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In this paper, a simple adaptive linear feedback control method is proposed for controlling the scaling factor

between two coupled unified chaotic systems to a desired value, based on the invariance principle of differential equations.

Under this control strategy, one can arbitrarily select the scaling factor. Numerical simulations are given to support

the effectiveness of the proposed method and show the robustness against noise. Furthermore, a secure communication

scheme based on the adaptive projective synchronization of unified chaotic systems is presented and numerical simulation

shows its feasibility.
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1. Introduction

As a key technique of secure communications,
chaos synchronization has attracted increasing in-
terest from scientists and engineers since the sem-
inal paper by Pecora and Carroll.l] Over the last
decades, a great variety of methods and tech-
niques have been proposed for chaos synchro-
nization such as backstepping design technique,?
adaptive control approach,3=° time-delay feedback
approach,©7 observer method,[®? passive control

(10,11} impulsive control™? etc. In addition,

approach,
different types of synchronization phenomena have
been observed and investigated in a variety of chaotic
or/and hyper-chaotic systems, such as identical (com-
plete) synchronization, phase synchronization,['3] lag
synchronization,'* generalized synchronization,?:16]
robust synchronization'” and so on (for more ref-
erences, one can see Refs.[18,19]). Amongst all
kinds of chaos synchronization, projective synchro-

nization(PS) is one of the most interesting problems.

In a partially linear chaotic system, PS may oc-
cur with the characteristic that the states of two cou-
pled systems synchronize up to a constant ratio called
scaling factor. In 1999, Mainieri and Rehacek!?? first
reported this phenomenon in both Lorenz and disc

dynamo systems, and explained the mechanism of the
formation of PS in three-dimensional systems, and fur-
ther attempted to predict the scaling factor by intro-
ducing a vector field. However, they only provided a
guideline of predicting the scaling factor rather than
a concrete theoretical solution. In fact, Xu’s study(?!
showed that it is difficult to anticipate the scaling fac-
tor because it is dependent on the initial condition
and the underlying chaotic dynamics. From the ap-
plication point of view, it is necessary to control the
system in order to select and direct the solution of
synchronization in a defined way. Motivated by this
idea, Xul?'=23] introduced three types of feedback con-
trollers to the drive system to lead the scaling factor to
a desired value. Since then, the problem of controlling
the scaling factor of PS becomes an interesting topic
in chaos synchronization. Liu et all?* also introduced
a feedback controller to the drive system for realizing
PS with a desired scaling factor. For other interesting
works regarding PS, one can refer to Refs.[25-30,46].
In most of the previous works the proposed schemes
are often very specific, the added controller may some-
times be too big to implement physically. Thus it is
desirable to look for a simple and physically available
controller for realizing the PS between two coupled
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chaotic systems.

In 1963, Lorenz[®! presented the first chaotic at-
tractor model (Lorenz system) in a three-dimensional
In 1999, Chen and Uetal3?
found another similar but not topologically equiva-
lent chaotic attractor(Chen system). In 2002, Lii and
Chen 33 found the critical chaotic attractor (Lii sys-

autonomous system.

tem) lying between Lorenz and Chen attractors. Re-

(3435 presented a new system (uni-

cently, Li et al
fied chaotic system) with a parameter which can be
changed to observe the above three attractors. Uni-
fied chaotic system plays a key role in the study of the
generalized Lorenz family.[34]

Very recently, Huang proposed a simple adaptive
feedback control method to effectively synchronize two
almost arbitrary identical chaotic systems in his series
paper.4:5:36]

implement in practice and quite robust against the

The quality of this method is simple to

effect of noise. This technique has been adopted by
some authors to realize the identical synchronization
of almost all kinds of coupled identical neural networks
with time-varying delay®” and the complete synchro-
nization in uncertain complex networks.[®®!
Motivated by the above discussion, we will study
the PS between unified chaotic systems by adopt-
ing the simple adaptive feedback idea proposed by

g.[45:30] To the best of our knowledge, this adap-

Huan
tive feedback control method is applied to the non-
identical synchronization for the first time in this pa-
per. On the other hand, less attention was paid to
the control problem of PS by using adaptive linear
feedback control technique.

The remaining part is organized as follows. In
Section 2, a brief description of the unified chaotic
system is introduced and the definition of PS is given.
In Section 3, we investigate the design of adaptive
feedback controller for the PS of two coupled unified
chaotic systems. In Section 4, a scheme of secure com-
munication based on the adaptive PS of unified chaotic
systems is presented. We conclude the paper in Sec-
tion 5.

2. The definition of PS and the
unified chaotic system

First, we give the following definition of partially
linear system and PS in coupled partially linear sys-
tems.

Definition 1 Partially linear systems are given by

u=M>2u, 2= f(u,z), (1)

,un)T € R™ is the state vector,

z is the one-dimensional variable; M (z) is a linear ma-

where u = (u1,ug, - -

trix function of z and f : R*x R' — R!is a nonlinear
function.
Definition 2 For two coupled partially linear sys-

tems, we have
g = M(2)uq, 2= f(uq,2),

where the subscripts d and r stand for the drive and

U, = M(2)u,, (2)

response systems respectively. System (2) is said to
realize PS, if there exists a constant a(# 0) such that
tl'inoo |lur — @uq|| = 0. Here || o || denotes a norm of a
vector.

The unified chaotic system is given by

& = (250 4+ 10)(y — =),

y = (28 —350)x — zz + (290 — 1)y,
0

L 3)

where 6 € [—0.016,1.15]. System (3) belongs to the
generalized Lorenz system when —0.016 < 6 < 0.8 and
the generalized Chen system when 0.8 < 6 < 1.15. In
general, we know that system (3) is the original Lorenz

z=uxy —

system for 6 = 0 and stands for the original Chen sys-
tem for 8 = 1; when « = 0.8, system (3) expresses a
Li system. Figure 1 displays these chaotic attractors
of the unified chaotic system for § = —0.016,0.3,0.8
and 1.15.

Obviously, the state vector (z,y,2)T of unified
chaotic system can be broken into two parts (u,z)
and it can be written as

0+38
uw=M>zu, Z=zy-— ;— z, (4)
where u = (z,y)" and
—256 — 10 250 + 10
M(z) = .
(2) <—z+28—359 299—1)

Recently, many studies on the unified chaotic sys-
tem were published.?439=42] The aim of this paper is
to investigate the PS of the unified chaotic system (3)
with a desired scaling factor using the adaptive feed-
back control strategy. The intention of choosing the
unified chaotic system as an example is to clarify the
proposed methodology. However, it is worth mention-
ing that our adaptive scheme not only can be applied
to the unified chaotic system, but also applied to a
class of chaotic systems which have a partially linear
structure. Some other examples are hyperchaotic Li
system (four-dimensional system), seven-dimensional
and ten-dimensional chaotic systems used in Ref.[23].
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Fig.1. Generalized chaotic attractors with initial values (z(0),y(0), 2(0)) = (1,2, 3); (a) 6 = —0.016; (b) 6 = 0.2;

(¢) =0.8 and (d) 6 = 1.15.

3. Adaptive PS between unified
chaotic systems
In this section, we will investigate the PS problem
of the following coupled system:
& = (250 +10)(y — x),

= (28 —350)x — xz + (290 — 1)y,
6+8

z =2y — z,

x'l = (259 —+ 10)(1]1 — ZC1) — kl(Il — O[I),
7 = (28 —350)x1 —x12+ (290 — 1)y1 — ka(y1 — ay).(5)

When the controller is cancelled, namely, ky = ko = 0,
the PS of system (5) may occur for arbitrary initial
values and any 6 € [—0.016,1.15], according to the
criteria reported in Refs.[43,44]. Whereas the scaling
factor « is unpredictable. For leading the scaling fac-
tor to the specified value «, a controller is necessary.
We have the following theorem:

Theorem 1 The two coupled identical unified
chaotic systems (5) can achieve PS with arbitrarily
selected scaling factor o when the coupling strengths

ki1, ko are updated by the following law:

2

ki = (1 — ax)? = yie?,

ko = 72(y1 — ay)? i = ae3, (6)

where v; > 0, ¢ = 1,2 are arbitrary positive constants,
e;(i = 1,2) are PS errors.
Proof Construct the following scalar function

1 171 1
V=l +ed)+ s | — (ki - L)+ — (k= L)?], (7
2(el+e2)+2 71(1 )+72(2 ) 7()
where L is a sufficiently big constant. By differenti-
ating function V' along the trajectories of system (5),

we obtain

V= €161 + ea2és + (k1 — L)G% + (ko — L)e%
=eTM(z,0, L)e, (8)
where
€ = (617 62)T7
- 250 +10) — L 256 + 10
M(z,0,L) = .
(2,6,L) <—z+28—359 299—1—L)

Since chaotic signals are bounded, we assume that
|z| < B (B is positive constant), then according to
the well known Gershgorin disc theorem, when L is
sufficiently big such that all the eigenvalues of matrix
M(z,0,L) are located in the open left-half complex
plane, we have
vV <o0. (9)
It is obvious that V = 0 if and only if e(t) = 0,
that is, the set £ = {(e,k) € R* : e(t) = 0,
k= (ki, ko)t = ko = (ko1, ko2)* € R?*} (ko; are
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two constants) is the largest invariant set contained
in M = {V = 0} for systems (5). According to the
well-known Lasalle invariance principle, the orbit of
system (5) converges asymptotically to the set F, i.e.,
e(t) — 0, k — ko ast — oo. Then the PS with the
desired scaling factor « is achieved under the updated
strength (6). This completes the proof.

Remark 1 The above adaptive method can be ex-
tended straightforwardly to any arbitrary system, as
long as its structure is partially linear.

Remark 2
find that the condition satisfying the theorem is very

From the proof of Theorem 1, we can
loose. In addition, it is not necessary to know the
exact value of the auxiliary constant L. These, in
practice, make it possible to design a simple and phys-
ically available adaptive linear feedback controller. It
is noted that the value of positive constants v; has an
effect on the synchronization quality from the numer-
ical simulations. A sufficiently large adaptive gain ~;
would lead to fast and high-quality PS, while for suffi-
ciently small adaptive gain ~;, the PS can be realized
only after quite a long time or even cannot be realized.
Remark 3 In Ref.[24], the controller was set to the

drive system. Here we set the controller to the re-
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sponse system. This is because the demand of the
originality of the chaotic signals from the drive should
not be altered by any artificial interruption (i.e. con-
trol signals), and also due to the consideration of
the potential application in secure communications in
which information is masked by a driving dynamics.
In addition, the control scheme?* needs the feedback
gain and the desired scaling factor keeping the same
sign for the purpose of controlling. Our adaptive con-
trol scheme can overcome this restriction.

Now, we give some numerical simulations to
support the effectiveness of the above results. In
all simulations, we take all the initial conditions as
(2(0), y(0), 2(0)) = (1,2,3), (#1(0),42(0)) = (4,5),
(k1(0),k2(0)) = (0,0). We set 74 = 72 = 1. The
corresponding simulation results with or without the
effect of noise are shown in Figs.2 and 3. Figure 2
shows the temporal evolution of the PS errors and the
dynamical coupling strength (inset). Figure 3 shows
the slight effect of noise added to the signal x with the
strengths 1 and 2. The simulation results are sufficient
to show that the adaptive linear feedback method for
the PS of coupled unified chaotic systems is very ef-
fective and quite robust against noise.
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Fig.2. Variation of errors and coupling strengths(inset) for the adaptive projective synchronization of two coupled
unified chaotic systems with desired scaling factor oo = 2; (a) § = —0.016, (b) # = 0.3, (¢) # = 0.8 and (d) 6 = 1.15.
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From further numerical experiments on unified
chaotic systems, we find that the dynamical coupling
of the state variables may be of no use for the PS,
namely certain ; can be assumed to be 0. For in-
stance, let 71 = 0,9 = 1, i.e. only y and y; are cho-
sen to be the coupling terms, the PS can also achieve
(see Fig.4.(a)), while v; = 1,2 = 0, that is, the cou-

12
) .

10 - e3

€1,€2

12
(C) e €]

€1,€2

0 1 2 3 4 5
Time/s

pling of only variables z and z; are chosen, the PS
can not be realized. But, when the coupling term
of only variables x and x; is added to the second
component of the response system(variable y;), the
PS can also achieve (Fig.4.(b)). This synchronization
phenomenon has been reported in Ref.[45], in which
they called it dislocated feedback synchronization.

12 H®) €1 |

€1,€2

Time/s

sl e

€1,€2

0 1 2 3 4 5
Time/s

Fig.3. Variation of errors for the adaptive PS of two coupled unified chaotic systems with desired scaling factor
o = 2 when noise is added to z, for (a) & = —0.016 and (b) § = 0.3 with noise strength 2, (c)0 = 0.8 and (d)

6 = 1.15 with noise strength 1.
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Fig.4. The temporal evolution of errors and the dynamical coupling strength (inset) with scaling factor o = 2 and

system parameter § = 1.15, (a) only y and y; are chosen as coupling term; (b) coupling term formed by only x and

z1 added to the variable y;.
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4. Application in secure commu-
nication

In this section, we will apply the adaptive PS
scheme derived above to secure communication. As-
suming that m(t) is the message signal, and adding
it to the right-hand side of the first equation for the
transmitter (drive system) Eq.(5), then we have

& = (250 + 10)(y — x) + m(t),
§ = (28 — 350)x — xz + (290 — 1)y,

0+8
3

Select the output x(t) of system (10) as the transmit-

z. (10)

Z=1xy —

ted signal, then construct the system for the receiver
as follows:

Let ey =21 —ax, ea = y1 — ay, es = p— am and

construct the following Lyapunov function

1 1
W= 5(aei +es+e3) + (ki = L)+ 5 (ke — L)%, (12)

l\DI»—A

where L is a constant. Since the eigenfrequency of
the message signal m(t) is much less than the os-
cillating frequency of the chaotic system in practice,
when scaling factor « is not much bigger, we have
a(dm/dt) ~ 0. It is easy to obtain (dW/dt) < 0.
From this, e3 = p — am — 0 can be derived as
t — o0, i.e. p(t)/a can recover the message signal
m(t).

Taking m(t) = 0.1sin(0.17t), ¢ = 50, the ini-
tial values are (x(0), y(0), 2(0), x1(0), y1(0), p(0),
k1(0), k2(0)) = (1,2,3,4,5,6,0,0). We fix the scaling

2560 + 10 —x1) +p(t) — k1(z1 — ax),
= Uz 1) +p() 1@ ) factor at @« = —0.1, then Fig.5 shows the temporal evo-
= (28 = 350)x1 — w12 + (290 — D)y1 — k2(y1 — @), lutions of p(t) —am(t) with parameter (a) § = —0.016;
p=q(z1 —az), k=1 —azx)? (b) 8 =0.3; (c) # = 0.8 and (d) # = 1.15. From the
1 numerical experiments, we can find that the larger the
= (1~ ay)’, (11) parameter 6 (varying in [—0.016, 1.12]), the longer the
where ¢ is a positive parameter. time for reaching PS.
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Fig.5. Variation of errors p(t) —am(t) with desired scaling factor o* = —0.1; (a) # = —0.016, (b) # = 0.3 (c)§ = 0.8

and (d) 6 = 1.15.
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Remark 4 A similar secure communication scheme
based on the identical synchronization of unified
chaotic systems was proposed in Ref.[39], in which

chaos synchronization depends sensitively on the pa-

3
» 116
munication scheme, parameter 6 is continuously ad-

rameter interval {O ] While in our secure com-

justable in interval [—0.016,1.15] and the scaling fac-
tor o can be arbitrary chosen, thus they can be used
as the cipher key space. We believe that these features
can improve the security than that of Ref.[39].

5. Conclusions

In this paper, we propose a simple adaptive linear

feedback controller for the PS of unified chaotic sys-
tems coupled through one variable z based on the in-
variance principle of functional differential equations.
Numerical simulations are given to illustrate the ef-
fectiveness of the controller and show the robustness
against noise. Furthermore, a scheme for secure com-
munication, based on PS of unified chaotic systems,
is presented in theory, and its feasibility is supported
by numerical simulations. It is worth pointing out
that our scheme can easily and straightforwardly be
extended to the partially linear system of arbitrary

dimensions.
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