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The density functional theory (B3LYP, B3P86) and the quadratic configuration-interaction method including single
and double substitutions (QCISD(T), QCISD) presented in Gaussian03 program package are employed to calculate the
equilibrium internuclear distance R, the dissociation energy D. and the harmonic frequency we for the Xleér state
of sodium dimer in a number of basis sets. The conclusion is gained that the best Re, De and we results can be
attained at the QCISD/6-311G(3df,3pd) level of theory. The potential energy curve at this level of theory for this state
is obtained over a wide internuclear separation range from 0.16 to 2.0 nm and is fitted to the analytic Murrell-Sorbie
function. The spectroscopic parameters De, Do, Re, We, WeXe, e and Be are calculated to be 0.7219 eV, 0.7135 eV,
0.31813 nm, 151.63 cm—!, 0.7288 cm~—1, 0.000729 cm~! and 0.1449 cm™!, respectively, which are in good agreement
with the measurements. With the potential obtained at the QCISD/6-311G(3df,3pd) level of theory, a total of 63
vibrational states is found when J = 0 by solving the radial Schrodinger equation of nuclear motion. The vibrational
level, corresponding classical turning point and inertial rotation constant are computed for each vibrational state. The
centrifugal distortion constants (Dy Hy, Ly, My, Ny and O,) are reported for the first time for the first 31 vibrational

states when J = 0.
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1. Introduction

The potential energy curves (PECs) of alkali-
metal dimers, especially the PEC for Nas ground
state,! =3 have received renewed interest in the
past several years due to the discovery of Bose-
Einstein condensation (BEC) in ultracold hydrogen,*!
lithium,® sodium, 7] potassium[s] and rubidium.[”
Detailed knowledge of PEC is very useful in the un-
derstanding of ultralow-energy collision processes be-
tween alkali-metal atoms since the relatively slow
nuclear motion is very sensitive to the details of
the electronic PEC.[! In order to produce trustwor-
thy dynamics, various cross sections and scattering
lengths(' at ultralow energies always need to use ac-
curate PECs for calculations with a high accuracy.

Very recently, Taylor and Newman!''l have re-

ported the PEC for the Nas ground state, which is in
good agreement with measurements. In order to cal-
culate the complete Nas ground-state PEC, they used
the CCSD(T) method when the internuclear distance
R is relatively small, and used the UCCSD(T) method
when the R becomes relatively large since the energies
via the CCSD(T) method are not convergent at larger
values of R. Then, they combined the results from
the two methods into a final one. And for this rea-
son, the reliability of their PEC is greatly discounted.
Furthermore, we have not found any complete calcu-
lations about the vibrational levels, classical turning
points and inertial rotation and centrifugal distortion
constants for this state, which are very useful in the
theoretical computations of rovibrational transitions.
Thus in this paper, we attempt to improve the ac-
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With the poten-
tial obtained here, we calculate the complete vibra-

curacy of the ab initio potential.

tional levels, classical turning points and inertial ro-
tation and centrifugal distortion constants when J=0
for this state by solving the radial Schrédinger equa-
tion of nuclear motion. The present results are more
complete than those available from previous investi-
gations, which thus is symbolic of an improvement.

2. Methodological details

The calculations about the PEC for the Nao
ground state are performed in Gaussian03 pro-
gram package.'? In calculations, we have used
four kinds of theoretical methods, which include
two kinds of density functional theories (B3LYP,
B3P86) and two kinds of quadratic configuration-
interaction methods (QCISD(T),QCISD). In addition,

a number of basis sets, such as, Aug-cc-PVTZ, cc-
PVTZ, 6-311++4G(3df,3pd), 6-311++G(2df,2pd), 6-
3114++G(df,pd), 6-311G(3df,3pd), 6-311G(2df,2pd),
6-311++G(d,p), 6-3114++G, 6-311G(df,pd), 6-
311G(d,p), 6-311G and cc-PVQZ, are used. By com-
parison between the calculations and the measure-
ments,!’3] we find that the density functional theo-
ries (B3LYP, B3P86) can give rather accurate val-
ues of R, and we but much poor values of Dg;
whereas the quadratic configuration-interaction meth-
ods (QCISD(T), QCISD) can give accurate values of
D, but relatively poor results of R, and w.. By
careful comparison with the measurements"3! about
the D., we and R., a most suitable basis set, 6-
311G (3df,3pd),["*~1 and a most suitable method,
QCISD, "2 are chosen. The computed D, we and Re
results are listed in Table 1.

Table 1. Spectroscopic parameters for Nag (XlZg) at the QCISD/6-311G (3df,3pd) level of theory
and the comparison with the available measurements.

source De/eV Re/nm we/cm ™1 WeXe/cm ™1 Be/cm™! ae/em ™t Do /eV
This work 0.7219 0.31813 151.63 0.7288 0.1449 0.000729 0.7135
Exp.[13] 0.7298 0.30790 159.12 0.7255 0.1547 0.000874 0.720

The PEC of this state is calculated at 0.02 nm
intervals over the internuclear separation range from
0.16 to 2.0 nm at the QCISD/6-311G (3df,3pd) level of
theory. The ab initio calculated points are fitted to the
analytic Murrell-Sorbie (M-S) function with the least-
squares fitting method. Thus the dissociation energy
D, and the analytic potential energy function (APEF)
are attained. Based on the APEF obtained here, the
force constants, quadratic f, cubic f3 and quartic
f1, are determined. And then the spectroscopic pa-
rameters, weXe, e and Be, are calculated. And fi-
nally, using the APEF obtained at the QCISD/6-311G

(3df,3pd) level of theory, the radial Schrodinger equa-
tion of nuclear motion is numerically solved to have
all the vibrational levels and their classical turning
points, Runin and Rnyax, the inertial rotation and cen-
trifugal distortion constants when J = 0.

For the convenience of further calculations at this
level of theory, we tabulate the computed potential
energies F(R) at selected values of the internuclear
separation R as shows in Table 2 and depict the curve
of the ab initio calculated points over this range in
Fig.1.

Table 2. Potential energies F(R) at different internuclear distances R for Nas(X'X7) at the QCISD/6-

311G (3df,3pd) level of theory.

R/nm E(R)/Hartree R/nm E(R)/Hartree R/nm E(R)/Hartree R/nm E(R)/Hartree
0.16 —323.58804 0.32 —323.71820 0.52 —323.69802 0.96 —323.69181
0.20 —323.66905 0.34 —323.71746 0.56 —323.69568 1.02 —323.69179
0.24 —323.70104 0.36 —323.71579 0.60 —323.69418 1.10 —323.69177
0.26 —323.70970 0.40 —323.71101 0.66 —323.69293 1.20 —323.69176
0.28 —323.71495 0.44 —323.70587 0.72 —323.69234 1.40 —323.69175
0.30 —323.71756 0.48 —323.70140 0.80 —323.69201 2.00 —323.69175
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3. Results and discussion

The M-S function is a widely used potential en-
ergy function. It describes interaction potential en-

ergies of neutral diatomics well. The common M-S

function is17]

V(o) = ~Do(14 Y Yesp(-ap), (1)

where p = R — R., R, is regarded as a fixed parame-
ter in the fitting process, which is attained by the ge-
ometry optimization calculations in this paper. The
parameters D, and a; are determined by the fitting
method using the calculated ab initio data. Generally,
satisfactory results can be obtained when n equals 3.
Thus, Eq.(1) can be simplified into the following form:

V = —Do(1+ a1p+ azp® + azp’Jexp(—aip).  (2)

By iterating a system of normal equations based
on a least-squares fitting, the parameters a;,a2, az and

D, in Eq.(2) are fitted. The fitting results are listed
in Table 3 together with the R, value for integrality.
At the same time, the fitting results over this internu-
clear separation range are intuitively shown in Fig.1,

too.
1.5
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Fig.1. PEC of the ground state for sodium dimer.

Table 3. Parameters of M-S APEF for Nao (Xlzg) at the QCISD/6-311G (3df,3pd) level of theory.

De/eV Re/nm aj/nm~1

az/nm™

2 az/nm~3 RMSE/eV

0.72193 0.31813 19.29788

116.35909

261.94042 1.6557x10~3

In order to evaluate the fitting quality of PEC, we
calculate the root-means-square error (RMSE),

N

RMSE = % [;(VAPEF — Vab initio)2:| ;o (3)
where Vapgpr and Vg initio are energies attained by
the fitting and the ab initio calculations, respec-
tively. N is the number of fitting points (here N =
93). The present RMSE is only 0.0016557 ¢V (about
0.038 kcal/mol). Obviously, our fitting accuracy about
the APEF is greatly superior to the chemical accuracy
(1.0 keal /mol).['8] Tt shows that the analytic M-S func-
tion is very suitable for reproducing the PEC of this
state, and the fitting process is of high quality. So, the
present APEF collected in Table 3 should be credible
and can be used to carry out the spectroscopic and
vibrational manifold calculations, such as the spectro-
scopic parameters, the vibrational levels, the classical
turning points, the inertial rotation and the centrifu-
gal distortion constants, etc.

3.1. Spectroscopic parameters

Now, we calculate the spectroscopic parameters
Be, ae and weY, of this state according to the APEF

given in Table 3. Using Eq.(2), we can derive the ex-
pressions of the force constants fo, f3 and f4 at the
equilibrium position as follows:[19:20]

f2 = De(a? — 2ay), (4)
f3 = —6De(a3 —ai1az + a?/?), (5)
f1 = Dec(3at — 12a2ay + 24a1a3). (6)

Then the spectroscopic parameters Be, o, and weXe
can be calculated according to the following Equa-
tions (7)—(9). The calculated results are listed in Table
1. From Table 1, one can easily find that the present
values about B., ae and we)e are in good agreement

with the measurements. ('3
e i g
=T () ®
wexe:%[_%+l5(l+z‘2’§)2}, ©

3.2. Vibrational manifolds

A more stringent way to compare the ab initio
results with the measurements is to attempt to re-
produce the Rydberg-Klein-Rees (RKR) data: the



No.10 Investigations on spectroscopic parameters, vibrational levels, classical turning points and inertial rotation and - - -

vibrational levels and corresponding classical turning
points. Only in that way can it be clearly demon-
strated whether the present APEF accurately de-
scribes the PEC for the Nas ground state. In order
to attain the vibrational levels of this state, we must
solve the following radial Schrédinger equation of nu-
clear motion in the adiabatic approximation,

h? d? h?
—— =+
2udr2 - 2ur?
= EU)J WV.J(T).

JJ+1)+ V)| @, (r)

(10)

Here, V (r) is the adiabatic rotationless APEF given
in Table 3; v and J are the vibrational and rotational
quantum numbers, respectively; u is the reduced mass
of molecule Nay. The rotational sublevel of a given vi-
brational level is represented by the following power

2965
series7[21]
B,y =G)+ Bu[J(J +1)] = Dy[J(J + 1)
+ H [T+ 1) + Ly[J(J + 1)]*
+M[JT+DP+N[JT DS (1)

By solving Eq.(10) numerically, we can obtain a
total of 63 vibrational states for the Nas ground state
when J = 0. For each vibrational state, 1 vibrational
level G(v) and corresponding classical turning points,
Ruax and Ry, 1 inertial rotation constant B, and 6
centrifugal distortion constants D,, H,, L,, M,, N,
and O, are attained. Here, all the 63 vibrational lev-
els, their corresponding classical turning points and
inertial rotation constants are given in Table 4, and
the 6 centrifugal distortion constants of the first 31
vibrational states are shown in Table 5.

Table 4. Vibrational levels, classical turning points and initial rotation constants of Nag (X! Eg) at the QCISD/6-

311G (3df,3pd) level of theory when J = 0.

v G@)/em™'  Ryin/nm  Rmax/nm  By/em™! | v G(v)/em™!  Ryin/nm  Rmax/nm By /cm~!
0 76.987 0.30489 0.32250 0.1445451 | 32 4152.174 0.23690 0.50334 0.1100138
1 229.972 0.29582 0.34384 0.1438126 | 33 4248.313 0.23613 0.50892 0.1084450
2 381.479 0.28987 0.35212 0.1430623 | 34 4342.234 0.23539 0.51463 0.1068339
3 531.493 0.28519 0.35915 0.1422938 | 35 4433.896 0.23467 0.52050 0.1051784
4 680.001 0.28127 0.36548 0.1415070 | 36 4523.259 0.23398 0.52652 0.1034764
5 826.987 0.27785 0.37135 0.1407013 | 37 4610.282 0.23332 0.53273 0.1017254
6 972.436 0.27480 0.37689 0.1398765 | 38 4694.919 0.23269 0.53913 0.0999228
7 1116.333 0.27204 0.38220 0.1390321 | 39 4777.124 0.23208 0.54575 0.0980656
8 1258.661 0.26952 0.38731 0.1381677 | 40 4856.848 0.23150 0.55260 0.0961507
9 1399.404 0.26718 0.39229 0.1372829 | 41 4934.041 0.23094 0.55972 0.0941743
10 1538.544 0.26501 0.39716 0.1363774 | 42 5008.647 0.23040 0.56712 0.0921323
11 1676.064 0.26297 0.40194 0.1354506 | 43 5080.609 0.22989 0.57485 0.0900201
12 1811.945 0.26106 0.40665 0.1345021 | 44 5149.867 0.22941 0.58294 0.0878324
13 1946.170 0.25926 0.41132 0.1335315 | 45 5216.355 0.22894 0.59144 0.0855631
14 2078.718 0.25755 0.41595 0.1325381 | 46 5280.005 0.22850 0.60039 0.0832054
15 2209.570 0.25593 0.52056 0.1315216 | 47 5340.744 0.22808 0.60987 0.0807511
16 2338.705 0.25439 0.42515 0.1304813 | 48 5398.491 0.22770 0.61994 0.0781907
17 2466.104 0.25292 0.42974 0.1294167 | 49 5453.161 0.22733 0.63072 0.0755131
18 2591.743 0.25152 0.43433 0.1283271 | 50 5504.662 0.22698 0.64230 0.0727047
19 2715.602 0.25018 0.43894 0.1272120 | 51 5552.893 0.22666 0.65484 0.0697492
20 2837.656 0.24890 0.44357 0.1260706 | 52 5597.742 0.22637 0.66855 0.0666262
21 2957.883 0.24767 0.44822 0.1249023 | 53 5639.088 0.22609 0.68368 0.0633101
22 3076.258 0.24648 0.45291 0.1237063 | 54 5676.792 0.22584 0.70060 0.0597677
23 3192.756 0.24535 0.45764 0.1224817 | 55 5710.700 0.22563 0.71983 0.0559546
24 3307.350 0.24426 0.46242 0.1212278 | 56 5740.636 0.22543 0.74215 0.0518091
25 3420.015 0.24321 0.46726 0.1199435 | 57 5766.394 0.22527 0.76885 0.0472406
26 3530.722 0.24221 0.47216 0.1186280 | 58 5787.728 0.22513 0.80221 0.0421047
27 3639.443 0.24124 0.47713 0.1172802 | 59 5804.335 0.22502 0.84693 0.0361425
28 3746.148 0.24030 0.48218 0.1158990 | 60 5815.819 0.22495 0.91572 0.0287739
29 3850.806 0.23940 0.48732 0.1144830 | 61 5819.600 0.22492 0.97533 0.0196018
30 3953.386 0.23854 0.49255 0.1130312 | 62 5822.030 0.22491 1.19817 0.0153207
31 4053.853 0.23770 0.49789 0.1115419
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The experimental results about the vibrational
levels, classical turning points and inertial rotation
constants can be found in the recent literature.[??
For the sake of clarity of this paper, we do not tabu-
late these measurements here. When we compare the
present results with these measurements,?? we can
clearly see that they are in good agreement with each
other. Therefore, we say that the present APEF ob-
tained at the QCISD/6-311G (3df,3pd) level of theory
well describes this ground state.

Unfortunately, we have not found any complete

experimental results about the 6 centrifugal distor-
tion constants (D,, H,, L,, M,, N, and O,)) for the
Nas ground state to the best of our knowledge. Thus
we cannot make any direct complete comparison with
measurements. But according to the high-quality fit-
ting process of this APEF, the good agreement be-
tween the present spectroscopic parameters and the
measurements!™® and between the present vibrational
levels and the experimental results,/?? we have rea-
sons to believe that the results collected in Tables 5

are accurate.

Table 5. Six centrifugal distortion constants of the first 31 vibrational states for Nao (XlZér) from the QCISD/6-

311G (3df,3pd) level of theory when J = 0.

v DU/IO’7 cm™1 HU/IO*12 cm~! LU/IO’17 cm™?! MU/IO*22 cm™! NU/IO’27 cm™! OU/IO’32 cm~!

0 5.1326224 2.0321581 —1.9178064
1 5.1940357 2.0593765 —1.9779657
2 5.2557235 2.0845518 —2.0377509
3 5.3177221 2.1075564 —2.0972130
4 5.3800723 2.1282557 —2.1564490
5 5.4428202 2.1465097 —2.2155632
6 5.5060172 2.1621694 —2.2747143
7 5.5697210 2.1750788 —2.3340637
8 5.6339953 2.1850686 —2.3938577
9 5.6989109 2.1919609 —2.4543405
10 5.7645460 2.1955632 —2.5158163
11 5.8309865 2.1956646 —2.5786768
12 5.8983273 2.1920375 —2.6433571
13 5.9666726 2.1844366 —2.7103169
14 6.0361367 2.1725859 —2.7801793
15 6.1068452 2.1561839 —2.8536256
16 6.1789359 2.1348962 —2.9314485
17 6.2525599 2.1083503 —3.0145671
18 6.3278833 2.0761300 —3.1040509
19 6.4050883 2.0377679 —3.2011413
20 6.4843722 1.9926916 —3.3085537
21 6.5659611 1.9403903 —3.4256355
22 6.6500950 1.8801466 —3.5554918
23 6.7370416 1.8111893 —3.7004688
24 6.8270966 1.7326366 —3.8633356
25 6.9205877 1.6434766 —4.0473730
26 7.0178779 1.5425440 —4.2564843
27 7.1193711 1.4284915 —4.4953340
28 7.2255175 1.2997556 —4.7695234
29 7.3368201 1.1545145 —5.0858135
30 7.4538429 0.9906369 —5.4524091

1.5766648 —1.7663118 1.7835832
1.6133477 —1.8269628 1.8138441
1.6451256 —1.8835288 1.8325250
1.6716793 —1.9369470 1.8194567
1.6925590 —1.9869135 1.7701631
1.7074043 —2.0347942 1.6439415
1.7156660 —2.0798285 1.4552114
1.7169929 —2.1251611 1.1003181
1.7106282 —2.1679738 0.6801844
1.6961134 —2.2120094 0.0731283
1.6728573 —2.2604817 —0.851630
1.6398807 —2.3109417 —1.950427
1.5962515 —2.3643686 —3.188843
1.5413863 —2.4325056 —5.135486
1.4737111 —2.5107026 —7.433632
1.3918700 —2.6034725 —10.20689
1.2941369 —2.7140027 —13.42936
1.1786080 —2.8494877 —17.32007
1.0427891 —3.0142114 —21.77114
0.8840082 —3.2204845 —27.25761
0.6773872 —3.1741142 —2.420025
0.4581618 —3.4409148 —3.260806
0.2027511 —3.7778692 —4.279251
—0.095148 —4.2031579 —5.520625
—0.443279 —4.7397935 —7.049829
—0.851202 —5.4169541 —8.949051
—1.330773 —6.2720054 —11.32704
—1.896762 —17.3530770 —14.34191
—2.567684 —8.7225087 —18.18891
—3.366863 —10.461778 —23.14565
—4.323866 —12.678054 —29.58454

4. Conclusions

In this paper, the equilibrium internuclear dis-
tance, the dissociation energy and the harmonic fre-

quency for the Nas ground state have been calculated
using the density functional theory (B3LYP, B3P86)
and the quadratic configuration-interaction method
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including single and double substitutions (QCISD(T),
QCISD) presented in Gaussian03 program package
in a number of basis sets. And the QCISD/6-
311G (3df,3pd) level of theory is determined to be
the best one by comparing the calculations with the
measurements.['3 With the potential obtained at the
QCISD/6-311G (3df,3pd) level of theory, a total of
63 vibrational states are found by solving the radial
Schrédinger equation of nuclear motion. The complete
vibrational levels, classical turning points and inertial
rotation constants are also calculated for each vibra-

tional state. Favourable agreement has been found by
comparing our calculations with the measurements. 22
In addition, we have further computed six centrifu-
gal distortion constants for this state when J = 0
for the first time.
complete than those available from previous investiga-

The results at present are more

tions, which thus is symbolic of an improvement. As a
further investigation, we will employ our derived ana-
lytic PEF's to calculate the various cross sections, 2324

especially at very low energies.
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