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Hojman conserved quantities deduced from the special Lie symmetry, the Noether symmetry and the form invari-

ance for a nonholonomic system of the unilateral non-Chetaev type in the event space are investigated. The differential

equations of motion of the system above are established. The criteria of the Lie symmetry, the Noether symmetry and

the form invariance are given and the relations between them are obtained. The Hojman conserved quantities are gained

by which the Hojman theorem is extended and applied to the nonholonomic system of the unilateral non-Chetaev type

in the event space. An example is given to illustrate the application of the results.
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1. Introduction

In recent years, analytical mechanics has made

a rapid progress in research of symmetries and con-

served quantities.[1−22] A higher achievement has also

been gained about the study on both symmetry and

conserved quantity for a holonomic system in an

event space. By using the Noether theorem de-

duced from the Noether symmetry, the Noether con-

served quantity is obtained. Similarly, by utilizing

the Noether symmetry deduced from the Lie symme-

try, the Noether conserved quantity is obtained.[23] By

using the Noether symmetry deduced from the form

invariance, the Noether conserved quantity is also

found.[24] In Ref.[25], the Hojman conserved quanti-

ties deduced from the special Lie symmetry, Noether

symmetry and form invariance for a holonomic system

in the event space are studied. However, the symme-

try and conserved quantity for a unilateral nonholo-

nomic system in the event space have not been deeply

studied. In this paper, the Hojman conserved quanti-

ties deduced from the special Lie symmetry, Noether

symmetry and form invariance for an nonholonomic

system of the unilateral non-Chetaev type in the event

space are investigated.

2. Differential equations of mo-

tion of system

Suppose that the configuration of a mechani-

cal system of an ideal unilateral non-Chetaev type

whose motion is subjected to nonholonomic con-

straints is determined by n generalized coordinates

qs(s = 1, 2, · · · , n), and its corresponding (n + 1)-

degree event space is set up by the n generalized co-

ordinates and time t. Introducing signs of x1 = t

and xs+1 = qs(s = 1, · · · , n), all variables xα(α =

1, · · · , n + 1) may be regarded as known functions

of parameter τ . Let xα = xα(τ) is C2-type curve,

and (n + 1) variables
dxα

dτ
= x′

α(α = 1, · · · , n + 1)

will not be equal to zero at the same time. Thus

ẋα =
dxα

dt
=

x′
α

x′
1
(α = 1, · · · , n + 1). If the La-

grange function L = L(t, qs, q̇s) and the generalized

non-potential forces Qs = Qs(t, qs, q̇s) of the system in

the configuration space, then the Lagrange functions

and the generalized non-potential forces respectively

are

Λ (xα, x′
α) = x′

1L

(

xα,
x′

2

x′
1
, · · · ,

x′
n+1

x′
1

)

, (1)

P1 = −Qsx
′
s+1, (s = 1, 2, · · · , n),
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Ps+1 = x′
1Qs

(

xα,
x′

2

x′
1
, · · · ,

x′
n+1

x′
1

)

,

(s = 1, 2, · · · , n). (2)

The universal subscripts denote Einstein summa-

tion convention in the above equations as well as in the

following text. Suppose that the motion of the system

in the configuration space is subjected to g nonholo-

nomic constraints of the ideal unilateral non-Chetaev

type as follows:

fβ(t, qs, q̇s) ≥ 0, (β = 1, · · · , g; s = 1, · · · , n). (3)

Inequality (3) can be expressed in the event space as

Fβ(xα, x′
α) ≥ 0,

(β = 1, · · · , g; α = 1, · · · , n + 1), (4)

Fβ(xα, x′
α)

= fβ

(

x1, · · · , xn+1;
x′

2

x′
1
, · · · ,

x′
n+1

x′
1

)

. (5)

Inequality (4) belongs to the nonholonomic con-

straints of the ideal unilateral non-Chetaev type.

When the values of the left functions of inequalities

(3) and (4) are positive, the constraints vanish from

the system; when their values equal zero, the system is

subjected to the constraints. When the system is sub-

jected to the constraints, the restrictive condition of

virtual displacement, to which the constraint equation

(4) is subjected in the event space, is

Fβα(xα, x′
α)δxα = 0,

(β = 1, · · · , g; α = 1, · · · , n + 1). (6)

In general, Fβα has nothing to do with
∂Fβ

∂x′
α

. If

both of them equal each other, the nonholonomic con-

straints of the non-Chetaev type turn into the non-

holonomic constraints of the Chetaev type.

Introducing a Lagrange multiplier λβ(β =

1, · · · , g), the differential equations of motion for the

nonholonomic system of the unilateral non-Chetaev

type in the event space are expressed as

d

dτ

∂Λ

∂x′
α

−
∂Λ

∂xα

= Pα + λβFβα,

(α = 1, · · · , n + 1) (subjected to constraints) ,

d

dτ

∂Λ

∂x′
α

−
∂Λ

∂xα

= Pα,

(α = 1, · · · , n + 1) (constraints vanishing) ,

λβ ≥ 0, fβ ≥ 0, λβfβ = 0. (7)

Let

Γα = λβFβα,

(β = 1, · · · , g; α = 1, · · · , n + 1), (8)

where Γα is the generalized nonholonomic constraint

forces in the event space. Introduce an Euler operator

in the event space

Eα =
d

dτ

∂

∂x′
α

−
∂

∂xα

, (α = 1, · · · , n + 1), (9)

then Eq.(7) will be rewritten as

Eα(Λ) = Pα + Γα, (α = 1, · · · , n + 1)

(subjected to the constraints) ,

Eα(Λ) = Pα, (α = 1, · · · , n + 1)

(constraints vanishing) . (10)

Equations (10) are called the differential equations of

motion corresponding to the nonholonomic system of

the ideal unilateral non-Chetaev type, whose equation

is Eqs.(7) and constraint condition is inequality (4).

Obviously, the (n + 1) equations of the first equation

in Eqs.(10) are not independent of each other, and the

(n + 1) equations of the second equation of Eqs.(10)

are not independent of each other, either. Suppose

that the subsequent n x′′
s+1 are obtained from the

first or second equation of Eqs.(10), then we will have

x′′
s+1 = As(xα, x′

α, x′′
1), (s = 1, · · · , n)

(subjected to constraints) ,

x′′
s+1 = Bs(xα, x′

α, x′′
1 ), (s = 1, · · · , n)

(constraints vanishing) . (11)

3. Criteria of three kinds of sym-

metries of the system

Take a special infinitesimal transformation of

groups

τ∗ = τ, x∗
1 = x1

and x∗
s+1 = xs+1 + εξs+1 (xα, x′

α) ,

(s = 1, · · · , n) , (12)

where ε is the infinitesimal transformation parameter,

and ξs+1 is the infinitesimal transformation generator.

The following sections illustrate the criteria of the Lie

symmetry, the Noether symmetry and the form in-

variance for the nonholonomic system of the unilateral

non-Chetaev type in the event space in transformation

(12).
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3.1.Criteria of the Lie symmetry

Determining equations of the Lie symmetry under

transformation (12) of Eqs.(10) are

X(2)[Eα(Λ)] = X(1)(Pα + Γα),

(α = 1, · · · , n + 1) (subjected to constraints),

X(2)[Eα(Λ)] = X(1)(Pα),

(α = 1, · · · , n + 1) (constraints vanishing), (13)

where

X(1) = ξs+1
∂

∂xs+1
+

dξs+1

dτ

∂

∂x′
s+1

,

X(2) = X(1) +
d2ξs+1

dτ2

∂

∂x′′
s+1

. (14)

The (n+1) equations of the first equation of Eqs.(13)

are not independent of each other, and the (n+1)

equations of the second equations of (13) are not in-

dependent of each other, either. There exist the fol-

lowing relationships:

{X(2)[Eα(Λ)] − X(1)(Pα + Γα)}x′
α = 0,

(subjected to constraints),

{X(2)[Eα(Λ)] − X(1)(Pα)}x′
α = 0,

(constraints vanishing). (15)

Proof From the first formula of Eqs.(10), we

know [Eα(Λ) − (Pα + Γα)] x′
α = 0. Consider Eqs.(14),

Pα, and Γα do not include clearly x′′
s+1, then we will

have

0 = X(2) {[Eα (Λ) − (Pα + Γα)] x′
α}

=
{

X(2) [Eα (Λ) − (Pα + Γα)]
}

x′
α

+ [Eα (Λ) − (Pα + Γα)] X(2) (x′
α)

=
{

X(2) [Eα (Λ) − (Pα + Γα)]
}

x′
α

=
{

X(2) [Eα (Λ)] − X(2) (Pα + Γα)
}

x′
α

=
{

X(2) [Eα (Λ)] −
[

X(1) (Pα + Γα)

+
d2ξs+1

dτ2

∂ (Pα + Γα)

∂x′′
s+1

]}

x′
α

=
{

X(2) [Eα (Λ)] − X(1) (Pα + Γα)
}

x′
α,

hence the first formula of Eqs.(15) is verified. In a

similar way, the second formula of Eqs.(15) can also

be proved.

Because of the existence of Eqs.(15), we take the

first equation of Eqs.(13) or the subsequent n equa-

tions of the second equation of Eqs.(13)

X(2)[Es+1(Λ)] = X(1)(Ps+1 + Γs+1),

(s = 1, · · · , n) (subjected to constraints)

and X(2)[Es+1(Λ)] = X(1)(Ps+1),

(s = 1, · · · , n) (constraints vanishing) (16)

as the determining equations of the Lie symmetry,

namely the criterion of the Lie symmetry. The to-

tal derivatives along the trajectory of the system with

respect to parameter τ are

d̄

dτ
= x′

α

∂

∂xα

+ x′′
1

∂

∂x′
1

+ As

∂

∂x′
s+1

,

(subjected to constraints) ,

d̄

dτ
= x′

α

∂

∂xα

+ x′′
1

∂

∂x′
1

+ Bs

∂

∂x′
s+1

,

(constraints vanishing) . (17)

Since Eqs.(11) need to be substituted into

Eqs.(16), calculating Eqs.(16) yields the result the

same as that obtained by replacing
d

dτ
of the oper-

ators X(1) and X(2) with
d̄

dτ
. Thus the determining

equations of Eqs.(11) under transformation (12) can

be written as

d̄

dτ

d̄ξs+1

dτ
=

∂As

∂xk+1
ξk+1 +

∂As

∂x′
k+1

d̄ξk+1

dτ
,

(s = 1, · · · , n) (subjected to constraints) ,

d̄

dτ

d̄ξs+1

dτ
=

∂Bs

∂xk+1
ξk+1 +

∂Bs

∂x′
k+1

d̄ξk+1

dτ
,

(s = 1, · · · , n) (constraints vanishing) . (18)

Equations (18) are another criterion of the Lie

symmetry.

3.2.Criteria of the Noether symmetry

Noether equations of Eqs.(10) under transforma-

tion (12) are

∂Λ

∂xs+1
ξs+1 +

∂Λ

∂x′
s+1

ξ′s+1 + (Ps+1 + Γs+1)ξs+1

+G′
N = 0, (subjected to constraints) ,

∂Λ

∂xs+1
ξs+1 +

∂Λ

∂x′
s+1

ξ′s+1 + Ps+1ξs+1 + G′
N = 0,

(constraints vanishing) , (19)

where GN = GN(xα, x′
α) is the gauge function. Killing

equations responding to the first and second formulae
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of Eqs.(19) are

∂Λ

∂xs+1
ξs+1 +

∂Λ

∂x′
s+1

∂ξs+1

∂xk+1
x′

k+1

+(Ps+1 + Γs+1)ξs+1 = −
∂GN

∂xs+1
x′

s+1,

(subjected to constraints) ,

∂Λ

∂x′
s+1

∂ξs+1

∂x′
k+1

= −
∂GN

∂x′
k+1

,

(k = 1, · · · , n) (subjected to constraints) ;

∂Λ

∂xs+1
ξs+1 +

∂Λ

∂x′
s+1

∂ξs+1

∂xk+1
x′

k+1 + Ps+1ξs+1

= −
∂GN

∂xs+1
x′

s+1, (constraints vanishing) ,

∂Λ

∂x′
s+1

∂ξs+1

∂x′
k+1

= −
∂GN

∂x′
k+1

,

(k = 1, · · · , n) (constraints vanishing) . (20)

Equations (19) or (20) are criteria of the Noether

symmetry.

3.3.Criterion of the form invariance

The criterion equations of the form invariance of

Eqs.(10) under transformation (12) are

Es+1[X
(1)(Λ)] = X(1)(Ps+1 + Γs+1),

(s = 1, · · · , n) (subjected to constraints),

Es+1[X
(1)(Λ)] = X(1)(Ps+1),

(s = 1, · · · , n) (constraints vanishing). (21)

4. The Noether symmetry and

form invariance being condi-

tions of the Lie symmetry

4.1. The Noether symmetry is a condi-

tion of the Lie symmetry

The following relationship can be verified:

Es+1[X
(1)(Λ)] −

d2

dτ2

(

∂Λ

∂x′
k+1

∂ξk+1

∂x′
s+1

)

+Es+1(ξk+1)Ek+1(Λ) +
∂ξk+1

∂x′
s+1

dEk+1(Λ)

dτ

= X(2)[Es+1(Λ)], (s = 1, · · · , n). (22)

Note that

Es+1 (G′
N) =

d2

dτ2

∂GN

∂x′
s+1

, (s = 1, · · · , n) , (23)

which is classified into two kinds of cases in re-

search, one is that the system is subjected to the con-

straints and the other is that the constraints vanish

from the system. Substituting Eqs.(23) into Eqs.(22),

and adding and subtracting X(1)(Ps+1 + Γs+1) and

Es+1[(Pk+1 + Γk+1)ξk+1], or adding and subtracting

X(1)(Ps+1) and Es+1(Pk+1ξk+1), and utilizing the first

and second equations of Eqs.(10), and being simpli-

fied, respectively, yield

X(2) [Es+1 (Λ) − (Ps+1 + Γs+1)]

= Es+1

[

X(1) (Λ) + (Pk+1 + Γk+1) ξk+1 + G′
N

]

−
d2

dτ2

(

∂Λ

∂x′
k+1

∂ξk+1

∂x′
s+1

+
∂GN

∂x′
s+1

)

−

(

∂ (Ps+1 + Γs+1)

∂x′
k+1

+
∂ (Pk+1 + Γk+1)

∂x′
s+1

)

ξ′k+1

+

(

∂ (Pk+1 + Γk+1)

∂xs+1
−

∂ (Ps+1 + Γs+1)

∂xk+1

−
d

dτ

∂ (Pk+1 + Γk+1)

∂x′
s+1

)

ξk+1,

(s = 1, 2, · · · , n) (subjected to constraints);

X(2) [Es+1 (Λ) − Ps+1]

= Es+1

[

X(1) (Λ) + Pk+1ξk+1 + G′
N

]

−
d2

dτ2

(

∂Λ

∂x′
k+1

∂ξk+1

∂x′
s+1

+
∂GN

∂x′
s+1

)

−

(

∂Ps+1

∂x′
k+1

+
∂Pk+1

∂x′
s+1

)

ξ′k+1

+

(

∂Pk+1

∂xs+1
−

∂Ps+1

∂xk+1
−

d

dτ

∂Pk+1

∂x′
s+1

)

ξk+1,

(s = 1, 2, · · · , n) (constraints vanishing) .

(24)

Hence, we have

Proposition 1. Under transformation (12), if in-

finitesimal transformation generator ξs+1 of the non-

holonomic system of the unilateral non-Chetaev type

in the event space is of the Noether symmetry, and

ξs+1, Ps+1 and Γs+1 satisfy the equations

(

∂ (Pk+1 + Γk+1)

∂xs+1
−

∂ (Ps+1 + Γs+1)

∂xk+1

−
d

dτ

∂ (Pk+1 + Γk+1)

∂x′
s+1

)

ξk+1

−

(

∂ (Ps+1 + Γs+1)

∂x′
k+1

+
∂ (Pk+1 + Γk+1)

∂x′
s+1

)

ξ′k+1 = 0,

(s = 1, · · · ,n) (subjected to constraints) ,
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(

∂Pk+1

∂xs+1
−

∂Ps+1

∂xk+1
−

d

dτ

∂Pk+1

∂x′
s+1

)

ξk+1

−

(

∂Ps+1

∂x′
k+1

+
∂Pk+1

∂x′
s+1

)

ξ′k+1 = 0,

(s = 1, · · · ,n) (constraints vanishing) . (25)

The infinitesimal transformation generator ξs+1 must

be of the Lie symmetry. Whereas, it is uncertain.

Proof The situation can be divided into two

kinds, one is that the system is subjected to the con-

straints and the other is that the constraints vanish

from the system. If ξs+1 is an infinitesimal trans-

formation generator of the Noether symmetry, then

Eqs.(19) and (20) are tenable. Substituting Eqs.(19),

(20) and (25) into Eqs.(24), we obtain

X(2) [Es+1 (Λ)] − X(1) (Ps+1 + Γs+1)

= X(2) [Es+1 (Λ) − (Ps+1 + Γs+1)]

= 0, (s = 1, · · · , n) (subjected to constraints) ,

X(2) [Es+1 (Λ)] − X(1) (Ps+1)

= X(2) [Es+1 (Λ) − Ps+1]

= 0, (s = 1, · · · , n) (constraints vanishing) .(26)

From Eqs.(16), we know ξs+1 to be also of the Lie

symmetry. QED

As for the nonholonomic conservative mechani-

cal system of the unilateral non-Chetaev type in the

event space, exists Ps+1 = 0, the second equation of

Eqs.(25) is automatically tenable, hence the following

corollary from Eqs.(25) can be obtained:

Corollary If the infinitesimal transformation

generator ξs+1 of the nonholonomic conservative me-

chanical system of the unilateral non-Chetaev type is

of the Noether symmetry, and ξs+1 and Γs+1 satisfy

the following equation:

(

∂Γk+1

∂xs+1
−

∂Γs+1

∂xk+1
−

d

dτ

∂Γk+1

∂x′
s+1

)

ξk+1

−

(

∂Γs+1

∂x′
k+1

+
∂Γk+1

∂x′
s+1

)

ξ′k+1 = 0, (s = 1, · · · ,n)

(subjected to constraints) , (27)

the Noether symmetry is of the Lie symmetry.

4.2. The form invariance being a condi-

tion of the Lie symmetry

We can verify that the formula

Es+1

[

X(1) (Λ)
]

− X(2) [Es+1 (Λ)]

=
d

dτ

(

∂ξk+1

∂x′
s+1

∂Λ

∂xk+1

)

−
∂ξk+1

∂xs+1

∂Λ

∂xk+1

+
d

dτ

(

∂ξ′k+1

∂x′
s+1

∂Λ

∂x′
k+1

)

−
∂ξ′k+1

∂xs+1

∂Λ

∂x′
k+1

,

(s = 1, · · · , n) (28)

is tenable. Hence we have

Proposition 2. Under transformation (12), a

full and necessary condition under which the form

invariance of the nonholonomic system in the event

space is of the Lie symmetry is that the infinitesimal

transformation generator ξs+1 satisfies

d

dτ

(

∂ξk+1

∂x′
s+1

∂Λ

∂xk+1

)

−
∂ξk+1

∂xs+1

∂Λ

∂xk+1

+
d

dτ

(

∂ξ′k+1

∂x′
s+1

∂Λ

∂x′
k+1

)

−
∂ξ′k+1

∂xs+1

∂Λ

∂x′
k+1

= 0,

(s = 1, · · · ,n) . (29)

Proof Firstly, verify Proposition 2 to be tenable

when the system is subjected to the constraints. If the

form invariance is of the Lie symmetry, then we have

Es+1[X
(1)(Λ)] − X(1)(Ps+1 + Γs+1)

= X(2)[Es+1(Λ)] − X(1)(Ps+1 + Γs+1),

(s = 1, · · · , n) (subjected to constraints) . (30)

Hence

Es+1[X
(1)(Λ)] − X(2)[Es+1(Λ)] = 0,

(s = 1, · · · , n) (subjected to constraints) .(31)

From Eqs.(28) and (31), Eqs.(29) are obtained.

Whereas, if Eqs.(29) are tenable, from Eqs.(28) we

know that Eqs.(31) and (30) are all tenable. Hence,

Proposition 2 is verified to be tenable when the system

is subjected to the constraints. When the constraints

vanish from the system, Proposition 2 can also be ver-

ified to be tenable in the same way. QED

In calculating Eqs.(21), the
d

dτ
of the operators in

X(1) and Es is required to be replaced by
d̄

dτ
, then the

d

dτ
in Eqs.(29) is expressed as

d̄

dτ
, ξ′s+1 is expressed

as
d̄

dτ
ξs+1.
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5. Hojman conserved quantities

resulting from the three kinds

of symmetries

In the event space, the Hojman conserved quan-

tities resulting from the Lie symmetry, the Noether

symmetry and the form invariance for a nonholonomic

system are given respectively by the following three

propositions.

Proposition 3 If the generator ξs+1 satisfies

(18) under transformation (12) and a certain function

µ = µ(xα, x′
α) exists, which make

∂As

∂x′
s+1

+
d̄

dτ
lnµ = 0 (subjected to constraints)

and

∂Bs

∂x′
s+1

+
d̄

dτ
lnµ = 0 (constraints vanishing) (32)

tenable, then the Hojman conserved quantity result-

ing from the Lie symmetry in the event space is

IH =
1

µ

∂

∂xs+1
(µξs+1) +

1

µ

∂

∂x′
s+1

(

µ
d̄

dτ
ξs+1

)

= const. (33)

Proof Take the total derivative of Eqs.(17) with

respect to τ , then we will obtain

d̄IH

dτ
=

d̄

dτ

(

1

µ

∂µ

∂xs+1
ξs+1

)

+
d̄

dτ

∂ξs+1

∂xs+1

+
d̄

dτ

(

1

µ

∂µ

∂x′
s+1

d̄ξs+1

dτ
+

∂

∂x′
s+1

d̄ξs+1

dτ

)

.

(34)

We can easily verify the following operational

equations:

d̄

dτ

∂

∂x′
s+1

=
∂

∂x′
s+1

d̄

dτ
−

∂

∂xs+1
−

∂Ak+1

∂x′
s+1

∂

∂x′
k+1

(subjected to constraints) ,

d̄

dτ

∂

∂xs+1
=

∂

∂xs+1

d̄

dτ
−

∂Ak+1

∂xs+1

∂

∂x′
k+1

(subjected to constraints) ;

d̄

dτ

∂

∂x′
s+1

=
∂

∂x′
s+1

d̄

dτ
−

∂

∂xs+1
−

∂Bk+1

∂x′
s+1

∂

∂x′
k+1

(constraints vanishing) ,

d̄

dτ

∂

∂xs+1
=

∂

∂xs+1

d̄

dτ
−

∂Bk+1

∂xs+1

∂

∂x′
k+1

(constraints vanishing) . (35)

Take the partial derivative of (18) with respect to

x′
s+1 and the summation of s, then we will have

∂

∂x′
s+1

d̄

dτ

d̄ξs+1

dτ

=
∂

∂x′
s+1

(

∂As

∂xk+1
ξk+1

)

+
∂

∂x′
s+1

(

∂As

∂x′
k+1

d̄ξk+1

dτ

)

(subjected to constraints) ,

∂

∂x′
s+1

d̄

dτ

d̄ξs+1

dτ

=
∂

∂x′
s+1

(

∂Bs

∂xk+1
ξk+1

)

+
∂

∂x′
s+1

(

∂Bs

∂x′
k+1

d̄ξk+1

dτ

)

(constraints vanishing) . (36)

Substituting Eqs.(35) and (36) into Eq.(34), and

utilizing Eqs.(32) and (18), we obtain

d̄IH

dτ
=

d̄

dτ

(

1

µ

∂µ

∂xs+1
ξs+1

)

+
d̄

dτ

(

1

µ

∂µ

∂x′
s+1

d̄ξs+1

dτ

)

+
∂2As

∂x′
s+1∂xk+1

ξk+1 +
∂2As

∂x′
s+1∂x′

k+1

d̄ξk+1

dτ

=
1

µ

∂µ

∂x′
s+1

(

d̄

dτ

d̄ξs+1

dτ
−

∂As

∂xk+1
ξk+1

−
∂As

∂x′
k+1

d̄ξk+1

dτ

)

= 0

(subjected to constraints) ,

d̄IH

dτ
=

d̄

dτ

(

1

µ

∂µ

∂xs+1
ξs+1

)

+
d̄

dτ

(

1

µ

∂µ

∂x′
s+1

d̄ξs+1

dτ

)

+
∂2Bs

∂x′
s+1∂xk+1

ξk+1 +
∂2Bs

∂x′
s+1∂x′

k+1

d̄ξk+1

dτ

=
1

µ

∂µ

∂x′
s+1

(

d̄

dτ

d̄ξs+1

dτ
−

∂Bs

∂xk+1
ξk+1

−
∂Bs

∂x′
k+1

d̄ξk+1

dτ

)

= 0

(constraints vanishing) . (37)

QED

Using Proposition 3, the Hojman conserved quan-

tity may be directly obtained through the Lie symme-

try of the system.

Proposition 4 If the infinitesimal transforma-

tion generator ξs+1, dynamical functions Ps+1 and

Γs+1 of the Noether symmetry of the system under

transformation (12) satisfy relationships (15) and ex-

ists a certain function µ = µ(xα, x′
α) to make Eqs.(32)

tenable, then the Noether symmetry will result in

Eq.(33) of the Hojman conserved quantity.

Proof By virtue of Propositions 1 and 3, Propo-

sition 4 can be verified.
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Using Proposition 4, by virtue of the Noether

symmetry of the system, the Hojman conserved quan-

tity can be obtained through the Lie symmetry.

Proposition 5 If the infinitesimal transforma-

tion generator ξs+1 of the form invariance of the

system under transformation (12) satisfies Eqs.(29)

and exists a certain function µ = µ(xα, x′
α) to make

Eqs.(32) tenable, then the form invariance will indi-

rectly result in Eq.(33) of the Hojman conserved quan-

tity©

Proof By virtue of Propositions 2 and 3, Propo-

sition 5 can be verified.

Using the Proposition 5 and the form invari-

ance, the Hojman conserved quantity can be obtained

through the Lie symmetry.

6. Illustrative example

The Lagrange function, the generalized non-

potential forces, the constraint equations and the re-

stricting conditions that the virtual displacement is

subjected to the constraints for the unilateral non-

holonomic system in the event space, respectively, are

Λ = x′
1

{

1

2

[(

x′
2

x′
1

)]2

+

[(

x′
3

x′
1

)]2

− x3

}

, (38)

P1 = P2 = P3 = 0, (39)

F = x′
3 + x1x

′
2 ≥ 0, (40)

(x′
1−2x′

2) δx2 + x1x
′
2δx3 = 0. (41)

Now, we try to deduce the Hojman conserved

quantities by means of the Lie symmetry, the Noether

symmetry and the form invariance of the system.

Comparing conditions (6) and (41), we have

F12 = (x′
1−2x′

2) and F13 = x1x
′
2. (42)

Substituting expressions (38) and (42) into the

first equation of Eqs.(7), we obtain

x′′
2 = λ1x

′
1 (x′

1 − 2x′
2) +

x′
2x

′′
1

x′
1

and x′′
3 = x′

1 (λ1x1x
′
2 − x′

1) +
x′

3x
′′
1

x′
1

(subjected to constraints), (43)

and from inequality (40) and Eqs.(43), we have

λ1 = 1/x1. (44)

Substituting expression (44) into Eqs.(43), and

substituting expressions (38) and (42) into the second

equation of Eqs.(7), we obtain

x′′
2 =

x′
1 (x′

1 − 2x′
2)

x1
+

x′
2x

′′
1

x′
1

= A1,

and x′′
3 = x′

1 (x′
2 − x′

1) +
x′

3x
′′
1

x′
1

= A2

(subjected to constraints) ;

x′′
2 =

x′
2x

′′
1

x′
1

= B1, x′′
3 =

x′
3x

′′
1

x′
1

− (x′
1)

2
= B2

(constraints vanishing) . (45)

From Eqs.(18) and (45), we obtain

d̄

dτ

d̄ξ2

dτ
=

x′′
1

x′
1

d̄ξ2

dτ
,

d̄

dτ

d̄ξ3

dτ
= x′

1

d̄ξ2

dτ
+

x′′
1

x′
1

d̄ξ3

dτ

(subjected to constraints);

d̄

dτ

d̄ξ2

dτ
=

x′′
1

x′
1

d̄ξ2

dτ
,

d̄

dτ

d̄ξ3

dτ
=

x′′
1

x′
1

d̄ξ3

dτ

(constraints vanishing) . (46)

Equations (46) have the following solutions:

ξ2 = 1, ξ3 = 0; (47)

ξ2 = 0, ξ3 = 1; (48)

ξ2 =

(

x′
3

x′
1

− x2 + x1

)2

, ξ3 = 0. (49)

From Eqs.(32), we have

2
x′′

1

x′
1

+
d̄

dτ
lnµ = 0, (50)

which has the following solutions:

µ = (x′
1)

−2
(

x′
3

x′
1

− x2 + x1

)

, (51)

µ = (x′
1)

−2
(

x′
2

x′
1

+ x3

)

, (52)

and

µ = (x′
1)

−2
. (53)

Utilize Proposition 3 and solutions of three groups

of equations, i.e. Eqs.(47) and (51), (48) and (52), and

(49) and (53), then the three Hojman conserved quan-

tities deduced from the Lie symmetry of the system

will be respectively obtained as follows:

IH = −

(

x′
3

x′
1

− x2 + x1

)−1

= const, (54)

IH =

(

x′
2

x′
1

+ x3

)−1

= const, (55)

IH = −2

(

x′
3

x′
1

− x2 + x1

)

= const. (56)
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Notes Generators (47) and (48) are of the

Noether symmetry and all satisfy Eqs.(25), hence, the

Hojman conserved quantities (54) and (55) deduced

from the Noether symmetry can also be obtained by

virtue of Proposition 4. Generators (47), (48) and (49)

are the form invariances and all satisfy (29), hence, the

Hojman conserved quantities (54), (55) and (56) de-

duced from the form invariances can also be obtained

by virtue of Proposition 5.

7. Conclusion

The Hojman conserved quantities deduced by us-

ing the special Lie symmetry, the Noether symmetry

and the Mei symmetry for nonholonomic systems of

the unilateral non-Chetaev type in the event space are

investigated. The differential equations of motion of

the system in the event space are established. The

criteria of the Lie symmetry, the Noether symmetry

and the form invariance are given, and the relations

between them are studied. The conditions and ex-

pressions of the Hojman conserved quantities deduced

from the three kinds of symmetries are obtained.

The research conclusions indicate that if the gen-

eralized nonholonomic constraint Γα = 0, then the

conclusion of research will degenerate to a conclu-

sion of the Hojman conserved quantity for a holo-

nomic non-conservative mechanical system in the

event space; If Pα = Γα = 0, the conclusion of research

will degenerate to a conclusion of the Hojman con-

served quantity for a nonholonomic mechanical sys-

tem of the unilateral Chetaev type in the event space.

Hence, the conclusions of research in this paper will

be of general significance.
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