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In this paper we investigate the gravitational frequency-shift and deflection of light in the Schwarzschild black

hole space-time surrounded by quintessence. With the analytical and numerical methods, we find that the gravitational

frequency-shift of light in the Schwarzschild black hole space-time surrounded by the quintessence increases as the values

of the normalization factor ¢ increases, but the gravitational frequency-shift of light decreases with the quintessential

state parameter wq increasing. We also calculate the deflection of light by quintessence and find that the deflection rate

decreases as the values of the quintessential parameters ¢ and wq increase.
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1. Introduction

A large number of astronomical observations,
such as type Ia supernovae,' = compressed laryonic
matter (CMB) experiment/®~8 and the large scale

9-12] convincingly showed the accelerating

structure,[
expansion of the universe. The expansion implies the
valuable contribution of matter with the negative pres-
It is believed

that the accelerating expansion is attributed to the

sure to the evolution of the universe.

fact that the universe is dominated by an exotic com-
ponent with the negative pressure, called ‘dark energy’
which accounts for 70 percent of the energy density of

the universe. There are several candidates for dark en-

ergy: The first one is the cosmological constant,[!3:14]

and the second one is the so-called dynamic can-

m7[15_18} quintessence7[19_21]

m. [24—26]

didates such as: phanto

e[22,23] The difference in

K-essenc and quinto
dark energy among these candidates is the size of
parameter wq, namely the ratio between the pres-
sure and energy density of the dark energy. For
quintessence, the equation of state is given by the
relationship between the pressure p, and the energy
density pq, i.e. pq = wqpq With wq being in the rang
of —1 < wq < —1/3, which causes the acceleration.
The borderline case of wq = —1 of the extraordinary
quintessence covers the cosmological constant term.

As has been recognized,?”=2% that the acceleration

is a challenge to the traditional theory of the quan-
tum gravity because of the outer horizon, which does
not allow one to introduce the observable S-matrix in
terms of asymptotic past and future states. The outer
horizon of the de Sitter space differs significantly from
the inner horizon of a black hole, which has an asymp-
totically flat space far away from the black hole.

Up to now a lot of gravitational effects in the solar
system and binary systems are well described by the

y.130=42] Ty general relativity,

Einstein general relativit
the repulsion necessary to obtain an accelerating ex-
pansion of the universe can be provided by including
a vacuum energy. This corresponds to the well-known
modification to the Einstein equations including an
additional cosmological term. Observations suggested
Or alter-

natively, the vacuum energy can be considered as a

the cosmological constant 4 ~ 1072 m~2.

dynamical field, such as quintessence.

It is well known that a lot of test gravitational
effects have supported the general relativity, such
as gravitational red-shift, deflection of light, grav-
itational time delay, perihelion shift and geodetic
precession.  Kiselev[*3 constructed a general solu-
tion to the spherically symmetric Einstein equations
for the quintessence-surrounded Schwarzschild black
hole.

frequency-shift and the deflection of the light in the

In this paper we investigate the gravitational
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Schwarzschild black hole space-time surrounded by
the quintessence. It is a significant case to under-
standing the accelerating expansion of the universe
and properties of the dark matter and dark energy.

The remainder of this paper is organized as fol-
lows. In Section 2, we briefly review the space-time
structure of the Schwarzschild black hole surrounded
by the quintessence. In Section 3, we straightly cal-
culate the gravitational frequency-shift of the light by
the quintessence. In Section 4, we mainly investigate
the deflection of light in the given space—time. A brief
conclusion is given in the last section.

2. Schwarzschild

space—time

black hole
surrounded by

quintessence

In this section we briefly review the Schwarzschild
black hole space-time surrounded by quintessence.[*3!
Following the notation in Ref.[44], the metric of the
Schwarzschild black hole space—time surrounded by

the quintessence takes the form
ds? = edt? — e Mdr? — r2(d6? + sin? 0de?), (1)

with the function v = v(r) and A = A(r). If we de-
fine the normalization of gravitational constant G as
47G = 1, the Einstein equations have the form

1 N 1
oTf = —e M (5 -5 )+ 5 2
A e (1"2 r>+7’2’ (2)
1 v 1
o7 = M= - L) 4 3
" ¢ <7°2 r>+r2’ (3)
2Ty = 2T¢
1 (., vV V=X VN
- __ — — . (4
2° (” Tyt > ) @

The appropriate general expression for the energy-—

momentum tensor of quintessence is given by
t
Tt = pq(T), (5)

77 = py(r)a {—(1 Lap) B&f} . (6)

Tpr™

. 1.
We set < rir? >= §5f rnr". Therefore we derive the

following relations:

Pq = WqPq, (7)
1
wq = o (8)

The quintessential state has

“1<wg<0=-3<a<0. 9)

The additivity and linearity condition which fixes the
free parameter of the energy-momentum tensor for
the matter yields

Swq +1

B = 6og (10)
which implies
T, =T = Pa; (11)
T) =T¢ = —%pq(&uq +1). (12)
So the spherically symmetric metric of the

Schwarzschild black hole space—time surrounded by
quintessence is

oM e
2 __ 2
ds? = (1_7 ——r?’wﬁl)dt

2M c ! 9
- (1 - m) dr
—r?(d6? + sin® 0dyp?), (13)

where M is the mass of the black hole, wq is the

quintessential state parameter, c is the normalization
¢ 3wq q
2 p30Fwg) )
pq is the density of quintessence. The above exact

factor which is related to pq by pq = —

spherically symmetric solution for Einstein equations
describes the black hole surrounded the quintessen-
tial matter with the energy—momentum tensor, which
satisfies the additivity and linearity condition in ac-
cordance with Eqs.(11) and (12).

3. Gravitational frequency-shift

of light by quintessence

In this section we concentrate on the gravitational
frequency-shift in the Schwarzschild black hole space—
time surrounded by the quintessence, because this
space—time is static, the ratio between the frequen-
cies of the light, measured at different positions, is

v _ | gulr)
va \ gu(ra)’ 14

In the vicinity of the gravitational source, we assume
c 2M

governed by

RETSY < - , SO
0

v | e 1+£<;

0 Bwq+1

va \gDea) | 2\ gD ra)riat?
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2M
where gg)) (r) =1——. And here supposing M < r,

we further expand the above square-root-expression to

the second-order — and obtain
r

v _1 M M
VA o T TA
c 1 1
+§ (r(Bqurl) - T.(Bqurl)) : (16)
A

we can find that the
frequency-shift increases as the values of the nor-

By analysing Fig.1,

malization factor ¢ increases, but it is contrary to
the quintessential state parameter w,. We can find
that the influence of the normalization factor ¢ on
the frequency-shift will vanish when the quintessen-
tial state parameter wq increases enough.

1.36 \

hift

if
= =
W w
RGN

/

Frequency-s
—
w
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=
)
0

=
b
=
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Fig.1. Gravitational frequency-shift of light by
quintessence for ro = 2M, r = 2rp, M = 1, the
1
horizon axis is —1 < wq < —3
4. Deflection of light by

quintessence

Deflection of the light in the gravitational field is
a famous test of the Einstein general relativity the-
ory. In order to calculate the deflection of the light in
the Schwarzschild black hole space-time surrounded
by the quintessence, we construct the Lagrangian of
the equation of motion for the light ray

2M c .o
= <1_ - Tswq+1) ¢
2M c -1 . .
— (1 — T — W) T'2 — T2902, (17)

where the overhead dot denotes differentiation with
respect to the affine parameter ~y, here we restrict the
motion within the equatorial plane. Because the met-
ric (13) is independent of ¢ and ¢, we have

2M c dt
E=(1-22__°¢ &
( r r3“q+1) dvy’

2de

and erd7

(18)
The energy and angular momentum of the particle
along the orbit both are conserved. For the light La-
grangian (17) vanishes, so we have

N[

1 2M c -
dp L 111 T riwatl

dr r2 | k2 r2

» (19)

where k = J/E. The sign + refers to the increas-
ing/decreasing of r. The distance between the closest
approaches 4 is determined by
1 2M c
dr 1 rA riwqﬂ

= —0. (20
d90| A k2 Ti ( )

Substituting Eq.(20) into Eq.(19) yields

1 2M c
T T Bwg+l
d_(p _ :I:i TA iyl
dr r2 3

1
2M c Tz

(1- Y Tswq+1)

_ -

(21)

In order to investigate the deflection rate of the
light by the quintessence, we numerically simulate
Eq.(21), and the obtained results are shown in Fig.2.
From this figure we find that the deflection rate de-
creases as the values of the quintessential parameters
¢ and wq increase, and that the deflection rate is more
sensitive to parameter wq at wq — —1.

-0.8 —0.7

Wq

—-0.6 —-0.5 —-04

d
Fig.2. Deflection rate d—cp of light by quintessence for rp =
r

1
2M, r =2rp, M =1, the horizon axis is —1 < wq < 3
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5. Conclusion

In this paper we have investigated the grav-
itational frequency-shift and the deflection of the
light in the Schwarzschild black hole space-time

surrounded by the quintessence. Under the con-

c
dition of ——= <

r3wqtl r
itational frequency-shift of light by quintessence is
c 1

5 TS“’Q"‘U - 7‘(3Wq+1)

——, we find that the grav-

and that the frequency-shift

increases as the values of the normalization factor
¢ increases, but it is contrary to the quintessential

state parameter wy. we can find that the influence

of the normalization factor ¢ on the frequency-shift
vanishes as the quintessential state parameter wq in-
creases enough. We also calculate the deflection of
light by quintessence, we find that the deflection rate
decreases as both the quintessential parameters ¢ and
wq increase, and that the deflection rate is more sen-

sitive to parameter wq at wy — —1.
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