Vol 16 No 11, November 2007
1009-1963/2007/16(11) /3168-08

Chinese Physics

© 2007 Chin. Phys. Soc.
and IOP Publishing Ltd

Hojman conserved quantity for nonholonomic systems
of unilateral non-Chetaev type in the event space*

Jia Li-Qun(SIA#E)M T, Zhang Yao-Yu(7k#E52)), and Luo Shao-Kai(FHH)°)

a) School of Science, Jiangnan University, Wuxi 214122, China
b) Electric and Information Engineering College, Pingdingshan University, Pingdingshan 467002, China

<) Institute of Mathematical Mechanics and Mathematical Physics, Zhejiang
Sci-Tech University, Hangzhou 310018, China

(Received 26 February 2007; revised manuscript received 5 April 2007)

Hojman conserved quantities deduced from the special Lie symmetry, the Noether symmetry and the form invari-

ance for a nonholonomic system of the unilateral non-Chetaev type in the event space are investigated. The differential

equations of motion of the system above are established. The criteria of the Lie symmetry, the Noether symmetry and

the form invariance are given and the relations between them are obtained. The Hojman conserved quantities are gained

by which the Hojman theorem is extended and applied to the nonholonomic system of the unilateral non-Chetaev type

in the event space. An example is given to illustrate the application of the results.
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1. Introduction

In recent years, analytical mechanics has made
a rapid progress in research of symmetries and con-

[1=22] A higher achievement has also

served quantities.
been gained about the study on both symmetry and
conserved quantity for a holonomic system in an
event space. By using the Noether theorem de-
duced from the Noether symmetry, the Noether con-
served quantity is obtained. Similarly, by utilizing
the Noether symmetry deduced from the Lie symme-
try, the Noether conserved quantity is obtained.[3] By
using the Noether symmetry deduced from the form
invariance, the Noether conserved quantity is also
found.l?¥ In Ref.[25], the Hojman conserved quanti-
ties deduced from the special Lie symmetry, Noether
symmetry and form invariance for a holonomic system
in the event space are studied. However, the symme-
try and conserved quantity for a unilateral nonholo-
nomic system in the event space have not been deeply
studied. In this paper, the Hojman conserved quanti-
ties deduced from the special Lie symmetry, Noether
symmetry and form invariance for an nonholonomic
system of the unilateral non-Chetaev type in the event
space are investigated.

2. Differential equations of mo-

tion of system

Suppose that the configuration of a mechani-
cal system of an ideal unilateral non-Chetaev type
whose motion is subjected to nonholonomic con-
straints is determined by n generalized coordinates
gs(s = 1,2,---,n), and its corresponding (n + 1)-
degree event space is set up by the n generalized co-

ordinates and time ¢. Introducing signs of x; = t
and Ts41 = ¢s(s = 1,---,n), all variables z,(a =
1,---,n + 1) may be regarded as known functions

of parameter 7. Let z, = z,(7) is C?-type curve,

dzq
and (n + 1) variables Ha ol =1,---,n+1)

will not be equal to zerg at the same time. Thus
. dz x/
o d—ta = x—/j‘(a = 1,---,n + 1). If the La-

grange function L = L(t,qs,¢s) and the generalized
non-potential forces Qs = Qs(¢, s, ¢s) of the system in
the configuration space, then the Lagrange functions
and the generalized non-potential forces respectively
are

/

! s
A(I’a,.’lila):(EIlL (xaax_,lu"'u i )7 (1)

xT1

P1:—Q5$/5+1, (521727"'7n)7
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! !
T2 T n41
/
P =21Qs (xm e >

$117 ’ £L'/1

(s=1,2,---,n). (2)

The universal subscripts denote Einstein summa-
tion convention in the above equations as well as in the
following text. Suppose that the motion of the system
in the configuration space is subjected to g nonholo-
nomic constraints of the ideal unilateral non-Chetaev
type as follows:

fﬁ(taqqu.s)zoa (6:17797

Inequality (3) can be expressed in the event space as

Fﬁ(xou :Eloz) 2 07

(6:15797 a:157n+1)7 (4)
Fﬁ(xavx/a)
7'y v
= fﬁ <x15"'axn+l;x_/la"'a 7’1 . (5)

Inequality (4) belongs to the nonholonomic con-
straints of the ideal unilateral non-Chetaev type.
When the values of the left functions of inequalities
(3) and (4) are positive, the constraints vanish from
the system; when their values equal zero, the system is
subjected to the constraints. When the system is sub-
jected to the constraints, the restrictive condition of
virtual displacement, to which the constraint equation
(4) is subjected in the event space, is

Fﬁa(xauxla)(sxa =0,
B=1,---,9; a=1,---,n+1). (6)

OF,
In general, Fg, has nothing to do with 3 5.1t

:L./

both of them equal each other, the nonholonomic con-
straints of the non-Chetaev type turn into the non-
holonomic constraints of the Chetaev type.

Introducing a Lagrange multiplier A\g(8 =
1,---,g), the differential equations of motion for the
nonholonomic system of the unilateral non-Chetaev
type in the event space are expressed as

d 94 94

—a5 — 75— =ta Faa,

dr 0x!, 0Oz, T AoFs

(a=1,---,n+1) (subjected to constraints),
d o4 o4

dr 0z!, Oz

(a¢=1,---,n+1) (constraints vanishing),

A3 >0, fg>0, MAgfs=0. (7)

Let
I'n = A3 F3a,
B=1-,9

where I, is the generalized nonholonomic constraint

a=1,---,n+1), (8)

forces in the event space. Introduce an Euler operator
in the event space

_d 9 9
¢ dr o', Oz’

then Eq.(7) will be rewritten as

(a=1,---,n+1), (9)

Eo(Ad) = Py + T,

(subjected to the constraints) ,

(a=1,---,n+1)

Eo(A) = Py,

(constraints vanishing) . (10)

(a=1,---,n+1)

Equations (10) are called the differential equations of
motion corresponding to the nonholonomic system of
the ideal unilateral non-Chetaev type, whose equation
is Eqgs.(7) and constraint condition is inequality (4).
Obviously, the (n + 1) equations of the first equation
in Egs.(10) are not independent of each other, and the
(n + 1) equations of the second equation of Egs.(10)
are not independent of each other, either. Suppose
that the subsequent n z”sy1 are obtained from the

first or second equation of Eqs.(10), then we will have

"

a1 = As(a, 2l 2y), (s=1,---,n)

(subjected to constraints) ,

‘Tls/Jrl:BS(‘me:xvx/ll)v (s=1,---,n)

(constraints vanishing) . (11)

3. Criteria of three kinds of sym-

metries of the system

Take a special infinitesimal transformation of
groups

and  zi | =ze1 + &t (Ta,2'a),

(s=1,---,n), (12)

where ¢ is the infinitesimal transformation parameter,
and &s41 is the infinitesimal transformation generator.
The following sections illustrate the criteria of the Lie
symmetry, the Noether symmetry and the form in-
variance for the nonholonomic system of the unilateral
non-Chetaev type in the event space in transformation
(12).
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3.1. Criteria of the Lie symmetry

Determining equations of the Lie symmetry under
transformation (12) of Eqs.(10) are

XO[Eq(4)] = XD (P, + T),

(=1,---,n+1) (subjected to constraints),

XP[Eq(4)] = XD (P,),

(=1,---,n+1) (constraints vanishing), (13)
where
XM = ¢, 9 désy1 0
0% 511 dr oz,
x@ _x P10 (14)

2 17
dr? 0xl,,

The (n+ 1) equations of the first equation of Eqs.(13)
are not independent of each other, and the (n+1)
equations of the second equations of (13) are not in-
dependent of each other, either. There exist the fol-

lowing relationships:
{X(z) [Ea(4)] = X(l)(Pa + Ia)}al, =0,
(subjected to constraints),

{(XO[Eq(4)] = XV (Py)}al, =0

(constraints vanishing). (15)

Proof From the first formula of Egs.(10), we
know [Eq(4) — (Pa + I'n)] 2, = 0. Consider Egs.(14),
P,, and I, do not include clearly =" ¢, 1, then we will
have

0 = X {[Eq (4) — (Pa + Ta)] 7.}

= {X@[Ea (1) - (P +r>1}
+[Ea( ) = (Po + o)) X® (a,)
X [Bq (4) = (Pu + L))} o

- {X —X@ (P, + Fa)}x’a

= X0 [X(l) (Po+T,)
e,

- {X<2> [Eo (4)] — X (P, + FQ)} x

hence the first formula of Eqs.(15) is verified. In a
similar way, the second formula of Eqgs.(15) can also
be proved.

Because of the existence of Eqs.(15), we take the
first equation of Eqs.(13) or the subsequent n equa-
tions of the second equation of Eqs.(13)

xX® [Es1(4)] = xXW(p, (Psy1 + Ts41),

(s=1,---,n) (subjected to constraints)
and  XP By (4)] = XD (Pyy),

(s=1,---,n) (constraints vanishing) (16)

as the determining equations of the Lie symmetry,
namely the criterion of the Lie symmetry. The to-
tal derivatives along the trajectory of the system with
respect to parameter 7 are

4 A L A .

ar  0za 18’ "0xl
(subjected to constraints) ,

d 0 0 0

ar = Toggy TV g T B
(constraints Vanlshlng) . (17)

Since Egs.(11) need to be substituted into
Eqgs.(16), calculating Eqgs.(16) yields the result the

same as that obtained by replacing 1 of the oper-
_ T

d
ators X and X® with e

-
equations of Eqgs.(11) under transformation (12) can

Thus the determining

be written as

iagerl _ 8145 5 8145 a§k+1

dr dr = Oxpm k1 o), dr ’
(s=1,---,n) (subjected to constraints)
iagerl o 8Bs é. 8Bs a§k+1

dr dr Oz kol Oxj y dr ’
(s=1,---,n) (constraints vanishing). (18)

Equations (18) are another criterion of the Lie
symmetry.
3.2. Criteria of the Noether symmetry

Noether equations of Egs.(10) under transforma-
tion (12) are

oA oA
s a7 Ps Fs s

3ws+1§ +1+ 8:v’s+1§s+1 + (Pog1 + Lsy1)€s41
+Gy =0, (subjected to constraints),

o4 oA
A Gs P s Gy = 0,
8xs+1§ 11+ 9 ,S+1§s+1 + Psy18s41 + Gy
(constraints vanishing) , (19)

where GN = Gn(zq, ) is the gauge function. Killing
equations responding to the first and second formulae
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of Egs.(19) are

oA ¢ oA Osy1
T e — >y
0% 511 + 0z’ | Oxpy s
OGN
+(Psg1 + Is41)8s4+1 = —8x—17{<;+1,
s+1
(subjected to constraints) ,
94 91 OGx
Oy Oy, Oy
(k=1,---,n) (subjected to constraints);
8/1 8/1 8€s+1 /
5. Ss a7 A 2 + PS S
6ws+1§ +1 da., O k1 118511
oG
= _8I—+le;+1, (constraints vanishing) ,
oA 8§s+1 _ 8GN
Oy 0x) g Oxjyy’
(k=1,---,n) (constraints vanishing). (20)

Equations (19) or (20) are criteria of the Noether
symmetry.

3.3. Criterion of the form invariance

The criterion equations of the form invariance of
Eqs.(10) under transformation (12) are

Es+1[ (A)] X(l)( s+1 + Fs-‘rl)
(s=1,---,n) (subjected to constraints),
Es+l[X(l)(A)] = X(l)(Ps+l)7

(s = --,n) (constraints vanishing).  (21)

4. The Noether symmetry and
form invariance being condi-
tions of the Lie symmetry

4.1. The Noether symmetry is a condi-

tion of the Lie symmetry

The following relationship can be verified:

& (04
dT2 (9x’;€+1 a$/s+1
Oky1 dEgpq1(A)
0r' 541 dr

Eo1[XP(4)] -

+E1(Er1)Erpr (A) +

= X(2) [ESJrl(A)]v (S = 15 te 7”)' (22)
Note that
d? aG
Eor1 (G'N) = N (s=1,---,n), (23)

dr2 0/ o411’

which is classified into two kinds of cases in re-
search, one is that the system is subjected to the con-
straints and the other is that the constraints vanish
from the system. Substituting Eqgs.(23) into Egs.(22),
and adding and subtracting X (P,;; + I's;1) and
Est1[(Pr+1 + Tkt1)€k+1], or adding and subtracting

XM (Pyy 1) and Eg 1 (Pey1€rs1), and utilizing the first
and second equations of Egs.(10), and being simpli-
fied, respectively, yield

X3 [Egs1 (4) = (Pog1 + Tog1)]

= Es1 [X(l) (A) + (Peg1 + Tg1) Epg1 + G/N}

_d_2 0N ki1 n OGN
dr? \ Oz}, Ox,,, Oz

s+1
O(Pey1+ Tsr1) O (Pig1+ k1) o,
- / + §k+1
Oy 14 9

8 (Perl + Ferl)

" <3(Pk+1 + Iht1)
a$s+1 5$k+1

_ia(PkH + Iiy1) ¢
dr oxl, b

(s=1,2,---,n) (subjected to constraints);
X(Q) [Eerl (A) - Ps+1]

=E. [X(l) (A) + Pyy1bprr + G/N}

_d_2 ( 0N ki1 n OGN )
dr? \Owpyy Oxlyy  Oxlyy
OP; P
ey )
n <3Pk+1 0Py iaPkJrl) frin,
0rsy1  Oxpyr  d7 02,
(s=1,2,---,n) (constraints vanishing).

(24)

Hence, we have

Proposition 1. Under transformation (12), if in-
finitesimal transformation generator £541 of the non-
holonomic system of the unilateral non-Chetaev type
in the event space is of the Noether symmetry, and
€541, Ps11 and 511 satisfy the equations

8 (Perl + Ferl)

(3 (Pry1 + Ty1)

O0Toi1 O0Tpy1
d O(Pry1+ Tet1) ¢
S dr 0x' 511 s
OPoy1+T'si1) | O(Pry1+Tr1)\ .0
- ; + ; §pp1 =0
or k41 Ox s+1
(s=1,---,n) (subjected to constraints),
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OPgp1 0Py d 0Py ¢ _ d (01 04\ O 04
0xst1  Oxpy1 A7 02 s4q kol dr \ 0z, Oxpq1 0%s1+1 0Tt
_ ( OPi1 | OPen ) =0, L4 (05 94 N 0., 94
0’1 0751 dr \ 0z, 0z}, Oxgyq Oy’
(s=1,---,n) (constraints vanishing). (25) (s=1,---,n) (28)

The infinitesimal transformation generator £,41 must
be of the Lie symmetry. Whereas, it is uncertain.

Proof The situation can be divided into two
kinds, one is that the system is subjected to the con-
straints and the other is that the constraints vanish
from the system. If &1 is an infinitesimal trans-
formation generator of the Noether symmetry, then
Eqs.(19) and (20) are tenable. Substituting Eqs.(19),

(20) and (25) into Egs.(24), we obtain
X(Q) [ES+1 (A)] - X(l) (Ps+l + Fs-‘rl)
= X(Q) [Eerl (A) - (Perl + Ferl)]

=0, (s=1,---,n) (subjected to constraints),

X® [Es+l (A)] - XM (PS-H)
X(Q) [Eerl (A) - Ps+1]
=0, (s=1,---,n) (constraints vanishing).(26)

From Eqs.(16), we know £,11 to be also of the Lie
symmetry. QFED

As for the nonholonomic conservative mechani-
cal system of the unilateral non-Chetaev type in the
event space, exists Ps11 = 0, the second equation of
Eqgs.(25) is automatically tenable, hence the following
corollary from Egs.(25) can be obtained:

Corollary If the infinitesimal transformation
generator ;41 of the nonholonomic conservative me-
chanical system of the unilateral non-Chetaev type is
of the Noether symmetry, and £s11 and 541 satisfy

the following equation:

M1 Ospn d 0k ¢
8$5+1 8{Ek+1 dr 8$/5+1 ik

0l'g1 O0lky1 )
_ -0 =1....
(ax’kH 0x’ 511 Skt o (s o)
(subjected to constraints), (27)

the Noether symmetry is of the Lie symmetry.

4.2. The form invariance being a condi-
tion of the Lie symmetry

We can verify that the formula

Bopn [XO ()] = X B (1)

is tenable. Hence we have

Proposition 2. Under transformation (12), a
full and necessary condition under which the form
invariance of the nonholonomic system in the event
space is of the Lie symmetry is that the infinitesimal
transformation generator £,41 satisfies

d (35k+1 oA > Ok 04
dr \ 0z, Oxpq1 0%s41 0T
+i <3§1/c+1 oA > 08y 04 0
dr \ 9z, 0z, Oxgyy Oz} ’
(s=1,---n). (29)

Proof Firstly, verify Proposition 2 to be tenable
when the system is subjected to the constraints. If the
form invariance is of the Lie symmetry, then we have

Egp1 [XM(A)] = XD (Pyyy + Toyq)
= XO[Eesr (4)] = XD (Pags + L),

(s=1,---,n) (subjected to constraints). (30)

Eo1 XM (4)] = XP[Eap1 (4)] =0,
(s=1,---,n) (subjected to constraints).(31)

From Egs.(28) and (31), Eqs.(29) are obtained.
Whereas, if Eqgs.(29) are tenable, from Eqgs.(28) we
know that Eqgs.(31) and (30) are all tenable. Hence,
Proposition 2 is verified to be tenable when the system
is subjected to the constraints. When the constraints
vanish from the system, Proposition 2 can also be ver-
ified to be tenable in the same way. QFED

d
In calculating Eqs.(21), the 1 of the operators in
T _

d
X1 and E, is required to be replaced by T then the
_ T

d d
— in Eqs.(29) is expressed as —, £, is expressed
dr _ dr

as — .
dr Sott
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5. Hojman conserved quantities
resulting from the three kinds

of symmetries

In the event space, the Hojman conserved quan-
tities resulting from the Lie symmetry, the Noether
symmetry and the form invariance for a nonholonomic
system are given respectively by the following three
propositions.

Proposition 3 If the generator £,4; satisfies
(18) under transformation (12) and a certain function
= p(xq,x)) exists, which make

As d
5i's+1 + Eln,u =0 (subjected to constraints)
and
OBs d

+ —Ilnp=20

oy T dr (constraints vanishing) (32)

tenable, then the Hojman conserved quantity result-
ing from the Lie symmetry in the event space is

; Ozt
= const. (33)

1 9 1 0 d
Iy = (ust1) + e (ME@-{-I)

Proof Take the total derivative of Eqgs.(17) with
respect to 7, then we will obtain

g _ A (1 ok, Y, 40
dr — dr \uozsy s+l

i l 8;“ a€5+1
poxy,  dr

dr

We can easily verify the following operational
equations:

d a9 9 d 0 0Aps1 0
dr ozl y  Ox, ,dr  Oweyr  Oxl, Ox)

(subjected to constraints),

i a 0 i 3 OAps1 0O
AT 0z Oxep1 dT  Oxeqq 8x;€+1

(subjected to constraints) ;

iaiag_a_aBkHa
dr ozl ,  Ox, ,dr  Oweyr  Oxl, Ox)

(constraints vanishing) ,

i a 0 i 3 OBr+1 O
A7 0z Oxep1 dT  Oxeqq 8x;€+1

(constraints vanishing) . (35)

Take the partial derivative of (18) with respect to
x, ., and the summation of s, then we will have

0 i a§s+1
oxl dr dr

_ 9 (6AS §k+1)+ 9 (6A5 dng)

/ / /
0z \OTpi1 Oz \ Oz, dT

(subjected to constraints),
0 ddtn
ozl dr dr

_ 0 (635 §k+1)+ ) (635 d§k+1>

/ / /
0z, 1 \OTpi1 Ox q \ Oz, dT

(constraints vanishing) . (36)

Substituting Eqs.(35) and (36) into Eq.(34), and
utilizing Eqgs.(32) and (18), we obtain

— _—5 +£ l 8'“ %
1 OTs41 st dr \ pox's41 dr

%A, %A, d
57 1 + ’ / SR
ox 5+16.’L’k+1 ox S+16(E k+1 dr

dr dr

aIH (_1 (1 8#

_ 1 op (dd& DA ¢
© opor'eiy \dr dr 0T k41 s
04 d&rt1 —0
0x'py1 dr

(subjected to constraints),

Ay A (10 Y, (1 ot
dr  dr \pozeiy st dr \ pox's41 dr
8235 82Bs a§k+1

7 Err1 + ’ 7
ox 5+16.’L’k+1 ox S+16(E k+1 dr

1 8‘LL C_l (_1554»1 8BS
= - — - Syl
y2i ox s+1 dr dr a$k+1
0B d&rt1 —0
0x'y1 dr
(constraints vanishing) . (37)
QED

Using Proposition 3, the Hojman conserved quan-
tity may be directly obtained through the Lie symme-
try of the system.

Proposition 4 If the infinitesimal transforma-
tion generator &s11, dynamical functions Psy; and
I'syy of the Noether symmetry of the system under
transformation (12) satisfy relationships (15) and ex-
ists a certain function p = p(xq, x,,) to make Egs.(32)
tenable, then the Noether symmetry will result in
Eq.(33) of the Hojman conserved quantity.

Proof By virtue of Propositions 1 and 3, Propo-
sition 4 can be verified.
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Using Proposition 4, by virtue of the Noether
symmetry of the system, the Hojman conserved quan-
tity can be obtained through the Lie symmetry.

Proposition 5 If the infinitesimal transforma-
tion generator £s;41 of the form invariance of the
system under transformation (12) satisfies Eqs.(29)
and exists a certain function pu = p(zq,z) to make
Eqs.(32) tenable, then the form invariance will indi-
rectly result in Eq.(33) of the Hojman conserved quan-
tity.

Proof By virtue of Propositions 2 and 3, Propo-
sition 5 can be verified.

Using the Proposition 5 and the form invari-
ance, the Hojman conserved quantity can be obtained
through the Lie symmetry.

6. Illustrative example

The Lagrange function, the generalized non-
potential forces, the constraint equations and the re-
stricting conditions that the virtual displacement is
subjected to the constraints for the unilateral non-
holonomic system in the event space, respectively, are

RGN CEI RS

Pi=Py= Py =0, (39)
F=al +x125 >0, (40)
(2 —2x}) dwg + w1250w3 = 0. (41)

Now, we try to deduce the Hojman conserved
quantities by means of the Lie symmetry, the Noether
symmetry and the form invariance of the system.

Comparing conditions (6) and (41), we have
F12 = ($/1—2I/2) and F13 = $1$/2. (42)

Substituting expressions (38) and (42) into the
first equation of Eqs.(7), we obtain

" / ! ! Loy
zy = My (21 — 225) + —;
1
aw/
axhx
and % =2} (\aah — ) + %
1
(subjected to constraints), (43)

and from inequality (40) and Eqgs.(43), we have

Substituting expression (44) into Egs.(43), and
substituting expressions (38) and (42) into the second
equation of Egs.(7), we obtain

/ I _ ol
xg:% (1 T3)

7 Alu
X1 i
/)
ThT
no__ / / 371
and x5 =a] (vh —2)) + = Ay
1
(subjected to constraints) ;
! !
xhr xhx 2
no_ 21 no_ 341 /
2 =—"—=DB1, w3=—"=—(21)" =B
T T
(constraints vanishing) . (45)

From Eqgs.(18) and (45), we obtain

A ds _afdey  dd§_ ,dG | afdg
dr dr — 24 dr’ drdr  “tdr ) dr
(subjected to constraints);

ddé 2 dé  ddé 2 dés

dr dr — 2} dr’ drdr  af dr
(constraints vanishing) . (46)

Equations (46) have the following solutions:
&=1, &=0; (47)
=0, &=1; (48)

, 2
52—<%—x2+x1), G=0.  (49)

1
From Egs.(32), we have

o d
— 4+ —1 =0 50
@ +d7’ mH =5 (50)

which has the following solutions:

_o (T}
w=(x}) 2 (I—f’—xz—i-:vl), (51)

1
/
u= ) (%), (52)
Ty
and
p= ()" (53)
Utilize Proposition 3 and solutions of three groups
of equations, i.e. Egs.(47) and (51), (48) and (52), and
(49) and (53), then the three Hojman conserved quan-
tities deduced from the Lie symmetry of the system
will be respectively obtained as follows:

' —1
Iy = — (x—? — 2o + x1> = const,  (54)
Ty

Il
7N
|&
Lo~
+
8
w
N~
L
|
o
@]
=]
wn
\‘c—f

In (55)

!
Iy =-2 (% — 9 + xl) = const. (56)
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Notes Generators (47) and (48) are of the
Noether symmetry and all satisfy Egs.(25), hence, the
Hojman conserved quantities (54) and (55) deduced
from the Noether symmetry can also be obtained by
virtue of Proposition 4. Generators (47), (48) and (49)
are the form invariances and all satisfy (29), hence, the
Hojman conserved quantities (54), (55) and (56) de-
duced from the form invariances can also be obtained
by virtue of Proposition 5.

7. Conclusion

The Hojman conserved quantities deduced by us-
ing the special Lie symmetry, the Noether symmetry
and the Mei symmetry for nonholonomic systems of
the unilateral non-Chetaev type in the event space are
investigated. The differential equations of motion of

the system in the event space are established. The
criteria of the Lie symmetry, the Noether symmetry
and the form invariance are given, and the relations
between them are studied. The conditions and ex-
pressions of the Hojman conserved quantities deduced
from the three kinds of symmetries are obtained.

The research conclusions indicate that if the gen-
eralized nonholonomic constraint I\, = 0, then the
conclusion of research will degenerate to a conclu-
sion of the Hojman conserved quantity for a holo-
nomic non-conservative mechanical system in the
event space; If P, = I',, = 0, the conclusion of research
will degenerate to a conclusion of the Hojman con-
served quantity for a nonholonomic mechanical sys-
tem of the unilateral Chetaev type in the event space.
Hence, the conclusions of research in this paper will

be of general significance.
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