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In this paper, exact solutions are derived for four coupled complex nonlinear different equations by using simplified
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1. Introduction

Exact solutions to nonlinear differential equations

in mathematical physics have received much attention

of many mathematicians and physicists. Much work

in this respect has been done,[1−9] but the work on

coupled nonlinear differential equations,[10−12] partic-

ularly on complex coupled nonlinear differential equa-

tions has been little done.

Generally speaking, for complex coupled nonlin-

ear differential equations(CCNDEs):

F1(Ψ ,Φ,Ψ t,Ψx,Φt,Φx, · · ·) = 0,

F2(Ψ ,Φ,Ψ t,Ψx,Φt,Φx, · · ·) = 0, (1)

we must find suitable transformations to easily solve

them. Tentatively, we first start with the transforma-

tion

Ψ = H1(u, v)

and Φ = H2(u, v) (2)

to obtain the following real coupled nonlinear differ-

ential equations of real variables u and v:

G1(u, v, uξ, uη, vξ, vη, · · ·) = 0,

G2(u, v, uξ, uη, vξ, vη, · · ·) = 0, (3)

where u and v are real functions of ξ and η, which

are linear in x and t. If we can decouple Eqs.(3) to

obtain the solutions of u and v, then we will have the

solutions of Ψ and Φ via Eqs.(2).

Following this line, in this paper we employ some

simple transformations Ψ = u(ξ)eiη and Φ = v(ξ)eiσ

with u and v being real variables, and ξ, η and σ being

linear functions of t and x and obtain many solutions

of the following four pairs of CCNDEs, i.e. Eqs.(A),

(B), (C) and (D).

Equations (A)

iΨz − βΨtt + KΦ + (|Ψ |2 + σ|Φ|2)Ψ = 0, (4)

iΦz − βΦtt + KΨ + (|Φ|2 + σ|Ψ |2)Φ = 0. (5)

This pair of equations describes single-mode fibres and

supports co-propagation of two different modes with

orthogonal polarizations. Here, σ is the relative cross-

phase modulation coefficient and σ > 0, and K is

the linear coupling coefficient accounting for possible

twist of the fibre in the case where Ψ and Φ represent

orthogonal linear polarizations or elliptic deformation

of the fibre’s cross-section if Ψ and Φ correspond to

circular polarizations.[13]

Equations (B)

i
∂Ψ

∂t
+ α∇2

Ψ + ρΨΦ = 0, (6)

∂2
Φ

∂t2
− C2

0∇2
Ψ + µ2

Φ − β|Ψ |2 = 0, (7)

which describe a system of conserved scalar nucleons

interacting with neutral scalar mesons. Here, Ψ rep-

resents a complex scalar nucleon field and Φ denotes

a real scalar meson field. The real constants µ, ρ and

β describe the mass of a meson and coupled constants

respectively, the real constants α and C2
0 are paramet-

ric constants, and ∇2 =
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2
.[14]

Equations (C)

iΨt + Ψxx − 2λ|Ψ |αΨ + 2ΨΦ = 0, (8)

Φtt − Φxx + (|Ψ |α)xx = 0, (9)
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which are the generalized Zakharov equations. Here,

the complex envelope Ψ(x, t) is the high-frequency

wave and Φ(x, t) is the real low-frequency field.[15]

Equations (D)

Ψtt − C2
SΨxx = β

∂2(|Φ|α)

∂x2
, (10)

iΦt + αΦxx − δΨΦ = 0, (11)

which are another generalized Zakharov equations.[16]

2. Exact solutions to Eqs.(A)

In this part we work out the solutions to Eqs.(A).

We first make the following transformation:

Ψ(z, t) = u(t)eiηz, (12)

Φ(z, t) = v(t)eiηz . (13)

Substituting the above transformation into Eqs.(4)

and (5) leads to

−ηu − βu′′ + Kv + u3 + σuv2 = 0, (14)

−ηv − βv′′ + Ku + v3 + σu2v = 0. (15)

Suppose that u is related to v by the relationship

u = avα + b, (16)

where a, b, α are determined later. Inserting expres-

sion (16) into Eq.(15) yields

βv′′ = v3 + σa2v2α+1 + 2σabvα+1

+Kavα + (σb2 − η)v + Kb (17)

and

1

2
β(v′)2 =

1

4
v4 +

σa2

2α + 2
v2α+2 +

2σab

α + 2
vα+2

+
Ka

α + 1
vα+1 +

σb − η

2
vα + Kbv. (18)

Insert expression (16) and Eqs.(17) and (18) into

Eq.(14), then we will have

−ηavα − ηb + Kv + a3v3α + 3a2bv2α + 3ab2vα + b3 + σavα+2 + σbv2 − 2aα(α − 1)

×
(

a2σ

2α + 2
v3α +

1

4
vα+2 +

2abσ

α + 2
v2α +

Ka

α + 1
v2α−1 +

σb2 − η

2
vα + Kbvα−1

)

− aα(σa2v3α + vα+2

+2σabv2α + Kav2α−1 + (σb2 − η)vα + Kbvα−1) = 0. (19)

Now, we discuss the solutions of Eq.(19).

(I) Let K 6= 0 and balance the orders of terms of

v, then we will have α = 1 and obtain the following

algebraic equations:

−ηb + b3 = 0,

−ηa + K + 3ab2 − a(σb2 − η + Ka) = 0,

3a2b + σb − 2σa2b = 0,

a3 + σa − a(σa2 + 1) = 0. (20)

By solving Eq.(20), we have the relation between u

and v, i.e. u = ±v, b = 0 and a = ±1. From this

relation we obtain the solutions to Eqs.(14) and (15):

(i) When s =
K − η

β
> 0 and p =

σ + 1

2β
, then

u = ±
√

cs

p

2e
√

st

1 − ce2
√

st
,

v = u,

where c 6= 0 is a real number. When c = −1, then

u = ±
√

−s

p
sech(

√
st) is similar to the expression in

the limited form of β = 0 in Ref.[13].

(ii) When s =
−K − η

β
> 0 and p =

σ + 1

2β
, then

u = ±
√

cs

p

2e
√

st

1 − ce2
√

st
,

v = −u,

where c 6= 0 is a real number. When c = −1, then

u = ±
√

−s

p
sech(

√
st) is similar to the expression in

the limited form of β = 0 in Ref.[13].

(iii) When s =
K − η

β
< 0 and p =

σ + 1

2β
, then

u = ±
√

−s

p
sec(

√
−st + c),

v = u,



3194 Hu Jian-Lan Vol. 16

where c is a real number. This pair of solutions are

new solutions.

(iv) When s =
−K − η

β
< 0 and p =

σ + 1

2β
, then

u = ±
√

−s

p
sec(

√
−st + c),

v = −u,

where c is a real number. This pair of solutions are

new solutions.

(v) When s = 0 and p =
σ + 1

2β
, then

u = − 1

±√
pt + c

,

v = ±u,

which are new solutions.

From (i) to (v), we have

Ψ = u(t)eiηz and Φ = ±Ψ .

(II) Let K = 0 and balance the orders of term v,

then we will have α = 1 or α = 2.

(i) when α = 2, we have

−ηb + b3 = 0,

−ηa + 3ab2 + σb − 2a(σb2 − η) − 2a(σb2 − η) = 0,

3a2b + σa + 4a

(

1

4
+

1

2
abσ

)

− 2a(1 + 2abσ) = 0,

a3 − 4a3σ

6
− 2a3σ = 0.

Using Mathematica yields no solutions.

(ii) when α = 1, we have

−ηb + b3 = 0,

−ηa + 3ab2 − a(σb2 − η) = 0,

3a2b + σb − 2a2bσ = 0,

a3 + aσ − a(a2σ + 1) = 0.

Solving the above equations we obtain three groups of

solutions as follows:

(a) b = 0 and a = ±1, σ can be any real number.

In this case, solutions are the same as those in case

(I).

(b) b = 0 and σ = 1, and a 6= 0. There exist the

two following cases:

(b.1) when s = − η

β
> 0, then

v = ±
√

− 2cη

a2 + 1

2e
√

st

1 − ce2
√

st
,

u = av,

where c 6= 0, that is,

Ψ = av(t)eiηz and Φ = v(t)eiηz .

(b.2) when s = − η

β
< 0, then

v = ±
√

2η

a2 + 1
sec(

√
−st + c),

u = av,

that is,

Ψ = av(t)eiηz and Φ = v(t)eiηz ,

which are similar to those discussed in Ref.[17].

(c) when b = η2, σ = 3 and a = ±1, there exist

the following solutions:

(c.1) when
3η4 − η

β
> 0, then

v =
∓4η2(3η4 − η)sech2

(√

3η4−η
4β

t
)

16η4 − 2(3η4 − η)
(

1 − tanh
(

±
√

3η4−η
4β

t
))2 ,

u = ±v + η2;

(c.2) when
3η4 − η

β
> 0 and η > η4, then

v =
2(3η4 − η)sech

(√

3η4−η
β

t
)

√

η − η4 ∓ 4η2sech
(√

3η4−η
β

t
) ,

u = ±v + η2.

From cases (c.1) to (c.2), we have

Ψ = v(t)eiηz + η2eiηz and Φ = v(t)eiηz .

These pairs of solutions are new solutions. There

are other kinds of solutions under different conditions,

which are omitted here.

3. Exact solutions to Eqs.(B)

In this section, we first assume

Ψ = u(ξ)eiσt, Φ = v(ξ)

and ξ = kx + ly + mz. (21)
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Inserting expression (21) into Eqs.(6) and (7) yields

α(k2 + l2 + m2)u′′ − σu + ρuv = 0, (22)

−C2
0 (k2 + l2 + m2)v′′ + µ2v − βu2 = 0. (23)

Let n2 = k2 + l2 + m2, then

αn2u′′ − σu + ρuv = 0, (24)

−C2
0n2v′′ + µ2v − βu2 = 0. (25)

Suppose that

v = auγ + b, (26)

then

v′′ = aγ(γ − 1)uγ−2(u′)2 + aγuγ−1u′′. (27)

From Eqs.(26), (27) and (25), we obtain

−C2
0n2aγ(γ − 1)uγ−2(u′)2 − C2

0n2aγuγ−1u′′

+µ2auγ + µ2b − βu2 = 0. (28)

Considering Eqs.(26) and (24), we have

αn2u′′ = −ρauγ+1 + (σ − ρb)u, (29)

αn2(u′)2 = − 2aρ

γ + 2
uγ+2 + (σ − ρb)u2. (30)

Insert expressions (29) and (30) into Eq.(28), then we

will have

C2
0

α

3

γ + 2
a2γ2ρu2γ − C2

0

α
aγ2(σ − ρb)uγ + µ2auγ

−βu2 + µ2b = 0.

Balancing the power of u, we obtain

γ = 1 and b = 0,

and the following relations:

C2
0

α

3

γ + 2
a2γ2ρ = β,

C2
0

α
aγ2σ = µ2a,

hence we obtain v = au and a satisfying βσ = µ2a2ρ.

Now, Eq.(24) becomes

αn2u′′ − σu + ρau2 = 0,

from which we obtain

u =
3σ

2aρ
sech2

(

1

2n

√

σ

α
ξ

)

,

v =
3σ

2ρ
sech2

(

1

2n

√

σ

α
ξ

)

,

and

Ψ =
3σ

2aρ
sech2

(

1

2n

√

σ

α
ξ

)

eiσt,

Φ =
3σ

2ρ
sech2

(

1

2n

√

σ

α
ξ

)

,

where ξ = kx + ly + mz, and a and σ satisfying the

relationship βσ = µ2a2ρ. This pair of solutions is very

important in scalar nucleons interacting with neutral

scalar mesons.

4. Exact solutions to Eqs.(C)

Let

Ψ = u(ξ)eiη and Φ = v(ξ), (31)

where η = ax + bt and ξ = cx + dt, then

Ψxx = −a2eiηu + 2iaceiηu′ + c2eiηu′′,

Ψt = ibeiηu(ξ) + deiηu′. (32)

Inserting expressions (31) and (32) into Eq.(8) yields

−bueiη + ideiηu′ − a2ueiη + 2iaceiηu′ + c2eiηu′′

−2λuα+1eiη + 2uveiη = 0,

from which we have

c2u′′ + 2uv − (a2 + b)u − 2λuα+1 = 0, (33)

d = −2ac. (34)

From expressions (31), we have

Φtt = d2v′′ =
d2

c2
vxx, (35)

Φxx = c2v′′, (36)

(|Ψ |α)xx = (uα)xx. (37)

Inserting expressions (35), (36) and (37) into Eq.(9)

gives

v = − c2

d2 − c2
uα + f, (38)

where f is an integral constant. From Eq.(33) and

expression (38), we have

u(ξ) =

(

− (α + 2)(4a2 − 1)(a2 + b − 2f)

4(4a2λ − λ − 1)

)

1

α

×sech
2

α

( α

2c

√

a2 + b − 2fξ
)

,

v(ξ) =
(α + 2)(a2 + b − 2f)

4(4a2λ − λ − 1)

×sech2
( α

2c

√

a2 + b − 2fξ
)

+ f,

where ξ = cx + dt = cx − 2act, that is,

Ψ = ei(ax+bt)u(ξ) and Φ = v(ξ).
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5. Exact solutions to Eqs.(D)

Let Ψ(x, t) = u(ξ) and Φ = v(ξ)eiη, where

η = kx − ωt and ξ = x − 2αkt. In a way similar

to that in (C), we have

(4k2α2 − C2
s )u′′ = β(vα)′′,

αv′′ + (ω − αk2)v − δuv = 0.

Then

u =
βvα

4k2α2 − C2
s

+ f,

where f is an integral constant. Thus we obtain

αv′′ + (ω − k2α − fδ)v − δβ

4k2α2 − C2
s

vα+1 = 0.

Hence

v(ξ) =

(

(fδ + k2α − ω)(4k2α2 − C2
s )(α + 2)

2δβ

)

1

α

sech
2

α

(

α

2

√

fδ + k2α − ω

α
ξ

)

,

u(ξ) =

(

fδ + k2α − ω
)

(α + 2)

2δ
sech2

(

α

2

√

fδ + k2α − ω

α
ξ

)

+ f,

where ξ = x − 2kαt, that is,

Ψ = u(ξ), Φ = v(ξ)ei(kx−ωt).

6. Summary

We have obtained some explicit solutions to four CCNDEs by using the above proposed simple but efficient

method. Some solutions obtained here are similar to those or generalized solutions in Refs.[13,14,17], and the

others are new solutions. We expect that many other CCNDEs can be solved by this method.
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