 T1T3
(v2 —x1)p €1€1
+ x1p + | e2en |, (20)
—ZI3p €3€3

and noise-perturbed parameters update law is taken
as

p=—(F(z)) e+t e, (21)

where ¢(t,e(t))= (be1,0,0), and f[(t) is a three-
dimensional white noise vector, in which every two
elements are statistically independent. ¢(¢,e(t)) sat-
isfies assumption 2.

In order to check the appropriateness of the above
theoretical analysis, we carry out numerical simula-
tions using the well-known Euler-Maruyama numer-
ical scheme with a time step-size of 0.002. Accord-
ing to Theorem 1, we take the updated feedback
strength as é; = —f3;e? with 3; = 1.2, i = 1,2,3.
In this paper, we select unknown parameters p = 0.8.
Without loss of the generality, we assign the initial
conditions to p(0) = —0.2, z(0) = (0.0,0.0,30.0),
y(0) = (1.5, -4.4,1.5)T, £,(0) = 1.0, £2(0) = 4.0 and
£3(0) = 3.0. The parameters in the two systems (19)
and (21) are taken as a; = 0.2, ag = 0.4, ag = —0.3
and b =0.2.

The numerical results are displayed in Figs.1—
3, and they indicate that all the state variables of
synchronization error between systems (17) and (18)
Figure 2 shows that the
unknown parameter evolution of drive system (17)

quickly approach to zero.

rapidly converges to a constant. At the same time,
the updated feedback strengths go to some constants,
separately, which is depicted in Fig.3.
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Fig.1. Time evolution of synchronization errors.
0 Example 2 Consider a hyperchaotic Chen sys-
] tem as the drive system, which is described as
—9o} i
: @ = f(x) + F(z)p, (22)
—4 ]
N | where * = (11, 2, x3, x4)T is the state vec-
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Fig.2. Time evolution of unknown parameter of drive sys-

tem (17).
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Fig.3. Time evolution of updated feedback strength.

0 —x3 0 0 O

0 0 0 0 a4
perturbed hyperchaotic Rossler system is taken as the
response system as follows:

y=9(y)+Gy)gd+olt,y—x)w+u, (23)

where y = (y1, w2, 3, ya)T is the state vec-
tOI’, (j = (leu (j27 (j?n (j4)T is the unknown pa-
rameter, w = (u1, u2, ugz, u4)® is the control in-
pU-ta g(y) = (_y2 — Y3, y1+y47 Yy1ys, 0)T7 and
00 0 O
0 0 O
Gy) = b2 For convenience, the el-
01 0 O
00 —y3 ya

ements of noise coupling strength function for noise-
coupled system (23) can be written as
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oi(t,e(t)) = diag(a;e;(t)) (i =1,2,3,4). (24)

According to Theorem 1, the control input u and
the noise-perturbed parameter update laws can be
easily set up, separately. For simplicity, we take noise
coupling strength functions of Egs.(9) and (10) as

s(t,e(t)) = (0,diag(cie;(t))T (i=1,2,3,4),(25)
£(tve(t)) = diag(biei(t)) (7' = 1727374)7 (26)

where 0 = (0,0,0,0)T is the zero vector. g and v
are five-dimensional and four-dimensional Brownian
motions, respectively. <(t,e(t)) and &(t, e(t)) satisfy
assumption 2.

In order to check the appropriateness of the above

theoretical analysis, we carry out numerical simula-

6
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tions using the well-known Euler—-Maruyama numeri-
cal scheme with a time step-size of 0.002. According
to Theorem 1, we take the updated feedback strength
as & = —fie?, with 8; = 2.1, i = 1,2,3,4. At the
same time, we choose the unknown parameter vectors
as p = (35,3,12,7,0.5)T and ¢ = (0.25,3,0.5,0.05)T.
Without loss of the generality, we assign the ini-
tial conditions to p(0) = (27,4.13,7.3,0.4)T, q(0) =
(0.7,3.5,1.0,0.2)T, =(0) (-0.2, 1.5, 2.1, 0.5)7T,
y(0) = (4.3,0.2,5.0,4.0)T, £1(0) = 3.0, £2(0) = 1.3,
e3(0) = 0.4, and £4(0) = 2.7. The parameters in
the three systems (24), (25) and (26) are taken as
a1 = 0.2, a3 = 04, a3 = —0.3, agy = 1.3, by = 0.1,
bo = 0.2, b3 = —04, by = 2.1, ¢; = 1.2, ¢ = 0.2,
c3=2.1,and ¢4 = 0.8.

3

20 30

30

20t

10

€4
=)

710 L

—20

—30

20 30 40

Fig.4. Time evolution of synchronization errors.

— D1
—- P2
--p3
..... p4
& - ps.
3 L
=%
P T
=%
& L. ’
& i ST
S o S h
: i
3
t
10 , , ,
0 10 20 30 40
t
(a)

— q1
301 -- q2
— @
g4

q1,92,93,94

10 20 30 40

(b)

Fig.5. Time evolutions of unknown parameters of drive system (22) (a) and noise-perturbed response system

(23) (b).



No. 11 Synchronization between two different noise-perturbed chaotic systems with - - - 3255
20 to some constants. At the same time, the updated
g 0f . feedback strengths go to some constants, separately,
—20 T T T T T T T which is depicted in Fig.6.
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—100; ‘ o 0 30 70 tions, and by employing the combination of feedback

Fig.6. Time evolution of updated feedback strength.

The numerical results are displayed in Figs.4—
6, and they indicates that all the state variables of
synchronization error between systems (22) and (23)
quickly approach to zero. Figure 5 shows that the un-
known parameter evolutions of drive system (22) and
noise-perturbed response system (23) rapidly converge

control and adaptive control, some sufficient condi-
tions of chaos synchronization between these noise-
perturbed systems with unknown parameters are es-
tablished. The model used in the research is the
chaotic system, but the method is also applicable to
the hyperchaotic systems. Two illustrative examples
are given to demonstrate the validity of this technique,
and numerical simulations are also given to show the
effectiveness of the method.
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