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Many mechanical problems can be induced from differential equations with boundary conditions; there exist

analytic and numerical methods for solving the differential equations. Usually it is not so easy to obtain analytic

solutions. So it is necessary to give numerical solutions. The reproducing kernel particle (RKP) method is based on

the Garlerkin Meshless method. According to the Sobolev space and Fourier transform, the RKP shape function is

mathematically proved in this paper.
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1. Introduction

The meshless method™ 468! is a new numerical
method which has been developed rapidly in recent
years. How to choose the shape function flexibly is
very important in the meshless method. Based on the
Fourier transform[?! and Sobolev spaces,[>7) this paper
gives the proof of reproducing kernel particle (RKP)
shape function. The error of different shape functions
is determined by the size of the neighbourhood of the
R. When the neighbourhood size is big enough the er-
ror will be smaller, but the computing time is longer;
otherwise the computing time is less.

2. Basic theory

We consider uniformly distributed particles {:c;l}
in R™ and the associated particle shape function {(b;l}
which is defined as

¢5 (x) = ¢ (21,...,2n)

=)

where ¢ C H? (R™) with ¢ > 1 has a compact support:
sup p¢ C Bg (0).

107 e gy < 127 HI6] ar1 (m)- (1)

For all z € R", p € P*(R"™), with {gb?} assumed to
be reproducing of order k.

Let 2 be a bounded domain in R", consider a
smooth function u (x) in the domain {2 and study the

error u — Ipu, where fhu is the interpolation of u in
terms of ¢§?, then (fhu) (x) will be defined as

(The) (@) = 3 w(ah)e) () (2)

JEAR

where j € A" is the influence set for point .
In Eq.(2), we assume that u (:v?) is defined for all
j € Ah. If p € P* for all z € R", from the function

'GE:Zp (x?) ¢§L (x) =p (CC) we have

S u(a)el ()= 3 u(@)el (@) =p@), ()

JEAR jeazn

which simply is Iyp = p. Now let s > n/2, for some
x € §2, the particle x;l for all j € A" may be outside
2, and u (a:?) may not be defined. To define them
for all w € H*(£2) and for all z € R™, we need an
extension @ of u in a sphere Bp, containing {2 such
that dist(042,0Bg,) > ph, and @ € H* (Bg,). Then

(ihu) (z) = (fha) (@) =3 a(@)¢!(z). (4)
jeAR

For an extension of @, let 4 = Fu, where Fu is
defined as E : Ly (2) — Lo (R"), Eu|ln = u. Thus
(fhu) (x) for all x € 2, depends on a few values of
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?), where the particle ,TSL is just outside 2, gen-

erally, ¢! (a) # 63, hence (Iyu) (ah) # u (a?). For
x € R" and |a| = k + 1, we define a function

hlz) =a% =) («h)" ¢} (2).

€Al

a(:v

(5)

Similarly, for x € R™ and |a| = k + 1, we also have
o (JJ) = gé (JJ) =z - Z (i)a (b? (LL' - i)v (6)
i€ Al

where Al is A? with h = 1. Let I]’? be the cell centred
at ,TSL and defined as

I]’? = {x e — ,T;LHOO = l:ranaxn|xl —zj| < h/2} .
Foreachljh, we define A? ={keZ":qn I;-l #0}
and BY = {Uye.ar Brn (af) } UTL.
Lemma 1 &' (z), with |a| = k + 1, is periodic,
ie.
€ (z+af) =€ (2). (7)
Let o = a(i),i = 1,2,..., My be
an enumeration of multi-indices o with |a| = k + 1,

and IJ}-I be the cell centred at particle x?, then, the

Lemma 2

following equalities will hold for d, € R:
1
I Z adafg (@H?p(]]h)
|| =k+1

RV T (A + h2B)V, (8)

,da(Mk)}T, A and B are
My, x My, matrices given by respectively

where V = [da(l)a da(2)7 cen

1
Aim = /IWV@U) Véamydz, (9)

1
By = o gSa(l) T Sa(m dx.
: /Ia(l)!a(m)!g ® * Sa(mdz
and I = [~1/2,1/2]".
Proof According to functions (5) and (6), we
can have &" (%) = =kl (),

Now using the periodicity of ¢" (), we have

1
| Z adavﬂ (x)”i[r)(]]h)

(10)

|| =k+1
1 h 2
|a|=k+1
1 x
_ 2(k+1) - el 2
I YR E) T

1
_ p2(k+1)pn—2 2
= h h ||| Ek l—a!davga (y)||HO(IS,)
a|=k+

= ptry Ty, (11)

Using a similar argument, we have

1 n
1Y el @y = W2V BY.
la|=k+1

Combining this function with equality (11), we have

1 n
I E Jdafg (‘/L.)Hill (1) = p2tnyt (A + hQB) V.
la|=k+1

This is the expected result.

Let I]’<I be the cell centred at x?,

consider the corresponding set B}I,

HFk+2+a (th) with ¢ > n/2 when n > 2, and ¢ = 0

when n = 1, t hen the following inequalities will hold:
1) for any § > 0,

Lemma 3
and suppose u €

= Tl

<+ 3 %uwwgﬁmzumggm

|| =k+1
1 «
+ <1+6—2> Ch2k+2 Z ||D u||§{q(ém; (12)
o] =k+2
2) for any 6 > 0,
1 «
> o (Du) () &R (:C)Ilil(ﬁ)
laj=k+1 !
. 1
< (146%) |ju— Ihu||§{1(lj,_1) + (1 + §>
xCh?FH2 " ||Dau||§lq(3;,,). (13)

|| =k+2

We can find the proof in Ref.[3].

Theorem 4 Let ) given in (9) be the maximal
eigenvalue of matrix A and suppose ¢ > n/2 when
n > 2, and ¢ = 0 when n = 1 then the following

relationship will hold:

|lu— fhu”%{l(m

h2R Q) (u) =X

sup lim

14
ue Hh+2+a () h—=0 14

where

Qn (u) = |ulFpsr o) + 1 Z DUl 34 () (15)
|a|=k+2

Proof Letting u € H*2+9 (), we first prove
the following function:

[lu — fhu”%ﬂ(n) B Jo VT (2)AV (z)dx
h2kQp, (u) -

im (16)
h—0 |u|§i’“+1(9)
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for VT (z) = [D*Mu(x), D*Pu(z), ..., D*Mu(z)], - / VT (2)AV (z) dz (19)
and «a(i),1 < i < Mj are the multi-indices with )

N k+2+ ” _
(i) = k+1. Letue H 7(£2) and assume « Since |B" — 0] — 0 as h — 0, we have
to be an extension of u, then the following equality
will hold since 2 C 2:

u— vl sy < 11— vl s = 2 D"l
:Z”U_IhUH L1 o2
(1) = % Il (20)
la|=k+2

Using equality (8) and B" = Uj;c 4n B}, for any . ) '

5> 0, we have Also }IL%Q;L (u) = |“|Hk+1((z)' For any 6 > 0, using
equalities (19) and (20) in (18), we obtain
—F 2
||u_Ihu||H1([h) ~ )
2 lim su —||u _ IhuHHl(Q)
< (1+0) 3| ; 1 (D) (73) & (@)1 (11 5P TR, (u)
JEA’1 al=k+1 T
V™ (x)AV
. < (o) de )l
T Ch Z Z \D u”Hq (B") |“|Hk+1((z)

jeAN |al=k+2

IN

(1+6%) % > w"V' (A+1*B)V;
JjeAR

(1+62)0h2k+2 > ||Do‘u||Hq(Bh) (17)

|a|=k+2

where VI = [DMWa(z zh), D“(Q)ﬂ(:v?), .., DoMy)
a(x?)] Therefore, dividing both sides of inequality
(17) by h2:Qy, (u), where Q, (u) is defined in equality

(15), we have

I~
thQh( )
> WV (A+1B)V;
< (1402 =2 ey
D%,

+ (1+ ! ) cp2 o=k . (18)

92 Qn (w)
The quadratic form V' (A+R’B)V; is

DOg (1) (Ay + h?By) D°Wa (z?)
Since

J

lim > D Wa () Ay DV ()

jeAh
= / DDy (2) Ay DV (z) dz
2

and lim k%2 Y h"D(g (UC?) ByD*Wg (‘T?) = 0.
- ic Ah
we have ’
lim h*V' (A+ h*B)V;

h—0
jEAR

As § > 0 is arbitrary, we have

|Ju —fhu||§{1(m

lim sup
h—0 h2th( )
VT (2)AV (x

|U|Hk+1(g)

From equality (21), we also have
LoV @AV (@)de f||“—fh“||?fl<0> -
P < B gy (2

HF1(0Q) h

Combining inequalities (21) and (22) shows that
lw = Inul|3 )

hi_}HlQ W eXiStS, and
. ||U_fhu||%{1(9) fQ VT (,T)AV (CL‘) dz
— 2k = 2
h—0  hZEQy (u) |u|Hk+1((z)

Because ) is the maximal eigenvalue of matrix A, ac-
cording to AV (z) = AV (z) we have

/VT (2)AV (z)dz
Q
M,
A Wy (2)|?dz
SA/n;_f'D (@)%

For any ¢ > 0, we have
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Hence

[[u _fh“”%p(n) N

su lim —————= < A\ 23
uGH’C+£rq(Q) h—=0  h*Qp (u) T (23)
let © = [v1,v2,...,v,]" be an eigenvector of A cor-

responding to A, then there will exist u € P**! such
that V () = 0. For a particular u, we have

Jo VT (2)AV () dx

|u|%pc+1(9)

=\
From inequality (23) we conclude that

[l — ih“”%p(n)

h2RQ), (u) =

sup lim
uEHkE+2+a(Q) h—0

This is the expected result.

3. Model of the algorithm

computable and it depends only on the shape function
¢ (). We also know that A does not depend on u and
h. Based on equality (14) we have

[ — fhu||H1(n)/hk\/ Qn (u) < \/i

where h is small enough. So we know that A is de-
termined only by shape function ¢ (). Now we show
the choice of shape function in one dimension. In one
dimension, \ is given by

A= (|érrilaron/ (k+ 1)!)2 :

We consider four different classes of RKP shape
function, reproducing of order 1, corresponding to four
different weight functions w (z) given as follows:

(a) Gaussian

oS@/R)? _ o6

T <
w(z) = 1—ed 7 ol < R, (24)
Now we assess the approximate value of shape 0 2| > R;
function {gb?} by the maximal eigenvalue of the ma-
trix A, which is defined by Eq.(2), we know that X is (b) Cubic spline
|
2 3
5—4($/R)+4($/R) ) |z] < R/2,
_J 4 4
W) =4 2 =4 (al/R) + 4 (2/R)’ = 5 (|a|/R)", R/2< o] <R (25)
0, lz| > R;
(c) Conical
1 R?' ol < R
wig) = 4 1= @R7] el <R, (26)
0, |z| > R.
Computing |€g4+1|1 for each of the weight functions with R = 1.6, we have
0.225 from w(z) in expression (26), [ =2.5,
o] 0.211 from w(z) in expression (24), &= 2.5,
k+1]1 =
i 0.097 from w(z) in expression (25),
0.031 from w(z) in expression (26), [ =4.5.

Now we choose u (1) = 22 to evaluate the choices of the shape function which is in the interval £ = (0, 1)

and compute the error ||u — fhu||H1(Q), where Iju is the interpolation of u with h = 1/n, n = 50,60, ...,110,

R = 1.6. The result is summarized in Table 1.
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Table 1. The error ||u— I ul |10y of the shape function of u (z) = 22 with four different weight functions.

v = Tnull g o)

" Conical | = 2.5 Gaussian 6 = 2.5 Cubic spline Conical | = 4.5
50 1.087 x10~2 1.397 x10~2 5.984 x10~3 2.186 x103
60 1.291 x10~2 1.135 x10~2 5.253 x1073 1.735 x10~3
70 1.266 x10~2 8.849 x1073 4.516 x10~3 1.407 x10~3
80 9.326 x10~3 7.916 x10—3 3.726 x10~3 1.235 x10~3
90 8.780 x10~3 6.763 x10—3 3.218 x10~3 1.152 x10~3
100 7.280 x1073 5.980 x10~3 2.732 x10—3 8.879 x10~4
110 6.630 x10~3 5.684 x10~3 2.436 x1073 8.017 x10~*

4. Conclusion

We know that the error is determined by the size
of the neighbourhood of the R, and the bigger the
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