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An analytic solution derived by multisection model to the small-signal frequency response (SSFR) of wavelength

conversion based on cross-gain modulation (XGM) in semiconductor optical amplifiers (SOAs) is presented. The result
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1. Introduction

Wavelength conversion in semiconductor optical
amplifiers (SOAs) has been widely studied since the
1990s. Cross-gain modulation as a fundamental wave-
length conversion principle has been applied to vari-
ous optical communication systems and networks.[!—3!
Small-signal frequency response (SSFR) as a modula-
tion technology can be used for understanding device
dynamic characteristics reflected by the key param-
eter of carrier lifetime. As systems operate at high
speeds, the investigation of SSFR of SOA should con-
sider more details as quantitatively as possible. Sev-
eral papers have reported both theoretical analyses
and numerical simulations in the last decade. Of
them, two papers are the most important in the sense
of both their analytic derivations and conclusions, in
our opinion. One is Ref.[4], in which is developed an
analytic solution of conversion efficiency showing that
small-signal bandwidth of wavelength conversion also
depends on the single-pass gain of the device. The
conclusion drawn in the paper is further discussed in
Ref.[5] in which is demonstrated a flaw in Davies’s
theory that the waveguide internal loss can strongly
affect the converter performance when the spatial in-
homogeneity is too intensive to be neglected. However
the internal loss in Ref.[6] is still neglected due to the

requirement for analytic solution to 3-dB frequency
and optical modulation response. The quasi-analytic
derivation from Ref.[7] demonstrates that the gain dis-
persion can also react on the frequency response. Nu-
merical simulation is shown in Refs.[8] and [9] for a
more accurate but less intuitional solution. It is worth
mentioning that the transfer function introduced in
Ref.[9] can give a better understanding of the reso-
nance phenomena of SSFR for both co-propagation
and counter-propagation schemes.

In this paper, we show a multisection approach to
deriving the conversion efficiency. The results reveal
that not only internal loss in waveguide but also ge-
ometrical parameters of device and current injection
can affect the conversion efficiency, which cannot be

directly indicated by the solution given by Mecozzi.[”!

2. Small signal analysis

For a harmoniously modulated pump signal and
continuous probe wave incident upon the same facet
of an SOA, the relevant small-signal equations are pre-

sented as
ON J P;
- = o —R(N) —Z:(N—Nt,i)ma (1)
0P,
92 = (['al (N - Ntﬂ') - aint) Ha (2)
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where N is the carrier density along the cavity which
is longitude-dependent. J is the SOA bias current. e
is the elementary charge of electron. V is the active

FEeari = is the saturation en-
,

region volume.
a;

ergy. P; is the power of pump (i = 1) or continuous

(i = 2) wave, R (N) is the spontaneous recombination

rate which is empirically demonstrated as R(N) =

AN + BN? 4+ CN?3, in which the three parameters

A, B and C represent defect, radiative spontaneous

and Auger recombination respectively. In the process
N/7s is
adopted, which implies that the carrier lifetime is cho-

of deviation, simple substitution of R(N) =

sen to be independent of distribution of carrier concen-
trations along the SOA. 7, = [(dR/dN)|y] ™!
sen to be a mean carrier density along the cavity, that

is cho-

means the density will be varied with different cur-
rent injections, and a reasonable approximation may

be taken into consideration.
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Fig.1. The multisection model for small-signal frequency response based on XGM princi-

ple. The powers of pump (dash) and probe (CW) beams and the carrier concentration are

considered as constants within each section.

The carrier concentration along the SOA is di-
vided into M sections in consideration of multisection
approach (see Fig.1). For each section, the carrier
concentration is harmoniously modulated as well as
the probe wave, which can be separately treated as an

average term and an oscillatory term, given by

Nk = N¥ 4 nke73#t 4 c.c, (3)
P =P +pje ' +ec, (4)
where k = 1,2,---, M each are section number. The

average terms of P} and N* are considered as con-
stants in each section. PiM *1 is defined as the power
of the output facet of the SOA. The input conditions
= P; (0) + p; (0) e73«t. Inserting

expressions (3) and (4) into Eqgs.(1) and (2) one can

can be written as P}

obtain -
N; ;P
WX E—
N]g _ 7 sat , 7 (5)
1/7s + E
7 bdt i
and
nk =" X[pk, (6)
where
(N* — Ny;)
Esa l
sz — t 9 (7)

the powers of propagating lights

Pk+1 Gk Pk (8)

phtl = Gg¥ (pz- + I'ain* Pl , (9)
with [ being the length of each section, defined as
l= U Expression (9) is microscopic when M is large
enough. G¥ is the saturated gain of pump (i = 1)
or continuous (¢ = 2) wave in section k, defined as
Gf = exp [(Fai (Nk — Nt.,i) — aint) l}.
pressions (5)—(7) into expressions (8) and (9) yields

Inserting ex-

it = GY (1 + Ta XY PFI) pf
= GkFalX ph PE,
phtt — G5 (1 + I'aa X5 PY1) ph
= Gkragxfp Py,
k=1,2,---, M.

(10)

(11)

Expressions (10) and (11) including 2M equa-
tions are two very important recursive relationships
between pump and probe lights mutually modulated.
Two approximations are taken as P; (0) — 0 and
p2(0) — 0 from the general XGM principle as well
as Ref.[4]. Applying these two approximations to ex-

pressions (8)—(11) yields
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k-1
= <H GT) p1(0), (12)

phtt — G (1 + Fas X5 PY1) p = GETas XF P <H G;n> 1. (13)

Ordering G§ = 1, expression (13) can be written in the iterative form

a Fa:XiPil [ T¢
pitt = GT' (1 + Fas X3Pyl # GT 14
x| ([Ler e reasrren ) 255 (1T "
k _
while ordering [] (1 + I a2X§”P2ml) = 1, the conversion efficiency can be written as
m=k+1
pk+ k _ .
TR = | = Z H Gy H G [T [(1+ Tax X3 P3'l)| Faa X (P31 |- (15)
=1 m=i+1

Expression (15) is an accurate solution for a probe wave carrying the inverted signal of pump light. However,
expression (15) is extremely complex so that only numerical solution can reveal its implication. In order to
better understand it, a few approximations must be taken as below. Assuming there exists a slightly frequency
deviation between the two waves (but the detuning between the two fields is large than the inverse stimulated
carrier lifetime divided by 2, as a result, the four-wave mixing effects can be neglected). Assuming a1 = as = a
leads to G’f = Gk Gk s Bsat,1 = Esat,2 = Egat, Nty = Np o = Ny and X{“ = X2 = X*_ which are easily elicited.
Applying these simplifications to expression (15), we can rewrite the conversion efficiency as

k kl
k+1 _ k aX™ pm _ _ k ox aXPods) —
T G {}__Il [(1 4+ FaX™Py1)] 1}’ GS{ p(/o r ngd) 1}‘ 16)
1
el O (L (G 0P B [ Gt P20 Be) .
- GS{ p[c—w (1 (1 1/Ts+GkP2(0)/Esac—jw) ! (1_5(1/Ts+GkP2(O)/ESat) 1|, (17)
where

k
=]]¢m (18)

I N\ Ta
-t . 19
(eV Ts > Qint (19)

Rewriting GM as G which is defined as the single pass gain of the amplifier, one can obtain

= P(L) 1
In(Gy) = Z:: — Ny) — aineL = C/pzm) cm_ T 7 dP; — ajn L
Ts Egat
1 s P
C ¢- <_ * GTQ(O))
Ts sa
oyl R COR - — ine L. (20)

1 BP0
C - (_ + ﬁ)
Ts Esat
From expression (17), we can write the final expression of the conversion efficiency defined as the ratio
between the powers of the oscillation terms of output probe and input pump lights as

T(w) = |Gs § exp

1
_c In (1 (Gs — 1)P>(0)/Esat > —In 1= 6(1/7'8 + Py(0)/Esar)
C —jw (

— I/TS =+ GSPZ(O)/Esat —Jw _ i 1/7_5 + GSPZ(O)/Esat)
¢ (21)
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Expressions (20) and (21) are the main results
of this paper. Equation (20) can be easily solved for
G5 by using the boundary condition of input power
P5(0).
pression (21) can be affected by the parameter of C

Notice that, the conversion efficiency in ex-

defined in expression (19) consisting of geometric pa-
rameters of the SOA, current injection and waveguide
internal loss.

3. Result and discussion

The conversion frequency in expression (21) is
compared with the results of inclusion gain dispersion
to evaluate the deviation from the numerical simula-
tion as shown in Figs.2 and 3. The amplified sponta-
neous emission (ASE) noise is neglected for the sim-
plification of numerical simulation. Also, the spon-
taneous recombination rate is expressed as a cubic
polynomial. The differential gain coefficient and the
transparent carrier density for different wavelengths
of beams are calculated from Ref.[10], which can be
also measured experimentally. Figures 2 and 3 show
the SSFR in short (500 um) and long (1500 um) SOAs
biased at 120mA and 360 mA, respectively. In Figs.2
and 3, the solid line and dash line are for our analytic
solution and numerical simulation, respectively. The
symbols of cross and triangle represent downconver-
sion and upconversion schemes where the wavelengths
of two channels are chosen to be 1540 nm and 1550 nm
respectively. The internal loss is set to be 10000 m~"
and the other parameters are listed in Table 1 for both
SOAs.

—— Analytic solution
- -- Simulation

+ downconversion
a upconversion

Normalized efficiency/dB
5

0 5 10 15 20 25 30
Modulation frequency/GHz
Fig.2. Comparison of normalized conversion efficiency
among analytic solution (solid), simulation without gain
dispersion (dash), simulation of downconversion (cross)
and upconversion (triangle). The SOA is biased at 120mA
and the length is set to be 500 pm.

In Fig.2, the three simulation curves (downcon-
version, upconversion and without gain dispersion) are

quite close to our analytic solution. The most promi-
nent deviation between our analytic solution and sim-
ulation without gain dispersion occurs near the reso-
nance peak, and it is no more than 5% in value. That
is due to the approximation of spontaneous recombi-
nation rate in our approach. With the inclusion of
gain dispersion the SSFRs of downconversion and up-
conversion differ little from our result, which is due
to the fact that the disparity in gain between the two
beams is reduced by the short length of the unsatu-
rated device.

Normalized efficiency/dB
ja—y
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-1t +
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Modulation frequency/GHz

Fig.3. Comparison of normalized conversion efficiency
among analytic solution (solid), simulation without gain
dispersion (dash), simulation of downconversion (cross)
and upconversion (triangle). The SOA is biased at 360mA
and the length is set to 1500 pm.

In Fig.3, the simulation result without gain dis-
persion is quite similar to the analytic one. However,
the SSFRs of downconversion and upconversion have
a significant difference from ours. This is because the
device is long enough to amplify two waves thoroughly,
causing deep saturation in the end of the device and
bringing a different gain to the two fields.

In Eq.(16), when ordering M = 1 and g =
I'a (N — Ny), one can obtain the result in Ref.[4]
quickly, although the definition of conversion efficiency
in Ref.[4] differs from ours by a factor of single pass
gain. Obviously, for that approximation, the inte-
gration is based on the homogeneous distributions of
carrier concentrations and light powers. Also the in-
finitesimal term in derivation is too large to be ne-
glected. As a result, the characteristic of the conver-

sion efficiency is incomplete.

If we order C = 1/ (75€) and Egut/7s =
expressions (20) and (21), we may obtain the results

sat 111

in Ref.[5] differing by a gain factor due to different
definition of efficiency.
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Table 1. Symbols and values in calculation.

Parameter symbol Value
Active region thickness d/pm 0.2

Active region width w/pm 1.5
Transparency carrier density N¢/m~—3 1.16 x 1024
Differential gain coefficient a/m? 7.91 x 10720
Optical confinement factor r 0.45

Defect recombination coefficient Afs™1 3.6 x 108
Spontaneous recombination coefficient B/m3s~! 5.6 x 10716
Auger recombination coefficient C/mSs—1 3.0 x 10741
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Modulation frequency/GHz

Fig.4. Conversion efficiency versus modulation frequency
for different waveguide internal losses.

Figure 4 shows the normalized efficiency versus
the modulation frequency for different values of inter-
nal loss. The SOA is biased at 120mA, the length
of active region is 500 pm, and the other parame-
ters are listed in Table I. The solid line in Fig.4 is
for a lossless (ideal) SOA that reflects the low-pass
The dash line is
for iy = 5000m ™! corresponding to the normalized

characteristics as reported before.

loss of 0.1 treated in Ref.[5]. A slight resonance phe-
nomenon is manifested. The dotted and dash-dotted
lines are for iy = 15000m~! and ayne = 24000 m 1,
corresponding to the normalized losses of 0.3 and 0.5
respectively. The resonance peak is quite prominent
especially for larger values of internal loss, however,
which are unrealistic for a normal SOA.

The normalized efficiency versus modulation fre-
quency for different values of injection current is
shown in Fig.5 corresponding to ajne = 10000m™!.
The resonance peak shifts toward high frequencies
with the bias current increasing monotonically. Con-
sequently, the 3-db band width has also increased for
high injection levels which can be easily understood.

Figure 6 is SSFR for different lengths of SOAs under
the condition of I = 120mA and aj,, = 10000m ™,
which manifest an analogical characteristic for differ-

ent injection currents.

I — 100 mA
--- 150 mA

Normalized efficiency/dB

0 5 10 15 20 25 30

Modulation frequency/GHz

Fig.5. Conversion efficiency versus modulation frequency
for different bias currents.
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Fig.6. Conversion efficiency versus modulation frequency
for different waveguide lengths.
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4. Conclusion

A new analytic approach to demonstrating the
SSFR of wavelength conversion based on cross-gain
modulation (XGM) in semiconductor optical ampli-
fiers (SOAs) is presented.The results uncover the in-

ternal relationship between characteristics of SSFR
and waveguide internal loss, device geometrical pa-
rameters as well as current injection. Also, the results
manifest that gain dispersion affects the SSFR more
prominent in long SOAs than short ones as a result of
deeper saturation in the former.
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