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In this paper, a very simple generalized synchronization method between different chaotic systems is presented.

Only a scalar controller is used in this method. The method of obtaining the scalar controller from chaotic systems is

established. The sufficient and necessary condition of generalized synchronization is obtained from a rigorous theory,

and the sufficient and necessary condition of generalized synchronization is irrelative to chaotic system itself. Theoretical

analyses and simulation results show that the method established in this paper is effective.
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1. Introduction

Chaotic synchronization and control have aroused

much interest of many authors in the past few

decades.[1−12] Much work has been done on drive-

response-type synchronization of chaos in dynamical

systems[1,2] and synchronization in two systems cou-

pled via feedback[3−5] from the physical viewpoint.

There exist two types of current concepts of syn-

chronization, and they are the identical synchroniza-

tion (IS) and generalized synchronization (GS). The

identical synchronization means the case where states

of two systems are equal or asymptotically become

equal as time goes to infinity. The generalized syn-

chronization refers to the case where states of two

systems satisfy a functional relation or asymptotically

satisfy a functional relation as time goes to infinity.

Recently, the idea of generalized synchronization has

been developed. Chaotic generalized synchronization

has attracted great interest due to its theoretical chal-

lenge and its great potential applications in secure

communications, chemical reactions, and modelling

brain activity.[13]

In this paper, we realize a generalized synchro-

nization between different chaotic systems via a scalar

controller. We can obtain the scalar controller easily,

and the very important result is the sufficient and nec-

essary condition of generalized synchronization irrela-

tive to chaotic system itself. Theoretical analyses and

simulation results show that the method established

in this paper is effective.

2. Generalized synchronization

between different chaotic

systems

Now, we consider the following three-dimensional

chaotic system:

ẋ1 = f1(x1, x2, x3),

ẋ2 = f2(x1, x2, x3),

ẋ3 = f3(x1, x2, x3), (1)

where x = (x1, x2, x3)
T are state variables, and they

are all real numbers. fi(i = 1, 2, 3) are continuous

functions, and of them only one is a nonlinear func-

tion. Many practical chaotic systems, for example,

Chua’s chaotic circuit,[14] chaotic K model[15] and

Rössler chaotic system,[16] etc, are the same as sys-

tem (1).

Without loss of generality, one can take

f3(x1, x2, x3) as the nonlinear function. System (1)

can be changed to another form as follows:

ẋ1 =

3
∑

i=1

aixi,

ẋ2 =

3
∑

i=1

bixi,

ẋ3 = f3(x1, x2, x3), (2)
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where ai and bi (i = 1, 2, 3) are real numbers, and

a3 6= 0, b3 6= 0 or a3 = 0, a2 6= 0, b3 6= 0 or b3 = 0,

b1 6= 0, a3 6= 0.

Now, we consider the other chaotic system as fol-

lows in Eq.(3) that is different from chaotic system

(2),

ẋ′

1 =
3

∑

i=1

a′

ix
′

i,

ẋ′

2 =
3

∑

i=1

b′ix
′

i,

ẋ′

3 = f ′

3(x
′

1, x
′

2, x
′

3), (3)

where a′

i, b′i (i = 1, 2, 3) are real numbers, and a′

3 6= 0,

b′3 6= 0 or a′

3 = 0, a′

2 6= 0, b′3 6= 0 or b′3 = 0, b′1 6= 0,

a′

3 6= 0.

Now, determine the reversible matrix A for sys-

tem (2),

A =





A11 A12 0

A21 A22 0

A31 A32 A33



 , (4)

where A33 6= 0. If a3 6= 0, b3 6= 0,

A11 = (−b3/a3)A12, A12 6= 0,

A21 = (−a1b3/a3 + b1)A12,

A22 = (−a2b3/a3 + b2)A12,

A31 = a1A21 + b1A22,

A32 = a2A21 + b2A22,

A33 = a3A21 + b3A22. (5)

If a3 = 0, a2 6= 0, b3 6= 0,

A11 6= 0, A12 = 0, A21 = a1A11,

A22 = a2A11, A31 = a1A21 + b1A22,

A32 = a2A21 + b2A22,

A33 = a3A21 + b3A22. (6)

If b3 = 0, b1 6= 0, a3 6= 0,

A11 = 0, A12 6= 0, A21 = b1A12,

A22 = b2A12, A31 = a1A21 + b1A22,

A32 = a2A21 + b2A22,

A33 = a3A21 + b3A22. (7)

In the same way as dealing with chaotic system (2),

we can determine the reversible matrix A′ for system

(3).

Now, we discuss the generalized synchronization

between chaotic system (2) and chaotic system (3).

Take system (2) as a drive system, system (3) as a

response system.

Theorem For the following controlled response

system:

ẋ′

1 =
3

∑

i=1

a′

ix
′

i,

ẋ′

2 =
3

∑

i=1

b′ix
′

i,

ẋ′

3 = φ + f ′

3(x
′

1, x
′

2, x
′

3), (8)

where φ is a scalar controller given by

φ = − f ′

3(x
′

1, x
′

2, x
′

3) + A33f(x1, x2, x3)/A
′

33

+
[

3
∑

i=1

(A31ai+A32bi)xi−(A′

31a
′

i+A′

32b
′

i)x
′

i

]

/A′

33

−
3

∑

i=1

ki(yi − zi)/A
′

33,

with k1, k2 and k3 being control parameters and

real numbers, (z1, z2, z3)
T = A(x1, x2, x3)

T, and

(y1, y2, y3)
T = A′(x′

1, x
′

2, x
′

3)
T, the sufficient and nec-

essary condition of generalized synchronization be-

tween drive chaotic system (2) and controlled response

chaotic system (8) with respect to (A11x1 + A12x2,

A21x1 +A22x2, A31x1 +A32x2 +A33x3) and (A′

11x
′

1 +

A′

12x
′

2, A′

21x
′

1 + A′

22x
′

2, A′

31x
′

1 + A′

32x
′

2 + A′

33x
′

3) is

k1 > 0, k2 > 0, k3 > 0, and k2k3 − k1 > 0.

According to this theorem, system (2) and sys-

tem (3) can achieve the generalized synchronization

via scalar controller φ. The scalar controller φ depends

on the system (2) and system (3), but the sufficient

and necessary condition of generalized synchroniza-

tion is not related to chaotic system (2) and system

(3) themselves.

Proof

Define reversible linear transform (z1, z2, z3)
T =

A(x1, x2, x3)
T for system (2), and according to ex-

pressions (5) or (6) or (7), we can obtain the following

equation system:

ż1 = z2,

ż2 = z3,

ż3 = l(z1, z2, z3), (9)

where

l(z1, z2, z3) = A31

3
∑

i=1

aixi

+ A32

3
∑

i=1

bixi + A33f3(x1, x2,x3).
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Define reversible linear transform (y1, y2, y3)
T =

A′(x′

1, x
′

2, x
′

3)
T for system (8), in the same as showing

above, we can obtain the following equation system:

ẏ1 = y2,

ẏ2 = y3,

ẏ3 = l(z1, z2, z3) −
3

∑

i=1

ki(yi − zi).

(10a)

Defining synchronization error between system (9)

and system (10) as ei = yi − zi (i = 1, 2, 3), we can

obtain the error dynamical system as follows:

ė1 = e2,

ė2 = e3,

ė3 = −k1e1 − k2e2 − k3e3, (10b)

namely,





ė1,

ė2,

ė3,



 =





0 1 0,

0 0 1,

−k1 −k2 −k3,









e1,

e2,

e3,



 .

According to the condition of Hurwitz,[17] we

can obtain the sufficient and necessary condition for

lim
t→+∞

ei = 0 (i = 1, 2, 3) as k1 > 0, k2 > 0, k3 > 0,

and k2k3 − k1 > 0.

Furthermore, lim
t→+∞

ei = 0 (i = 1, 2, 3) indicates

lim
t→+∞

(A′

11x
′

1 + A′

12x
′

2) − (A11x1 + A12x2) = 0,

lim
t→+∞

(A′

21x
′

1 + A′

22x
′

2) − (A21x1 + A22x2) = 0,

lim
t→+∞

[(A′

31x
′

1 + A′

32x
′

2 + A′

33x
′

3)

− (A31x1 + A32x2 + A33x3)] = 0.

Namely, controlled response chaotic system (8) and

drive chaotic system (2) can achieve generalized syn-

chronization with respect to (A11x1 +A12x2, A21x1 +

A22x2, A31x1 + A32x2 + A33x3) and (A′

11x
′

1 + A′

12x
′

2,

A′

21x
′

1 +A′

22x
′

2, A′

31x
′

1 +A′

32x
′

2 +A′

33x
′

3), the sufficient

and necessary condition of generalized synchroniza-

tion is k1 > 0, k2 > 0, k3 > 0, and k2k3 − k1 > 0.

3. Applications

Now, we take some chaotic systems for example.

3.1.Generalized synchronization be-

tween Chua’s chaotic circuit system

and Chaotic K model system

Chua’s chaotic circuit[14] is shown as follows:

ẋ1 = a[−x1 + x2 − φ(x1)],

ẋ2 = x1 − x2 + x3,

ẋ3 = −bx2, (11)

where

φ(x1) = m1x1 + (m0 − m1)[|x1 + 1| − |x1 − 1|]/2,

a = 10, b = 14.87, m0 = −1.27, and m1 = −0.68.

Chaotic system (11) can be changed into the fol-

lowing form:

ẋ1 = −bx2,

ẋ2 = x1 − x2 + x3,

ẋ3 = a[−x3 + x2 − φ(x3)], (12)

where

φ(x3) = m1x3 + (m0 − m1)[|x3 + 1| − |x3 − 1|]/2.

Certainly, a3 = 0, a2 6= 0, and b3 6= 0. According

to expressions (6), we can obtain matrix A,

A = A11





1 0 0

0 −b 0

−b b −b



 , and A11 6= 0.

Chaotic K model[15] is given by

ẋ′

1 = x′

1x
′

2 − x′

3,

ẋ′

2 = x′

1 − x′

2,

ẋ′

3 = x′

1 + dx′

3, (13)

d = 0.3. Chaotic system (13) can be changed into the

following form:

ẋ′

1 = dx′

1 + x′

3,

ẋ′

2 = x′

3 − x′

2,

ẋ′

3 = x′

2x
′

3 − x′

1. (14)

Certainly, a3 6= 0, and b3 6= 0. According to ex-

pressions (5), we can obtain matrix A′,

A′ = A′

12





−1 1 0

−d −1 0

−d2 1 −(1 + d)



 , and A′

12 6= 0.

Take Chua’s chaotic circuit system (12) as a

drive system, and chaotic K model system (14) as
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a response system. According to the above theo-

rem, we can obtain the scalar controller φ. There-

fore, system (12) and system (14) can achieve the

generalized synchronization with respect to (A11x1,

−bA11x2, A11b(−x1 + x2 − x3)) and (A′

12(−x′

1 + x′

2),

−A′

12(dx′

1 + x′

2), A′

12(−d2x′

1 + x′

2 − (1 + d)x′

3)). Some

synchronization simulation results are obtained as fol-

low. Choosing k1 = 1, k2 = 1 and k3 = 3, and

A11 = 1, A′

12 = 1 leads to the simulation result shown

in Fig.1. Choosing k1 = 10, k2 = 8 and k3 = 6, and

A11 = 1, A′

12 = 10 yields the simulation result shown

in Fig.2. In Figs.1 and 2 ε denotes the generalized

synchronization error.

Fig.1. The generalized synchronization result.

Fig.2. The generalized synchronization result.

3.2.Generalized synchronization be-

tween Chua’s chaotic circuit system

and Rössler chaotic system

The Rössler chaotic system[16] is given as

ẋ′′

1 = −x′′

2 − x′′

3 ,

ẋ′′

2 = x′′

1 + ax′′

2 ,

ẋ′′

3 = x′′

1x′′

3 − bx′′

3 + c, (15)

where a = 0.2, b = 8, and c = 0.2 are system parame-

ters.

Certainly, b3 = 0, b1 6= 0, and a3 6= 0. According

to expressions (6), we can obtain matrix A′′,

A′′ = A′′

12





0 1 0

1 a 0

a a2 − 1 −1



 , and A′′

12 6= 0.

Take Chua’s chaotic circuit system (12) as a drive

system, and the Rössler chaotic system (15) as a re-

sponse system. According to the above theorem, sys-

tem (12) and system (15) can achieve the general-

ized synchronization with respect to (A11x1, −bA11x2,

A11b(−x1 + x2 − x3)) and (A′′

12x
′′

2 , A′′

12(x
′′

1 + ax′′

2),

A′′

12(ax′′

1 + (a2 − 1)x′′

2 − x′′

3 )). Some synchronization

simulation results are obtained as follows. Choosing

k1 = 5, k2 = 2 and k3 = 4, and A11 = 1, A′′

12 = 1

gives the simulation result in Fig.3. Choosing k1 = 10,

k2 = 5 and k3 = 6, and A11 = 1, A′′

12 = 1 yields the

simulation result in Fig.4.

Fig.3. The generalized synchronization result.

Fig.4. The generalized synchronization result.
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3.3.Generalized synchronization be-

tween Chaotic K model system and

Rössler chaotic system

Now, take chaotic K model system (14) as a

drive system, and Rössler chaotic system (15) as a

response system. According to the above theorem,

system (14) and system (15) can achieve the general-

ized synchronization with respect to (A′

12(−x′

1 + x′

2),

−A′

12(dx′

1 + x′

2), A′

12(−d2x′

1 + x′

2 − (1 + d)x′

3)) and

(A′′

12x
′′

2 , A′′

12(x
′′

1 + ax′′

2 ), A′′

12(ax′′

1 + (a2 − 1)x′′

2 − x′′

3 )).

Some synchronization simulation results are obtained

as follow. Choosing k1 = 5, k2 = 2 and k3 = 4, and

A′

12 = 1, A′′

12 = 1 gives the simulation result in Fig.5.

Choosing k1 = 10, k2 = 5 and k3 = 6, and A′

12 = 1,

Fig.5. The generalized synchronization result.

A′′

12 = 1 leads to the simulation result in Fig.6.

Fig.6. The generalized synchronization result.

4. Conclusion

A scalar controller is established to realize gener-

alized synchronization between different chaotic sys-

tems. The method of obtaining the scalar controller

from chaotic systems is very easy. The sufficient and

necessary condition of generalized synchronization is

obtained from a rigorous theory. We take some chaotic

systems for example. Theoretical analyses and simula-

tion results show that the method given in this paper

is effective.
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