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The purpose of this paper is to study the solution of the celebrated Whittaker equations by using analytical
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1. Introduction

In the 1930s Tolman presented a problem: a
set of equations, which are existent or not, can-
not be gained by using a Lagrange function. Whit-
taker, who is a famous specialist in classical mechan-
ics, gave the answer to Tolman’s problem. Subse-
quently the answer is called Whittaker equations!*?!
and importance was attached to these by many physi-
cists. So the Whittaker equations occupy a sig-
nificant position in the phylogeny of classical me-
chanics, especially in the study of inverse problem
of Lagrange mechanics. To the category of classi-
cal integral methods of analytical mechanics belong
mainly the Routh reduction method, Whittaker re-
duction method, Hamilton-Jacobi method, Poisson
method, canonical transformation, integral invariant,
etc.3] Modern integral methods include primarily the
field method,*=% Noether symmetry method,!7—"
Lie symmetry method™?~2!1 and so on. Ref.[16] has
studied the field method of the Whittaker equations.
This paper uses some integral methods of analytical
mechanics to study the integral of Whittaker equa-

tions.

2. Whittaker equations

Whittaker gave the following equations("-? for the
answer of Tolman’s problem:

G1=q, §G2=q1; (1)

and made sure that Eqgs.(1) cannot be deduced by us-
ing any Lagrange function. But the solution to Eqgs.(1)
in mathematics does not present any difficulties.

In the following, we use some methods of analyt-
ical mechanics to solve Eqs.(1).

3. Lagrange-Noether method

The basic idea of the Lagrange—Noether method
is firstly to transform ordinary differential equations,
all or partly, into equations expressed by the Lagrange
function, and to then make use of Noether theory to
find the conserved quantities. Equations (1) cannot
be expressed by a Lagrangian, however it partly can
be shown as a Lagrangian, therefore we have

1. 1
L=3(di +d3)+ 5dt,
Q1=0, Q2=dq; (2)

which is a holonomic non-conservative system. Ac-
cording to Noether theory, the Noether identity will
bel™9]

{%(Q% +d3) + %(J%}éo +d1(& — q1éo) + da (&2 — d260)
+q1&1 + ¢1(&2 — 42&0) + Gy = 0. (3)

In this way, we obtain the following solutions:

§o =28 =0,
o=&& =0,

Gy = qexp(—t), (4)

GN = qrexpt, (5)

51 - exp(—t),

51 = _eXPta
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& =1, Gny=—aq, (6)
&=t Gn=—q —tq. (7)

And the corresponding Noether conserved quantities

are

In, = qiexp(—t) + qrexp(—t) = C,

In, = —grexpt + qrexpt = Cq,
In, = ¢ —q1 = C3,
In, = q1 + Got — g2 — q1t = Cy,

where C, Ca, C5, Cy are arbitrary constants. Conse-
quently we obtain

1 1
qL = §CleXPt + §C2€XP(_t)a

1 1
@ = §C1expt - §C2GXP(—t) +Ct=Co (8)

4. Hamilton—Poisson method

In the Hamilton—Poisson method, one first trans-
forms ordinary differential equations, all or partly, into
equations expressed by Hamilton function, then makes
use of Poisson condition or generalized Poisson condi-
tion of the first integral to find the integrals.

Let

a'=q, d=q, d=p=q, o =p=iq,
1 1
H = 2{(@*)? + (@)} - S(a")% )
Then Egs.(1) can be written as
OH
= SHT— =1,2,3,4 10
a 9a 7 =1234), (10)
where
0 0 1 0
0 0 O 1
SHY 11
S =1_17 0 o o (11)
0 -1 0 a3/a*
The Generalized Poisson condition of first integral
gives!?!
oI
— 4+ 1o H=0. 12
5 T1° 0 (12)
Here o1 SH
IOH_[)#S 0 (13)

Substituting (13) into Eq.(12) yields

o1 o1 , O , O , oI,
O v 9L s (14
ot toa® T2 taat toad =0 (14

And ordinary differential equations which correspond
to partial differential equation (14) are

% _ da! _ da? dad da*

Tl i e wit~ S )
Integrating the above equations, we have
at —a' = D1, (a))?— (a®)? = Do,
(a' + a®)exp(—t) = Ds,
a® 4+ ta* —a® — ta' = Dy, (16)
where D1, Dy, D3, Dy are integral constants. From

this we obtain
1 D
ol = §{D3expt + D—zexp(—t)},
1 D
a’ = —{D3expt - —2exp(—t)} + Dyt — Dy, (17)
2 Ds

which are general solutions of Whittaker equations.

5. Potential integral method

The basic idea of the potential integral method is
that the problem of solving ordinary differential equa-
tion is translated into the seeking of complete integral
of partial differential equation.[?2:23]

Let

T1=q, T2=¢q2, T3={q1, Tg4= (2, (18)

then Egs.(1) can be expressed as

x'l = I3, x.g = T4, x.g =T, $.4 = 3. (19)

According to potential integral method, we have
the partial differential equation
o o o o o

=p1m—tpP2y— t+p3y—

2
3 P aps TPap, TPap TPigy (20

And the corresponding ordinary differential equation
is
dpr _dpz _ dps _ dpy_ dP

= = = ) (21)
D3 0 pr+ps p2 1
In this case, we have
p2 = Co, (22)
pa+ pat = Cu, (23)
p1 + pa = Crexpt + Czexp(—t), (24)
p2 + p3 = —Chexpt + Csexp(—t). (25)

From formula (24) and (25), we have

(—p1 + p2 + p3 — pa)exp(—t) = 2Cy, (26)

(p1 + p2 + ps + pa)expt = 2C5. (27)
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So the complete integral of Eq.(20) is Ty = 8_1/’ = —aexp(—t) + azexpt + au, (32)
P4

¥ = a1(—p1 + p2 + p3s — pa)exp(—t) + azp2
+ as3(p1 + p2 + p3 + pa)expt + as(ps + pat). (28)

Hence the solutions of the problem given by the po-
tential integral method are as follows:

where a1, as, as, aq are arbitrary constants, and for-
mula (29) and (30) are just the general solutions of
Whittaker equations.

6. Conclusions

Integral methods presented in this paper, such
as the Lagrange-Noether method, Hamilton-Poisson
method, potential integral method, etc., are all analyt-
ical mechanics methods. In virtue of these methods,
one can solve general ordinary differential equations.

15

T = —Q/J = —alexp(—t) + aseXPta (29)
Op1
o

x9 = —— = a1exp(—t) + agexpt + as + aqt, (30)
Opa2
1o}

T3 = —1/} = alexp(—t) + azexpt, (32)
Ops
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