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In this paper, a very simple generalized synchronization method between different chaotic systems is presented.

Only a scalar controller is used in this method. The method of obtaining the scalar controller from chaotic systems is

established. The sufficient and necessary condition of generalized synchronization is obtained from a rigorous theory,

and the sufficient and necessary condition of generalized synchronization is irrelative to chaotic system itself. Theoretical

analyses and simulation results show that the method established in this paper is effective.
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1. Introduction

Chaotic synchronization and control have aroused
much interest of many authors in the past few
decades.['=12 Much work has been done on drive-
response-type synchronization of chaos in dynamical

(1,2]

systems and synchronization in two systems cou-

pled via feedback!®~5! from the physical viewpoint.

There exist two types of current concepts of syn-
chronization, and they are the identical synchroniza-
tion (IS) and generalized synchronization (GS). The
identical synchronization means the case where states
of two systems are equal or asymptotically become
equal as time goes to infinity. The generalized syn-
chronization refers to the case where states of two
systems satisfy a functional relation or asymptotically
satisfy a functional relation as time goes to infinity.
Recently, the idea of generalized synchronization has
been developed. Chaotic generalized synchronization
has attracted great interest due to its theoretical chal-
lenge and its great potential applications in secure
communications, chemical reactions, and modelling
brain activity.['?

In this paper, we realize a generalized synchro-
nization between different chaotic systems via a scalar
controller. We can obtain the scalar controller easily,
and the very important result is the sufficient and nec-
essary condition of generalized synchronization irrela-
tive to chaotic system itself. Theoretical analyses and
simulation results show that the method established

in this paper is effective.

2. Generalized synchronization
between different chaotic

systems

Now, we consider the following three-dimensional
chaotic system:

jjl - fl(x17x27x3)7
Iy = fo(x1, 22, 73),

&3 = f3(v1, 22, 73), (1)

where x = (1,22, 23)T are state variables, and they
are all real numbers. f;(i = 1,2,3) are continuous
functions, and of them only one is a nonlinear func-
tion. Many practical chaotic systems, for example,
Chua’s chaotic circuit,™ chaotic K model™ and
Rossler chaotic system,['9] etc, are the same as sys-
tem (1).

Without loss
f3(x1,z2,23) as the nonlinear function. System (1)

of generality, one can take

can be changed to another form as follows:

3
T] = E a; X4,
i—1
3
Tp = E biz;,
i=1

T3 = f3(w1, 22, 73), (2)
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where a; and b; (i = 1,2,3) are real numbers, and
az #0,b3 #0or a3 =0, as # 0, bg # 0 or b3 = 0,
bl 75 0, as 75 0.

Now, we consider the other chaotic system as fol-
lows in Eq.(3) that is different from chaotic system

(2),

1
xg:fé(‘rllv‘révxé)v (3)

where af, b} (i = 1,2, 3) are real numbers, and aj # 0,
by #0oraf =0,a, #0,0, #0o0r by =0, #0,
ahy # 0.

Now, determine the reversible matrix A for sys-
tem (2),

A A 0
A=A Ax 0 |, (4)
Asgy Aszp Asz

where Agg 7§ 0. If as 7§ 0, b3 7£ 0,

Aq1 = (=bs/as)A12, A2 #0,

Aoy = (—aibz/az + b1) A,

Agg = (—azgbs/az + ba) A1z,

Az = a1 421 + b1 Aga,

Az = ag A1 + b A,

A3z = azAa + b3 Aga. (5)

IfCLg:O,CLQ#O,bg#O,

An #0, A12=0, Ao =ai1din,

Ago = agA11, Azr = a1z + b1 Aag,

Aszz = ag A1 + baAaa,

Aszz = azAa + b3 Aga. (6)

Ifb3207b1¢05 03#0,

A =0, A #0, Ao =b1Am,

Agg = ba A1z, As1 = a1 Az + b1 As,

Aszz = ag A1 + baAga,

Aszz = az Az + b3 Aaa. (7)

In the same way as dealing with chaotic system (2),
we can determine the reversible matrix A’ for system
(3).

Now, we discuss the generalized synchronization
between chaotic system (2) and chaotic system (3).

Take system (2) as a drive system, system (3) as a
response system.

Theorem For the following controlled response
system:

=1
3
i =y b,
i=1
$§—¢+fé($/1,$/2,$g), (8)

where ¢ is a scalar controller given by

= — fy(ah, wy, %) + Assf (21, 2, 23)/Ass

3
+ [Z(Aslaﬁf%zbi)xi— (A§1GQ+A§252)I§} /Ass
=1

_Zk 337

with ki, k2 and ks being control parameters and
(Z15227Z3)T =

(y1,y2,y3)T = A’ (2}, 2h, 25)T, the sufficient and nec-

real numbers, A(z1,29,23)T, and
essary condition of generalized synchronization be-
tween drive chaotic system (2) and controlled response
chaotic system (8) with respect to (Aj1xz1 + A1axe,
Ag11 + Agoxa, Asiz1 + Asoxa + Asszs) and (A z) +
Ajgry, Ay + Awy, Agm) + Apyxh + Agaaly) is
k1 >0, k>0, k3 >0, and koks — k1 > 0.

According to this theorem, system (2) and sys-
tem (3) can achieve the generalized synchronization
via scalar controller ¢. The scalar controller ¢ depends
on the system (2) and system (3), but the sufficient
and necessary condition of generalized synchroniza-
tion is not related to chaotic system (2) and system
(3) themselves.

Proof

Define reversible linear transform (z1, 22, 23)T =
A(z1,22,73)T for system (2), and according to ex-
pressions (5) or (6) or (7), we can obtain the following
equation system:

Z1 = 29,
2}2 = Z3,
z3 = (21, 22, 23), 9)
where
U(21,22,23) = Az Z aiTi

+ Asz Z biz; + Ass f3(z1, 32,23).
i=1
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Define reversible linear transform (yi,ys,y3)T =
A'(2h, by, x5)T for system (8), in the same as showing
above, we can obtain the following equation system:

yl = Y2,
Y2 = Ys,
3
yB - l(Zl, 22, 23) - Z k’b(yl - ZZ)
i=1 (10a)

Defining synchronization error between system (9)
and system (10) as e; = y; — 2z; (i = 1,2,3), we can
obtain the error dynamical system as follows:

€1 = eg,
é2 = €3,
é3 = —k161 — k2€2 — k3€3, (10b)
namely,
él, 0 1 0, €1,
é2, = O 0 1, €9,
€3, —k1 —ka —ks, 1 Les,

According to the condition of Hurwitz,!” we
can obtain the sufficient and necessary condition for
lim e; = O(l = 1,2,3) as k1 > 0, ks > 0, ks > 0,

t——+o0
and k2k3 — kl > 0.
Furthermore, , lim e; =0(i = 1,2,3) indicates

——+00

Jim (A + Apry) — (Anan + Azes) =0,
Jim (A @y + Aypay) — (Agran + Azewz) = 0,

lim [(A3,27 + Agpahy + Ajza3)

t——+oo

— (Azi1z1 + Azao + Asszs)] = 0.

Namely, controlled response chaotic system (8) and
drive chaotic system (2) can achieve generalized syn-
chronization with respect to (Aj1z1 + A1oxe, Ao1z1 +
Agoxo, Ag1x1 + Agexs + Assws) and (Al x) + AlLah,
Ab xh + Aty Al ah + Abyah + ASsah), the sufficient
and necessary condition of generalized synchroniza-
tion is k1 > 0, k2 > 0, k3 > 0, and kaks — k1 > 0.

3. Applications

Now, we take some chaotic systems for example.

3.1. Generalized be-
tween Chua’s chaotic circuit system

synchronization

and Chaotic A model system
Chua’s chaotic circuit!4 is shown as follows:
& = a[—x1 + 22 — ¢(21)],

Tg = x1 — T2 + T3,

ig = —bl‘g, (11)
where
P(x1) = mizy + (mo — ma)[|lzy + 1] — |21 — 1]]/2,

a =10, b=14.87, mg = —1.27, and m; = —0.68.
Chaotic system (11) can be changed into the fol-
lowing form:

T1 = —bxo,
Tg = X1 — T2 + T3,
&3 = a[—r3 + x2 — P(73)], (12)
where
¢(x3) = mixzs + (mo — my)[|zs + 1| — |zs — 1]]/2.
Certainly, az = 0, as # 0, and b3 # 0. According
to expressions (6), we can obtain matrix A,

10 0
A=A41]0 —-b 0 |,
-b b b

and A11 7§ 0.

Chaotic K model'® is given by
WA /
Ty = T1%3 — T3,
dy = x) — 75,
ihy = x| + dal, (13)

d = 0.3. Chaotic system (13) can be changed into the
following form:

o / /
T = dx| + x5,
A /

Lo = T3 — Ty,

&l = whxh — . (14)

Certainly, ag # 0, and b3 # 0. According to ex-
pressions (5), we can obtain matrix A’

-1 1 0
Al = &2 _d _1 O 5 and A/12 # 0.
& 1 —(1+4d)

Take Chua’s chaotic circuit system (12) as a
drive system, and chaotic K model system (14) as
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a response system. According to the above theo-
rem, we can obtain the scalar controller ¢. There-
fore, system (12) and system (14) can achieve the
generalized synchronization with respect to (A1121,
—bAq1xa, Allb(—,Tl + To — 1'3)) and ( 112(—1,'/1 + ,TIQ),
— Al (dat +5), Ajp(—d?a) + 25 — (14 d)a})). Some
synchronization simulation results are obtained as fol-
low. Choosing k&1 = 1, k2 = 1 and ks = 3, and
A1 =1, A}, =1 leads to the simulation result shown
in Fig.1. Choosing k; = 10, k2 = 8 and k3 = 6, and
A1 =1, A}, = 10 yields the simulation result shown
in Fig.2. In Figs.1 and 2 ¢ denotes the generalized

synchronization error.

Fig.1. The generalized synchronization result.

12

0 T T 1
0 5 10 15

Fig.2. The generalized synchronization result.

3.2. Generalized be-
tween Chua’s chaotic circuit system

synchronization

and Rossler chaotic system

The Réssler chaotic system!® is given as
-1 1 1
Ty = —Ty — T3,

N 1" 1"
Ty =xy +axy,

A U
Iy = afay —bxrs + ¢, (15)

where a = 0.2, b = 8, and ¢ = 0.2 are system parame-
ters.

Certainly, bs = 0, b1 # 0, and ag # 0. According
to expressions (6), we can obtain matrix A",

0 1 0
A = ’1'2 1 a 0
a a?-1 -1

, and Afy #0.

Take Chua’s chaotic circuit system (12) as a drive
system, and the Rossler chaotic system (15) as a re-
sponse system. According to the above theorem, sys-
tem (12) and system (15) can achieve the general-
ized synchronization with respect to (41121, —bA1122,
Anb(—z1 + x2 — x3)) and (Afyay, Af(z) + azy),

Iy(az] + (a* — 1)z — 2%)). Some synchronization
simulation results are obtained as follows. Choosing
ki =5, ko =2 and k3 = 4, and A;; = 1, Ay, =1
gives the simulation result in Fig.3. Choosing k1 = 10,
k2 =5 and k3 = 6, and A;; = 1, AY, = 1 yields the
simulation result in Fig.4.

10 +

Fig.3. The generalized synchronization result.

12

Fig.4. The generalized synchronization result.
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3.3. Generalized be-
tween Chaotic A model system and

synchronization

Rossler chaotic system

Now, take chaotic K model system (14) as a
drive system, and Rdossler chaotic system (15) as a
response system. According to the above theorem,
system (14) and system (15) can achieve the general-
ized synchronization with respect to (A}, (—2} + %),

(e + o), Aly(~Pah + af — (1 + d)a) and
(Alyaf, Aty(al + azf), Alplazt + (a? - 1)atf — af)).
Some synchronization simulation results are obtained
as follow. Choosing k1 = 5, ke = 2 and ks = 4, and
Al, =1, AYy =1 gives the simulation result in Fig.5.
Choosing k1 = 10, k2 = 5 and k3 = 6, and A}, =1,

1.0
)
0.5
0 T T T T L Ll L
0 10 20 30 40 50 60 70

Fig.5. The generalized synchronization result.

5 = 1 leads to the simulation result in Fig.6.

1.0

0.5

Fig.6. The generalized synchronization result.

4. Conclusion

A scalar controller is established to realize gener-
alized synchronization between different chaotic sys-
tems. The method of obtaining the scalar controller
from chaotic systems is very easy. The sufficient and
necessary condition of generalized synchronization is
obtained from a rigorous theory. We take some chaotic
systems for example. Theoretical analyses and simula-
tion results show that the method given in this paper
is effective.
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