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In ultra-intense laser–matter interactions, intense electric fields formed at the rear surface of a foil target may

have strong influences on the motion of energetic electrons, and thereby affect the electromagnetic emissions from the

rear surface, usually ascribed to transition radiation. Due to the electric fields, transition radiation occurs twice and

bremsstrahlung radiation also happens because the electrons will cross the rear surface twice and have large accelerations.

In the optic region, transition radiation is dominant. The radiation spectrum depends on the electric field only when

the electrons are monochromatic, and becomes independent of the electric field when the electrons have a broadband

momentum distribution. Therefore, in an actual experiment, the electric field at the rear surface of a foil could not

be studied just with the measurement of optic emissions. In the terahertz region, both bremsstrahlung and transition

radiations should be taken into account, and the radiation power could be enhanced in comparison with that without

the inclusion of bremsstrahlung radiation. The frequency at which the maximum terahertz radiation appears depends

on the electric field.
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1. Introduction

Optic emissions from rear surface of a metallic foil

irradiated with an ultra-intense laser pulse have been

extensively investigated in recent years.[1−7] Energetic

electron beams generated in ultra-intense laser–matter

interactions can be characterized through the mea-

surements of the optic emissions from the rear sur-

face of a foil target. Important aspects of the beams

have been inferred, such as beam transport,[1,6] beam

bunches,[2] and beam generations,[3,4] etc. Lower fre-

quency radiation, i.e., terahertz emission has also been

observed from a laser-driven electron beam crossing

a plasma-vacuum boundary.[8] Nowadays, the optic

emissions from the rear surface of a metallic foil are

mainly ascribed to optic transition radiations that are

emitted when energetic electrons cross the interface

between two different media,[9] i.e. the vacuum and

the foil. Based upon this assumption, optic emissions

from rear surface of a metallic foil and terahertz radi-

ation from plasma-vacuum boundary are also theoret-

ically investigated.[10−12] Usually, uniformly moving

charges are assumed in calculations.

In reality, however, extreme quasi-static electric

fields can appear around the rear surface of a foil when

energetic electrons generated at the front surface prop-

agate through the target and form a dense electron

plasma sheath at the rear surface. The electric fields

in the sheath are so strong that they can ionize the

material around the rear surface of the target, and

accelerate ions up to multi-MeV energies.[13,14] The

observation of the generation of multi-MeV ions is an

evidence of the plasma sheath formed by the ener-

getic electrons.[15,16] Very recently, the electric fields

in plasma sheath are directly detected with a beam of

protons that is generated by an auxiliary ultra-intense

laser pulse.[17] From the deflection of the protons, the

electric field is estimated as high as 3 × 1010 V/m.

Obviously, these electric fields can strongly affect the

motions of the energetic electrons: most of the ener-

getic electrons are drawn back to the target by the

∗Project supported by the National Natural Science Foundation of China (Grant Nos 10575102, 10375064 and 10625523), State

Key Laboratory of Plasma Physics (Grant No 51480010105ZK0101), Ministry of Education (NCET-04-0584), and China-Japan

Core University Programs in the field of Plasma and Nuclear Fusion.
†E-mail: jzheng@ustc.edu.cn

http://www.iop.org/journals/cp http://cp.iphy.ac.cn



3010 Zheng Jian et al Vol. 16

electric fields when they leave the rear surface. In

consequence, the intense electric fields at the rear sur-

face of a foil can affect optic emissions at least in two

aspects. The first is that transition radiations should

occur twice as an electron leaves and goes back to the

rear surface. The second is that bremsstrahlung ra-

diations should be emitted due to the accelerations

of the electrons in the intense electric field. To the

best knowledge of the authors, neither of these two

factors is considered in a theory of transition radia-

tion. Therefore, it is necessary to survey the effect of

an intense electric field on the electromagnetic emis-

sions from the rear surface of a foil target. In this

article, we present a simplified model of the electro-

magnetic radiations from the rear surface of a metallic

foil with the consideration of transition radiation and

bremsstrahlung radiation. Our calculations show that

in the optic region where bremsstrahlung radiation is

negligible the spectra of optic emissions could be in-

fluenced by the electric fields. In the lower frequency

region, i.e., terahertz region, the radiation intensity

could be enhanced due to bremsstrahlung radiation.

2. Model, calculations and dis-

cussions

Our calculations are based on a simplified model.

As shown in Fig.1, there exists a uniform static elec-

tric field E along the normal of a plate target which

is made from a perfect conductor. The target normal

is parallel to the x-axis. An electron −e leaves the

target surface with a momentum of p, and backs to

the target under the action of the electric field. For

simplicity, the electron is assumed to move just along

the x-axis.

Fig.1. The model of the calculations.

Before leaving or after going back to the surface,

the electric fields together with the electrons disap-

pear because of the screening of the perfect conduc-

tor. When the electron moves in the vacuum, the

effect of the interface between the target and vacuum

can be taken into account by including so-called im-

age charge. The image charge has an opposite charge

number, and has a velocity anti-parallel to the elec-

tron. With this model, the vector potentials A∓ of

the electron and its image charge in the wave zone

can then be respectively written as

A−(R, t) =











−
ev(t′)

cR(1 − n · v(t′)/c)
, 0 < t′ < 2τ,

0, t′ < 0 or t′ > 2τ ;

(1a)

A+(R, t) =











−
ev(t′′)

cR(1 + n · v(t′′)/c)
, 0 < t′′ < 2τ,

0, t′′ < 0 or t′′ > 2τ.

(1b)

Here R is the observation point in the wave zone,

n = R/R is the radiation direction, v(t′) is the elec-

tron velocity, and t′ and t′′ are the retardation times

determined by

t′ −
1

c
n · r(t′) = t − R/c, (2a)

t′′ +
1

c
n · r(t′′) = t − R/c, (2b)

and r(t′) is the trajectory of the electron. Here we

assume that at t = 0 the electron leaves the target

surface, and at t = 2τ the electron returns the target

surface. The spectral intensity of the radiation can

then be obtained

d2Enω

dΩdω
=

e2ω2

π2c3

∣

∣

∣

∣

∫ 2τ

0

v(t)

×neiωt cos [ωn · r(t)/c] dt
∣

∣

2
. (3)
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In Eq.(3), the lower and upper limits of the integral

are finite, and the charge velocity v(t) is also finite at

the limits of the integral. It is easy to demonstrate

that the integral in Eq.(3) is not zero even though

the charge velocity is constant. This is due to tran-

sition radiation that occurs when the charge leaves

and goes back to the target surface. When the charge

is accelerated, its velocity is no longer a constant.

Hence bremsstrahlung radiation is naturally included

in Eq.(3).

The motion of an electron in a uniform electric

field can be easily calculated. The electron velocity

and trajectory are given by

v = c
(p/mec)(1 − t/τ)

√

1 + (p/mec)2(1 − t/τ)2
ex, (4a)

r =
mec

2

eE

[

√

1 + (p/mec)2

−
√

1 + (p/mec)2(1 − t/τ)2
]

ex, (4b)

where me is the electron mass, p is the momentum of

the electron at t = 0, τ = p/eE is the time when the

electron velocity becomes zero, and ex is the unit vec-

tor along the x-axis. Substituting Eq.(4) into Eq.(3)

and performing some basic calculations, the spectral

intensity of the radiation can be written as,

d2E

dωdΩ
=

e2ω2τ2

π2c
sin2 θ

∣

∣

∣

∣

∣

∫ 1

−1

dξeiωτξ (p/mec)ξ
√

1 + (p/mec)2ξ2

× cos

{

ωτ

p/mec

[
√

1 +
p2

m2
ec

2
−

√

1 +
p2ξ2

m2
ec

2

]

cos θ

}∣

∣

∣

∣

∣

2

, (5)

where θ is the angle between the target normal and the wave vector of the radiation. Introducing a function

G(ω, p, θ) which is defined as

G(ω, p, θ) = ω

∫ 1

−1

dξeiωξ pξ
√

1 + p2ξ2
cos

{

ω

p

[

√

1 + p2 −
√

1 + p2ξ2
]

cos θ

}2

, (6)

the spectral intensity (5) can be simplified as

d2E

dωdΩ
=

e2

π2c
sin2 θ |G(ωτ, p/mec, θ)|

2
. (7)

Hence the spectral intensity depends on the electron

momentum and the electric field through function G.

We then give a brief discussion on the property of the

function G.

The integral on the right hand side of Eq.(6) is

rather complicated. We only discuss the function G

in several cases of interest. When θ = π/2, the func-

tion G defined with Eq.(6) can be greatly simplified,

G(ω, p, θ = π/2) = ω

∫ 1

−1

dξeiωξ pξ
√

1 + p2ξ2
. (8)

In the high frequency limit, i.e., ω ≫ 1, the asymp-

totic expansion of G(ω, p, θ = π/2) is given by,

G(ω, p, θ = π/2) = i
2p

√

1 + p2
cosω + O(ω−1). (9)

This result shows that G(ω, p, θ = π/2) is an oscillat-

ing function of ω in the high frequency limit. In the

low frequency limit, i.e. ω ≪ 1, we have

G(ω, p, θ = π/2)

= i2ω2 p
√

1 + p2 + ln(
√

1 + p2 + p)

p2
+ o(ω4). (10)

We see that the function G(ω, p, θ = π/2) decreases

to zero very quickly when the normalized frequency

ω approaches zero. We numerically integrate Eq.(6),

and plot the function |G(ω, p, θ)|2 versus ω in Fig.2

at p = 1.7 and θ = π/2. As shown in Fig.2, |G|2 is

indeed an oscillating function, and becomes 0 when

ω = 0. The first maximum is significantly larger than

others. When ω ≫ 1, the amplitudes of the oscilla-

tions approach to the value predicted by Eq.(9).
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Fig.2. The function G(ω, p, θ) versus ω when p = 1.7

and θ = π/2.

The physics hinted at in Fig.2 is quite under-

standable. In the high frequency region of ωτ ≫ 1,

bremsstrahlung radiation is negligible.[18] Thus the ra-

diation in this region is mainly due to transition radi-

ation. In our model, transition radiation occurs twice

when the electron leaves and goes back to the surface.

There is a phase difference of 2ωτ between the radi-

ation fields. An interference term |1 + exp(i2ωτ)|2 ∝

cos2(ωτ) then arises in the spectral intensity. This is

the physical reason for the asymptotic expansion of

Eq.(9). In the low-frequency region, the first max-

imum of the spectral intensity has the highest am-

plitude, as shown in Fig.2. It has been known that

bremsstrahlung radiation becomes significant in the

low-frequency region of ωτ . 1 in the case of our

interest.[18] Therefore, the radiation becomes more in-

tense in low-frequency region because both transition

radiation and bremsstrahlung radiation contribute to

radiation energies.

Since the spectral intensity is nearly proportional

to the factor cos2 ωτ in the high-frequency region,

which is an oscillating function, the electric field could

be inferred if the modulation frequency of the radia-

tion spectrum is measured in case that the initial mo-

mentum of the charge is known,

∆ω =
πeE

p
. (11)

In principle, Eq.(11) provides us a method of the mea-

surement of the electric field.

When a beam of N electrons leaves and goes back

to the target, the spectral intensity of the radiation is

now given by

d2E

dωdΩ
=

e2ω2

π2c3

∣

∣

∣

∣

∣

N
∑

i=1

∫ τi+2pi/eE

τi

vi(t) × ne−ik·ρi cos[k · ri(t)]e
iωtdt

∣

∣

∣

∣

∣

2

,

where k = ωn/c is the wave vector of the radiation, τi is the time when the i-th electron leaves the surface,

ri(t) = ρi + xi(t)ex is the trajectory of the i-th electron, and ρi is the coordinate where the i-th electron is

emitted. The particle velocity and trajectory are given by

vi(t) = c
(pi/mec)[1 − (t − τi)/(pi/eE)]

√

1 + (pi/mec)2[1 − (t − τi)/(pieE)]2
ex,

ri(t) = ρi + c
pi/eE

pi/mec

[

√

1 + (pi/mec)2 −
√

1 + (pi/mec)2[1 − (t − τi)/(pi/eE)]2
]

ex.

Introducing the distribution function

F (τ, ρ, p) =
1

N

〈

N
∑

i=1

δ(τ − τi)δ(ρ − ρi)δ(p − pi)

〉

, (12)

where 〈· · · 〉 denotes ensemble average, we rewrite the spectral intensity as

d2E

dωdΩ
= N

e2

π2c
sin2 θ

∫

dτd2ρdpF (τ, ρ, p) |G(ωp/eE, p/mec, θ)|
2

+N(N − 1)
e2

π2c
sin2 θ

∣

∣

∣

∣

∫

dτd2ρdpF (τ, ρ, p)G(ωp/eE, p/mec, θ)e
iω(τ+p/eE)e−ik.ρ

∣

∣

∣

∣

2

. (13)

The first term on the right hand side of Eq.(13) is proportional to the total number of the electrons in the

beam. This term, usually called incoherent term also depends on the momentum distribution of the electrons.
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The momentum distribution function of the electrons in the beam is given by

Fp(p) =

∫

dτd2ρF (τ, ρ, p). (14)

With the momentum distribution function Fp(p), the incoherent term of the spectral intensity (13) can be

written as

d2EI

dωdΩ
= N

e2

π2c
sin2 θ

∫

dpFp(p) |G(ωp/eE, p/mec, θ)|
2
. (15)

The second term on the right-hand side of Eq.(13) is proportional to the square of the electron number when

N ≫ 1. This term, called coherent term, comes from the interferences of the radiations emitted by different

electrons. It is a functional of the bunch form of the beam, and can be written as

d2EC

dωdΩ
= N(N − 1)

e2

π2c
sin2 θ

∣

∣

∣

∣

∫

dpF̃ (ω, k⊥, p)G(ωp/eE, p/mec, θ)e
iωp/eE

∣

∣

∣

∣

2

, (16)

where F̃ (ω, k⊥, p) is the Fourier component of the distribution function,

F̃ (ω, k⊥, p) =

∫

dτd2ρF (τ, ρ, p)eiωτ−ik⊥·ρ. (17)

We first discuss the coherent term in the optic region because coherent radiation is much more intense than

incoherent radiation, and is more easily detected in experiments.[2,3] For an experiment of interest, we take

E = 3 × 1010 V/m and p/mec = 1.7. Then we have p/eE = 9.7 × 10−14 s. In the optic region, say around the

wavelength of 0.532µm, the frequency ω is about 3.5 × 1015 Hz. Then we have ωp/eE ≫ 1. In this case, the

coherent term (16) can be approximately written as

d2EC

dωdΩ
≈ 4N(N − 1)

e2

π2c
sin2 θ

∣

∣

∣

∣

∣

∫

dpF̃ (ω, k⊥, p)
p/mec

√

1 + (p/mec)2
cos (ωp/eE) eiωp/eE

∣

∣

∣

∣

∣

2

. (18)

If the electron beam is monochromatic, i.e. F̃ (ω, k⊥, p) = n(ω, k⊥)δ(p − p0), where n(ω, k⊥) is the Fourier

component of the beam bunch form, then we have

d2EC

dωdΩ
≈ 4N(N − 1)

e2

π2c

p2
0

m2
ec

2 + p2
0

sin2 θ cos2 (ωp0/eE) |n(ω, k⊥)|
2
. (19)

In this case, the spectral intensity not only depends on the bunch form of the beam through the factor |n(ω, k⊥)|
2

but also depends on the electric field through the factor cos2 (ωp0/eE). If the beam has a Gaussian bunch form,

the spectral intensity of the radiation then has a Gaussian envelope modulated with the factor cos2 (ωp0/eE).

We can then infer the electric field from the radiation spectrum using Eq.(11). Monochromatic electrons

are usually generated with gas jet target.[19−21] In laser-solid interaction, energetic electrons usually have a

Boltzmann energy distribution.[3,22] The momentum distribution function of the electrons is broadband. In this

case, the integration over the fast oscillating factor becomes negligible. Then we have approximately

d2EC

dωdΩ
≈ N(N − 1)

e2

π2c
sin2 θ

∣

∣

∣

∣

∣

∫

dpF̃ (ω, k⊥, p)
p/mec

√

1 + (p/mec)2

∣

∣

∣

∣

∣

2

. (20)

The coherent term is now independent of the electric

field. In an actual experiment, the spectral intensity of

the radiation in the optic region should lie between the

two limiting cases described respectively by Eqs.(19)

and (20). However, the modulation of the radiation

spectrum should be very small so as not to be visi-

ble. Hence it seems impossible that the electric field

could be derived from the spectra intensity of the optic
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emissions.

The temperature of energetic electrons can

also affect the radiation intensity. In the

case that F̃ (ω, k⊥, p) is separable, F̃ (ω, k⊥, p) =

n(ω, k⊥) exp[−(m2
ec

4 + p2c2)1/2/T ], where T is the

temperature of the hot electrons, we have

d2EC

dωdΩ
≈ N(N − 1)

e2

π2c

T 2

m2
ec

4
sin2 θ|n(ω, k⊥)|2.

Here we can see that the radiation energy is propor-

tional to the square of the hot electron temperature.

Radiation in terahertz region can also be emit-

ted as the electron beam cross the rear surface of

the target. Powerful terahertz radiation has been ob-

served from a laser-driven electron bunch crossing a

plasma–vacuum boundary by using a gas target.[8]

However, the effect of electric fields is not included in

the calculations.[12] As clearly shown in Fig.2, the ra-

diation could be strongly affected by the electric field.

Especially, the radiation intensity could be enhanced

due to the contribution of bremsstrahlung. For an ex-

periment of interest, we take E = 3×1010 V/m[17] and

p/mec = 1.7.[3] As shown in Fig.2, the first maximum

of the radiation appears at the normalized frequency

of ωp/eE ∼ 3, i.e., ω ∼ 3 × 1013 Hz, which is just in

terahertz region. This result shows that electric fields

may play a significant role in terahertz emission from

laser-driven electron beam crossing the rear surface of

a foil. On the other hand, the electric field may be in-

ferred from terahertz radiation. Since the maximum

radiation appears around ωp/eE ∼ 3, the electric field

may be obtained from the frequency corresponding to

the maximum terahertz intensity.

3. Summary

In summary, based upon a simplified model, we

have investigated the effect of the electric field in a po-

tential sheath on the electromagnetic radiation emit-

ted from the rear surface of a foil. Due to the intense

electric field, most energetic electrons generated at the

front surface cannot leave the target. They are at-

tracted by the electric field, and back to the target. As

the electrons leave and go back to the rear surface of

the target, both bremsstrahlung and transition radia-

tions are emitted. In the optic region, transition radi-

ation is dominant. The spectral intensity of coherent

transition radiation is hardly affected by the presence

of electric field except in the case that the energetic

electrons are monochromatic. Hence the strength of

electric field cannot be inferred from the optic spec-

trum emitted from the rear surface of the target. The

radiation in the terahertz region is strongly affected

by the presence of the electric field. Terahertz radia-

tion may be enhanced due to the electric field. And

the electric field may be inferred from the frequency

at which the maximum terahertz radiation appears. It

should be pointed out that our model is only suitable

for an experiment with metallic foil. For a transpar-

ent target experiment, Cherenkov radiation from the

energetic electrons becomes dominant, which has been

investigated both in experiment[6] and theory.[23]
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