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In this paper, exact solutions are derived for four coupled complex nonlinear different equations by using simplified

transformation method and algebraic equations.
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1. Introduction

Exact solutions to nonlinear differential equations
in mathematical physics have received much attention
of many mathematicians and physicists. Much work
in this respect has been done,['= but the work on
coupled nonlinear differential equations,'°=12 partic-
ularly on complex coupled nonlinear differential equa-
tions has been little done.

Generally speaking, for complex coupled nonlin-
ear differential equations(CCNDEs):

Fl(wv ¢a wt? Wx; ditv ¢zv o ) = Oa
FQ(W7 ¢7 lpt7 quétaéwa'”):ou (1)

we must find suitable transformations to easily solve
them. Tentatively, we first start with the transforma-

tion

¥ = Hy(u,v)
and ¢ = Hs(u,v) (2)

to obtain the following real coupled nonlinear differ-
ential equations of real variables u and v:

Gl(uvvvufaunvvfavna' ) = Oa
0

G?(uavauﬁuunavﬁuvnu o ) =

where v and v are real functions of £ and 7, which
are linear in x and ¢. If we can decouple Egs.(3) to
obtain the solutions of w and v, then we will have the
solutions of ¥ and @ via Egs.(2).

Following this line, in this paper we employ some
simple transformations ¥ = u(¢)e” and & = v(£)el”
with v and v being real variables, and &, 7 and ¢ being
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linear functions of ¢ and x and obtain many solutions
of the following four pairs of CCNDEs, i.e. Egs.(A),
(B), (C) and (D).

Equations (A)

W, — BV + K&+ (V] +0|0)¥ =0, (4)
10, —BPy + KV + (|92 +0|¥*)d =0. (5)

This pair of equations describes single-mode fibres and
supports co-propagation of two different modes with
orthogonal polarizations. Here, o is the relative cross-
phase modulation coefficient and ¢ > 0, and K is
the linear coupling coefficient accounting for possible
twist of the fibre in the case where ¥ and @ represent
orthogonal linear polarizations or elliptic deformation
of the fibre’s cross-section if ¥ and @ correspond to

circular polarizations.!

Equations (B)

ow
ig+aV2W—l—pW¢:O, (6)

az_qj_czvzw_F 25 _ 2 _

3~ CRVRU e - pluP =0, (7
which describe a system of conserved scalar nucleons
interacting with neutral scalar mesons. Here, ¥ rep-
resents a complex scalar nucleon field and ¢ denotes
a real scalar meson field. The real constants u, p and
[ describe the mass of a meson and coupled constants

respectively, the real constants o and CZ are paramet-

2 2 2
ric constants, and V2 = % 8a—y2 + %.[14]
Equations (C)
iU+ Uyp — 2\ V|V 4+ 20 =0, (8)
Dit = Do + (| V] )aa =0, 9)
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which are the generalized Zakharov equations. Here,
the complex envelope ¥(z,t) is the high-frequency

wave and @(x,t) is the real low-frequency field.!*]
Equations (D)
0%(|2|%)
Uy — C%W,, = f——3—, 10
tt S 6 81'2 ( )
i0, 4+ aPy, —VP =0, (11)

which are another generalized Zakharov equations. ¢!

2. Exact solutions to Eqgs.(A)

In this part we work out the solutions to Egs.(A).
We first make the following transformation:

U(z,t) = u(t)e?,
B(z,t) = v(t)e.
Substituting the above transformation into Egs.(4)

and (5) leads to

—nu — Bu” + Kv +u? + ouv? = 0, (14)

—nu — V" + Ku+ v + ou’v = 0. (15)
Suppose that u is related to v by the relationship
u = av® + b,

(16)

where a,b, a are determined later. Inserting expres-
sion (16) into Eq.(15) yields

Bv" = 03 + ga?v? ! 4+ 20abv* L

+Kav® + (ob® — n)v + Kb (17)
and
Loome 14 06> says | 20ab o
P = 1 et a+r2’
K b—
b= pett L D27 ey Ky, (18)
a+1 2

Insert expression (16) and Eqgs.(17) and (18) into
Eq.(14), then we will have

—nav® —nb 4+ Kv + a®v3* + 3a*00®* + 3ab®v® + b + 0av® T 4 obv? — 2aa(a — 1)

2abo o,
—
a+2

200 + 2 4

x azg 030‘+100‘+2+
a+1

+20abv?® + Kav?* ™! + (ob® — n)v® + Kb 1) = 0.

Now, we discuss the solutions of Eq.(19).

(I) Let K # 0 and balance the orders of terms of
v, then we will have @ = 1 and obtain the following
algebraic equations:

—nb+b* =0,
—na + K + 3ab® — a(ob® —n+ Ka) = 0,
3a%b + ob — 20a%b = 0,

a® 4 oa —a(oa® 4+ 1) = 0. (20)

By solving Eq.(20), we have the relation between u
and v, i.e. u = +v, b = 0 and a = +1. From this
relation we obtain the solutions to Egs.(14) and (15):
oc+1
28

K —
(i) When s = 6n>0andp:

u== 5726\/& ,
p 1 — ce2Vst

V=Uu

, then

)

Ka 02(171_'_ UbQ_nva

+ Kbvo‘1> — ac(oav3® 4 v T2

(19)

where ¢ # 0 is a real number. When ¢ = —1, then
u== —fsech(\/gt) is similar to the expression in
the limitedpform of 8 =0 in Ref.[13].

—-K —n o+1

ii) When s = > 0 and p = ———, then
(i) 3 P="35
u == 2726\/& ,
p 1 — ce2Vst
v = —u,
where ¢ # 0 is a real number. When ¢ = —1, then

s
u = £, /—=sech(y/st) is similar to the expression in
p

the limited form of 8 = 0 in Ref.[13].

K- 1
77<Oandp:%

u==, -2 sec(v/—st + ¢),
p

V=Uu

iii) When s = then
(iif) :

)
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where ¢ is a real number. This pair of solutions are

new solutions.

-K — 1
(iv) When s = Tﬁ <0and p= %, then
u ==+, /—fsec(\/—st—i— c),
p
v=—u,

where c is a real number. This pair of solutions are

new solutions.

1
(v) When s =0 and p = %, then

-t

R pttc

v = tu,
which are new solutions.
From (i) to (v), we have

U =u(t)e™ and &=+0.

(IT) Let K = 0 and balance the orders of term v,

then we will have aa =1 or o = 2.
(i) when o = 2, we have

_T]b + b3 = Oa
—na + 3ab® + ob — 2a(0b2 —-n) — 2a(0b2 —n) =0,

1 1
3ab + oa + 4a (Z + 5@1)0) —2a(1 + 2abo) = 0,

43
a3—%—2a30=0.

Using Mathematica yields no solutions.
(ii) when a = 1, we have
—nb+b> =0,
—na + 3ab® — a(ob® —n) =0,
3a%b + ob — 2a%bo = 0,
a® 4 ao — a(a’o 4+ 1) = 0.
Solving the above equations we obtain three groups of

solutions as follows:

(a) b=0 and a = £1, o can be any real number.
In this case, solutions are the same as those in case

(D).
(b) b=0and o =1, and a # 0. There exist the

two following cases:

(b.1) when s = —% > 0, then

2cn eVt
a?+ 11— ce2Vst’

v =24/

where ¢ # 0, that is,

¥ = av(t)e and & = v(t)e.

(b.2) when s = —% < 0, then

2
v =14/ pe _7_ 1sec(\/—st +0),

U = av,

that is,
¥ = av(t)e” and & = v(t)e?,

which are similar to those discussed in Ref.[17].

(c) when b = n?,0 = 3 and a = +1, there exist
the following solutions:

3nt —
(c.1) when "

T4n? (30" — n)sech? (\/ Eﬁ%t)

PR
160* — 2(3% — 1) (1 — tanh (i 3’2;%))

> 0, then

u=+v+n?

3t —n

B

(c.2) when > 0 and 7 > n?*, then

2(3n* — n)sech ( 37746_%)

v= ,
\/n —n* F 4n?sech ( 3’7;7"1%)
u=%v+n?.

From cases (c.1) to (c.2), we have
¥ = v(t)e” 4 n2e” and & = v(t)e?.

There
are other kinds of solutions under different conditions,

These pairs of solutions are new solutions.

which are omitted here.

3. Exact solutions to Eqgs.(B)

In this section, we first assume

v = u(@)e”, @=v(c)
and & = kx +ly+ mz. (21)
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Inserting expression (21) into Egs.(6) and (7) yields

ak? + 12 +m?)u" — ou+ puv = 0, (22)
—C3(k* + 12 +m?)" + p*v — Bu? = 0. (23)

Let n? = k? + 12 + m?2, then

an®*u” — ou + puv = 0, (24)
—C2n*v" + pPv — Bu? = 0. (25)

Suppose that
v=au? +b, (26)

then
v = ay(y — D2 (u)? + ayu? M. (27)
From Eqs.(26), (27) and (25), we obtain

—C2nlay(y — Du"2(u')? — Cinayu "

+pPau + b — pu® = 0. (28)

Considering Eqs.(26) and (24), we have

anu" = —pau + (0 — pb)u, (29)
2
an?(u)? = —%uw‘? + (o0 — pb)u?.  (30)

Insert expressions (29) and (30) into Eq.(28), then we
will have

c: 3 C3

il a*y pu® — =Lay? (o — pb)u” + pPau”
a v+ 2 a

—Bu® + p*b =0

Balancing the power of u, we obtain
vy=1 and b=0,

and the following relations:

Og 3 2 2
;m(IWP—ﬁa
02

—2an?o = ja,
@

hence we obtain v = au and a satisfying B0 = u2a?p.
Now, Eq.(24) becomes

anu" — ou + pau® = 0,

from which we obtain

and

where £ = kx + ly + mz, and a and o satisfying the
relationship B0 = p2a?p. This pair of solutions is very
important in scalar nucleons interacting with neutral
scalar mesons.

4. Exact solutions to Eqgs.(C)

Let
¥ =u(f)e” and ¢ =wv(E), (31)
where n = ax + bt and £ = cx + dt, then
Uy = —a’eu + 2iaceu’ + c2eu”,
Wy = ibe"Mu(€) + de'u’. (32)

Inserting expressions (31) and (32) into Eq.(8) yields
—bue + idel"u’ — a?ue + 2iaceu’ + c2elu"
—2 T tel” 4 2qpel” = 0,

from which we have

A" 4 2uv — (a® + b)u — 22T =0,  (33)
d = —2ac. (34)
From expressions (31), we have
2

d
— g2 —
gptt =d U/I — C_Q’Umma (35)
Bpp = 0", (36)
(1) = (u¥)aa- (37)
Inserting expressions (35), (36) and (37) into Eq.(9)

gives

2
where f is an integral constant. From Eq.(33) and
expression (38), we have

(@t 2)@a2— 1) +b—2f)\ "
u(®) = <_ 4(4a2x — A —1) )
xsech (%\/a2 +b— 2f§) ,
(a+2)(a®+b—2f)

142X — A —1)

xsech? (23\/@2 To- 2f§) ¥,
c
where £ = cx + dt = cx — 2act, that is,
v =@y ¢) and & = v(€).

v(§) =
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5. Exact solutions to Eqgs.(D)

Let ¥(x,t) = u() and & = v(£)e", where
= kxr — wt and £ = x — 2akt.
to that in (C), we have

In a way similar

(4h20? = C2)u" = (0",

av” 4 (w — ak?)v — duv = 0.

Then
pu®

:4k2a2—CS2+f’

where f is an integral constant. Thus we obtain

6ﬁ a+1

2 _
av//+(w—ka—f6)v—mv =0.

Hence

_((f6+ Ko —w)(4k*a? —
B (f6+Ka—w)(a+2)

where £ = ¢ — 2kat, that is,

a+2> sech® (%\/7f§+k2a_ §>7
ech2<2 f6+k2 5)

U =u(f), &=uv(E)ekrwt)

6. Summary

We have obtained some explicit solutions to four CCNDEs by using the above proposed simple but efficient

method. Some solutions obtained here are similar to those or generalized solutions in Refs.[13,14,17], and the

others are new solutions. We expect that many other CCNDEs can be solved by this method.
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