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The dynamics of two confined colloidal particles is studied by means of Brownian dynamics simulation. The auto-

correlation function and cross-correlation function of the two colloidal spheres are computed by utilizing the formulae of

hydrodynamic diffusion matrix expanded to different orders, as well as the accurate tensor through numerical algorithm.

Furthermore, the numerical results are compared with the experimental results and the theoretical approximation. It is

found that the relatively simple theoretical approximation gives good predictions when two spheres are far away from

each other, but fails when the two spheres are very close.
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1. Introduction

Colloidal suspensions are complex systems where
colloidal particles disperse in solvents. Each particle
experiences the friction force with solvent, hydrody-
namic interaction, and direct potential force. Hydro-
dynamic interaction is an interaction among colloidal
particles mediated by the solvent, with the following
picture: when a colloidal particle moves through a
fluid, it influences the surrounding solvent and makes
them move, which produces a fluid velocity field. The
force exerted on the neighbouring particles by this ve-
locity field is hydrodynamics interaction.[!] Such hy-
drodynamic interactions are ubiquitous in many phys-
ical, chemical and biological systems, including com-
plex fluids, polymer and protein.?! The hydrodynamic
interactions have been extensively studied for a long
time due to the fact that they play a very important
role in colloidal dynamics and biological systems, and
many significant results have been obtained. From
the physical point of view, the Reynolds numbers
of the solvents in colloidal suspensions and biolog-
ical systems are very small, which means that the
relevant problems can be treated under the limit of
low-Reynolds-number. Low-Reynolds-number hydro-

dynamics is a field being widely and deeply studied,
and important outcomes and progress therein have
been concluded in Refs.[3-7].

In recent years, the relevant studies have fo-
cused on the force acting on the colloidal spheres
and the preparation of colloidal crystals as well as
on the phase separation of the colloidal suspen-
sions, and many interesting results have been ob-
tained through computer simulation®and experimen-

9,10] One of the most effective meth-

tal measurements.|
ods to study the hydrodynamical properties of col-
loidal suspensions is Brownian dynamics simulation,
which has been successfully used to solve many prob-
lems, such as sedimentation and absorption of the pro-
tein, as well as flocculation of the suspension and the
emulsion, etc. In the last twenty years, this method
has been applied to simulating the dynamical be-
haviour of biological systems and great progress has
been made. Many researchers in the early days have
used Brownian dynamics simulation to study the mo-
tion of a single Brownian particle in solution. The two-
particle Fokker-Planck equation was first deduced by
Mazo.'!l Later on, Deutch and Oppenheim!*? derived
a generalized Langevin equation from the Liouville
equation for N Brownian particles and n solvent par-
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ticles; and from the Langevin equation they deduced
the N particle Fokker—Planck equation. Subsequently,
Ermak and McCammon!® proposed a method of
Brownian dynamics simulation for N Brownian par-
ticles with hydrodynamic interactions based on the
Langevin equation, and also pointed out the condi-
tions under which this method could be applied. In
this paper, we compute the coordinate correlations of
two confined colloidal particles in solution under low
Reynolds number, from which the influence of the hy-
drodynamic interaction can be deduced.

2. Model and theoretical calcula-

tion
2.1. Brownian dynamics simulation

Since the mass and the size of the Brownian
particles are much larger than those of the solvent
molecules, the solvent can be regarded as the contin-
uum fluid medium. Hence we introduce a stochastic
force to describe the influence of the thermal fluctu-
ation of solvent molecules on the Brownian particles,
which leads to the Langevin equation for N Brown-
ian particles. By using some approximations, we ob-
tain the Brownian dynamics formula for solving the

Langevin equation as!!?!

oD?.
_ .0 ij
ri =1 + E 87“]- At
J
E kBT At + R; (At), (1)

where r; denotes the centre-of-mass coordinates of
the ith particle, and F; is the direct force acting
Dij is
the 3N x 3N translational diffusion tensor describing

on the ith colloidal particle by the solvent.

the hydrodynamic interaction between Brownian par-
ticles. Here ‘0’ represents the initial time, and the
explicit expression of D;; will be given later. In prac-
tical computations, the time step must be taken to

be much larger than the momentum relaxation time,

k
LAt > , where Dg =

m; Dy kT
ksT 6mna’
solvent viscosity, and a being the sphere radius. Mean-

with 1 being the

while, numerical accuracy requires that the maximum
time step should be sufficiently small, so that the force
acting on the particle and the gradient of the diffu-

sion tensor are essentially constant within the parti-
cle displacement during At. Accordingly, by omitting
the terms associated with the gradient of the diffusion
tensor in Eq.(1), we rewrite Eq.(1) as the difference
equation

=7 —I—Z

where R;(At) is the random displacement caused by

“JAt At 2
o AL R(AY,(2)

the stochastic force exerted on the particle by the sur-
rounding solvent, with a zero average value, and with
the correlation being (R;(At)R;(At)) = 2D;;At. In
numerical computations, this random displacement
can be realized by sampling with the Gaussian dis-

tribution

P(R, At) x exp < SAL

——R,D;; 1R) (3)

2.2. Diffusion tensor for two particles

Calculation of diffusion tensor is generally very
complicated. However, there are some analytical re-
sults for a system with two particles. The diffusion

tensor of two particles is given by

D;; S11 Si2
= b6ma ,
Do Sa1 Soo
. o . ksT .
with the self-diffusion coefficient Dy = . S is the
6mna
mobility matrix with the symmetry
aﬁ Ba

S Sﬂ , (4)

where the indices i, j = 1,2 denote the particles, and
a, 3 = x,y, z represent the three spatial coordinates.
The mobility matrix is expressed as

Sij = xizdd + y;;(I — dd), (5)

where

d= (7"2 —7"1)/|’I‘2 —7‘1|.

Here z;; and y;; are called mobility functions, which
are the functions of the distance between two parti-
cles, 112 = |re — r1|. When two spheres are very
close to each other, we may define a new variable
& = (r12 — 2a)/a, thus z;; and y;; can be expanded in

near field as(*4
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braz;; = di) +d2¢ +dY e + d €, (6)
SHe )2 + 5P met + 59
v ] 2 3
Omayis = (In&=1)2 +eMIng—1 4 €3 +0(6ng)?) . (7)
where
1 2 3 4
at) = 0.7750, d? =0.930, d¥ = 0.900, d\¥ = —2.685,
1 2 3 4
dtt) = 0.7750, d?) = —1.070, a3 = —0.900, d\?) =2.697,
S = 0.89056, S = 5.77196, 583 = 7.06897,
S = 0.48951, St2) = 280545, S5 = 1.98174,
e = 6.04250, e = 6.32549.

On the other hand, when the interparticle distance is very large, z;; and y;; can be expanded in far field asl1?!

a 4 a 6 a 8 a 10 a 12
6 =1-60 352 2688 — 85504 (0]
e (2%') i (2%‘) i (27@-) (27”ij> i ((2%) ) ’
a a 3 a 7 a 9 a 11 a 13
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e (2%‘) (%—;—) i (%—;—) (%—;—) (2%‘) i <<2Tij) )’
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Fig.1. Values of the mobility function as a function of the distance between two colloid spheres. Dashed line

corresponds to the near field formula, dot-dashed line the far field formula, and solid line the exact result

from numerical calculations.
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Using Egs.(8), and retaining the first-order terms
1

in —, we arrive at the familiar Oseen tensor
Tij
i — kBT I7
6mna
kT riiTq
= I M) , 9
T 8mrim ( + r2 9)
1
Similarly, retaining the third-order terms in — leads
Tij
to the Rotne-Prager tensor
kT
Dii = L I7
6mna
D, = 1T [(r Tars)
8mriin r
2a% (1 T3 T
i ey SRR . 10
v (3 u )] (10)

It is obvious that the two expressions given above
do not describe exactly the diffusion tensor in all dis-
tances. However, Hinsen!'®l provided the numerical
method and algorithm for computing the mobility
functions in all distances. Using Hinsen’s program
package, we compute the mobility function of two
spheres and the results are shown in Fig.1. It can
be seen that the two expansion expressions are con-

sistent with the numerical results in small and large

Dy (r1(t) — 72(t))

distances, respectively. However, they deviate from
the numerical results in moderate distances.

2.3. Brownian dynamics simulation of
two confined particles

In this paper we study a model where two col-
loidal spheres are confined within two small ranges by
the optical tweezers, separately. The binding poten-
tial can be approximated by the harmonic oscillator
potential, while there are no direct interactions be-
tween these two particles. This model accords with
the experiment by Meiners and Quakel in 1999. If
we take the equilibrium position of the first particle
as the origin (0,0), and situate the second particle at
point (F,0), the binding potential can be written as

1 1
U('rl) = gk’f’%, and U(TQ) = 5]{;(7"1 — E;ﬁ)Q,

where k is the strength of trap potential, and & rep-
resents the unit vector in the x-direction. Thus, the
Brownian dynamics formulae of the two colloidal par-
ticles are expressed as

’l“l(t + At) = Tl(t) +

kT

+ Dis(ri(t) —ra(t))

kT

- (=kri(t)) At

< (=k(ra(t) — Ex))At + Ry (Al),
Dao(r2(t) —m1(t))

Tg(t + At) = Tg(t) —+

kT
Dy (r2(t) — 7r1(t))

kT

where R (At) and R2(At) are the random displace-
ments of two particles, respectively, which are deter-
mined by the distribution of Eq.(2). Equations (11)
constitute the Brownian dynamics algorithm for cal-
culating the motion of two confined colloidal spheres.

The trajectory of the colloid particle is a zigzag
curve around its equilibrium position. We can extract
the information of the motion through the correlation
functions of the colloid particles. There are two kinds
of the correlations we used here, i.e. the autocorrela-
tion function and cross correlation function, referring
to the correlation of the same colloid particle at differ-

(=k(r2

(—kri(t))At

(t) — E2))At + Ry (At) (11)

ent times and the correlation between the two colloid
particles at different times, respectively. The autocor-
relation function is defined as

€ = (2t + Tl (1), (12

where ¢ can be either 1 or 2, indicating particle 1 or
particle 2, and the two particles have the same auto-
correlation function in statistics. « and (3 index the
spatial directions which take values x, y and z. The
cross correlation function is defined as

Ciyr = {(rf (t+7)r5 (1)), (13)
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These two correlation functions are experimentally
measurable quantities which contain the information
about the binding potential and the viscosity of the
fluid around the colloidal particles.

By omitting the higher-order terms of At, which
is equivalent to taking the limit of At — 0 to Egs.(11),
we define

R; (At)
At - va
and finally arrive at the differential form of Eqs.(11)

14
i (14)

as
dri_ Dulrom) |
dt kT
Dis(ri — 7 .
_k%jﬁ (rs— B&)+ f1,
drs _  Dulrsor) |
dt kT
D _
_kM (ro— EZ) + f>. (15)
kT

It should be noted that the limit in Eq.(14) does not
actually exist. The relation R; (At) ~ v/ At leads to

W)~ E))

B

When utilizing Oseen tensor, the parameters in
6mna 3a

- =

and

Egs.(17) are 7, = 7y = T,

y €z = Yok
a . .
€y = €, = ——, respectively. In the experiment of

Meiners and Quakel8!, E is set between 2 and 15 ym,

the radius of the colloidal particle a 0.5 ym and
each particle moves within the range of 16 nm; there-
fore Egs.(17) is expected to be in good agreement with
the experimental results. Accordingly, we can also use
the more accurate far field expansion to obtain the ex-

pressions of 7, and €.

3. Simulation results and analysis

In this section, we present the numerical results
obtained by means of Brownian dynamics simulation
of two confined colloidal particles. As mentioned
above, we compare the results calculated from the
accurate diffusion tensor by using Hinsen’s program

package with those from the approximate analytical

= 5&5—

(t')> = dap

o R; (At) VAL
At—0 At At
the above limit does not exist.

—

1
, which implies that
At

In order to obtain
accurate and self-consistent results in numerical cal-
culations, we regard f;(t) as a random variable, which
satisfies

(Fi@)f;(t) = 2D 0(t —t'). (16)

If two colloidal particles are far away from each
other, that is, £ > a, we may use the far field ex-
pansion of the diffusion tensor. Moreover, if the two
particles are restricted to moving within small ranges,
the argument r,—r; can be substituted by E#, so that
Egs.(15) reduces to a set of linear stochastic differen-
tial equations, the formal solution of which can easily
be obtained. For an infinitely long time, we write out
the time-correlation functions of the colloidal parti-
cles, through using Eqs.(16), as

ksT (e—\tft’\(1+sa)/~ra i ef|t7t’|(175a)/7-a) ,

(ef\tft’\(1+sa)/~ra _ ef|t7t’|(175a)/7-a) .

expression (17). We calculate the displacements of the
two particles for each step by using Eqs.(11), where
the random displacements can be constructed by using
the method proposed by Ermak and McCammon, !
i.e. by decomposing the diffusion tensor through
lower-upper (LU) decomposition method and produc-
ing the random numbers with Gaussian distribution.
Let the radius of spheres be a = 500nm, and the sol-

vent viscosity 7 = 0.88x1073kg/(m-s). Since the time
D

interval should satisfy At > % ~ 0.14 ps, we take
B

At = 100 x 0.14 us ~ 0.015ms. Figure 2(a) shows
the autocorrelation functions of the relative coordi-
nate z between the two spheres as time varies. Since
the autocorrelation function varies slightly with the
distance between two particles when they are far away
from each other, we present here only the autocorrela-
tion function for the equilibrium distance £ = 4.8 ym.
The solid line denotes the analytical result obtained
from Eqs.(17), while the circles correspond to the re-
sult from numerical simulation. It can be seen that the
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two results coincide with each other quite well, which
indicates two things: one is that, the Oseen tensor is
a very nice approximation to the diffusion tensor, and
the other is that the differential equation approxima-
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Auto correlation/nm?
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tion given by Eqgs.(15) is a good approximation to the
Brownian dynamics when the distances between two
colloidal particles are large.
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Fig.2. (a) Autocorrelation function of coordinate = of the two spheres, the equilibrium positions of which

are set 4.8 um apart. (b) Cross-correlation function of coordinate x of two spheres held at a separation
of 9.8 um, 4.8 um, 3.1 pum, and 2.0 um, respectively. In both calculations the Oseen formula is utilized to
approximate the diffusion tensor. The solid line denotes the result from approximate analytical expression,

while the circle corresponds to result from numerical simulation.

We present the crosscorrelation functions of two
particles in the z-direction as time varies for a few
equilibrium distances in Fig.2(b). Similarly, the solid
line denotes the result calculated from Egs.(17), while
the circle corresponds to the result from numerical
simulation. It can be seen that the two results are
quite close to each other up to the situation where the
distances between two colloidal particles are twice the
diameter. Moreover, the two results have very small
deviations from each other when the two particles turn
closer.

In order to find the influence of different expan-
sion forms of the diffusion tensor on the calculation
and the validity of the approximate differential equa-
tion, we compute the correlation function with the ap-
proximate analytical expression (17) by utilizing Os-
een tensor, Rotne—Prager tensor and the formula ex-
panded to order i7, separately. Furthermore, we com-
pare these results with those obtained from Brown-
ian dynamics simulation with the accurate diffusion
tensor obtained from the numerical package as shown
in Fig.3. When two particles are very close to each
other, e.g. E = 1.1 um, the calculation result us-
ing approximate analytical formula (17) deviates ob-
viously from that of Brownian dynamics simulation
(see Fig.4). The reason lies in the fact that the two
preconditions which lead to the analytical formula are
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Fig.3. Comparison of cross-correlation function of coordi-
nate x obtained from the approximate analytical expression
with the numerical simulation results by using the accurate
diffusion tensor. The equilibrium positions of two spheres
are set at a separation of 9.8 um, 3.1 pm, and 2.0 um, respec-
tively. Dashed line, dotted line and dot-dashed line represent
the results using approximate analytical formulae, i.e. Os-
een tensor, Rotne—Prager tensor and the formula expanded
to order i7, respectively, while solid line denotes the nu-

merical simulation result using the accurate diffusion tensor.
Inset is the enlargement of the bottom part of the curves.

no longer satisfied. However, the experimentally in-
teresting range of the separation of the two confined
colloidal spheres is much larger than twice the diam-
eter of the sphere. Our computations show that the
approximate analytic formula can well be applied. Ex-
plicitly, the relevant parameters can be obtained from
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the far field formula expanded to order which as-

sures the accuracy of the computationad?results. In
this way, we acquire a formula which fits the experi-
mental data quite well. On the contrary, as the inter-
particle distance becomes less than twice the sphere
diameter, the calculation error becomes larger and ac-
cordingly the analytical formula cannot be used to fit

the experimental data.
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Fig.4. Comparison of cross-correlation function of coordi-
nate x obtained from the approximate analytical expres-
sion with the numerical simulation results obtained by us-
ing the accurate diffusion tensor. The equilibrium posi-
tions of two spheres are 1.1 pm apart. Dashed line, dotted
line and dot-dashed line represent the results obtained us-
ing approximate analytical formulae, i.e. Oseen tensor,
Rotne-Prager tensor, and the formula expanded to order
m respectively. Solid line and long-dashed line denote
the numerical simulation result obtained by using the ac-
curate diffusion tensor and the formula expanded to order
w2 respectively. Inset is the enlargement of the bottom
part of the curves.

The most distinct feature of the crosscorrelation
function is that it exhibits anticorrelation, and there
is a minimum in the correlation function. By using
the approximate analytic formula, we obtain the time

corresponding to the minimum point as
|t - t/|min = Tz, (18)
while the minimum value is

(T3 () = E)) min

kT
T oe k°

1kgT 3 a a\?
= toln) (19)

Obviously, the minimum of cross-correlation func-

tion varies linearly with a/E when the particles are

far away from each other. Figure 5 shows the relation
between the minimum value of the cross-correlation
function and a/F obtained from formula (19) and
from numerical simulation, respectively. For a com-
parison, we also include here the experimental result
obtained by Meiners and Quake.[®/ The deviation of
the experimental result from the theoretical computa-
tion may come from the fact that the harmonic po-
tential does not describe the real binding potential in
this situation. Using the relations (18) and (19), one
can measure the rheological properties of the fluids by
measuring the crosscorrelation function and locate its

minimum.
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Fig.5. The relation of the minimum value of the cross-
correlation function of coordinate z to a/E. The solid
line represents the result calculated by using Eq.(19), the
square corresponds to the Brownian dynamics simulation
result, while the filled circle corresponds to the data ob-
tained from experiment by Meiners.

4. Conclusion

We have studied the hydrodynamical behaviour
of two confined colloidal particles in the suspension by
means of Brownian dynamics simulation, which gives
the accurate numerical result. We have also examined
various approximate analytical results, and obtained
the conditions under which each approximation can be
applied. Furthermore, the above results are compared
with the experimental data from Ref.[6]. This model
of two confined particles is already realized in exper-
iments, which can further be used to explore some
more dynamical properties of biological systems. In
this sense the formulae which lead to the approximate
analytical results presented here and the relevant con-
ditions are useful to experimental research.
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