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Unified symmetry of non-holonomic singular systems
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In this paper, the unified symmetry of non-holonomic singular systems is studied. The differential equations of

motion of the systems are given. The definition and the criterion of the unified symmetry for the systems are presented.

The Noether conserved quantity, the Hojman conserved quantity and the Mei conserved quantity are obtained. An

example is given to illustrate the application of the results.
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1. Introduction

The study of symmetries and conserved quantities
is of theoretical and practical significance in mechan-
ics. The symmetry method is a modern method for
finding conserved quantities of constrained mechani-
cal systems. There are mainly three kinds of sym-
metries, namely, the Noether symmetry,!!=3! the Lie
symmetry2=1% and the Mei symmetry, i.e. the form

11-16]

invariancel . There are mainly three kinds of con-

served quantities either, i.e. the Noether conserved
quantity,' 3] the Hojman conserved quantity!7-18]
and the Mei conserved quantity,!'®) which can, respec-
tively, be deduced from the Noether symmetry, the
special Lie symmetry and the Mei symmetry. The sys-
tem described by a singular Lagrangian is called the
singular system, and the singular system is a physical
one. In field theory, many important physical systems
are singular systems, so it’s necessary to study the sin-
gular systems. Diracl?? and Lil!! studied the Noether
symmetry of the singular systems, Mei studied the Lie

symmetry of the singular Lagrange systems, !

Zhang
studied the Lie symmetry of Hamilton canonical equa-
tions in a singular system,?! Li studied the Lie sym-
metry of a type of non-holonomic singular systems, 22
Luo studied the Mei symmetry, the Noether symmetry
and the Lie symmetry of Hamilton canonical equa-
tions in a singular system,?l Mei studied the form
invariance, i.e. the Mei symmetry of non-holonomic
singular systems of non-Chetaev type.?* Mei studied
the unified symmetry of Lagrangian systems./?®! Xia

studied the unified symmetry of the non-holonomic
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systems with variable mass.[26! In this paper, the uni-
fied symmetry of non-holonomic singular systems is
studied, from which the Noether conserved quantity,
the Hojman conserved quantity and the Mei conserved
quantity are found.

2. Equations of motion of the
system

Suppose that the position of a system is deter-
mined by n generalized coordinates ¢s (s = 1,...,n).
The system is subjected to g ideal non-holonomic con-
straints of Chetaev type

B=1,...,9). (1)

Limitations of the non-holonomic constraints (1)

fs = fs(t,q,q) =0,

added on the virtual displacements are shown as

Afs
—=d¢s =0. 2
25, (2)
Then, the differential equations of the system can be
expressed in the form

dfs
9gs’

Ey(L) = Qs+ g (s=1,...,n), (3)

where L = T —V is the Lagrangian of the system. Q;
are the generalized non-potential forces, and Ag are
the constraint multipliers. F; is Euler operator,

IR
S_dtack 8(]5'

Before we integrate the differential equations of
motion, we can obtain Ag from Egs.(1) and (3), and
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express it as a function of ¢, q, ¢. Thus Eqgs.(3) can be
expressed as

ES(L) = Qs + /15,

where A; = A\3(0f3/0¢s) and their expansions are

OL 9%L 0L
Bty = —— — - o+ A,
Kk 4. 6%8%% 9301 +Qs + (5)
If .
L
det(hyy) = det —0. 6
et(hsr) = de (aqsaqk) (©)

We cannot derive all the generalized accelerations
from Egs.(5), but we can derive a part of the gen-
eralized accelerations

Gi = ai(t,q,q), (i=1,....m0<r<n), (7)

and (n — r) relations

¢j=¢i(tq,q) =0, (G=r+1,...,n). (8)

3. Definition and criterion of the

unified symmetry

Definition If a symmetry is a Noether one as
well as a Lie one and is also a Mei one at one time,
the symmetry is called a unified symmetry.[?!

We consider the infinitesimal transformations of

time and generalized coordinates as

t"=t+¢eol(t,q,9),q (") = qs(t) + €65t q,9), (9)

where ¢ is the infinitesimal parameter, &y, £ are the
generators of infinitesimal transformations.

The invariance of Eqgs.(8) under the infinitesimal
transformations (9) leads to the following restriction
equations:

XW(g)=0, (j=r+1,...,n),  (10)

the constrained Egs.(1) retain the form invariance

XO(f) =0, (B=1,....9) (1)

and the restriction equations are

fs
945

(55_4550) =0, (6: 17"')9)' (12)

For non-holonomic singular systems, the Noether
identity takes the form

Lo+ XO(D) + (@, + Ay)

) d
X (55 - QSgO) + EGN =0, (13)
the determining equations of the Lie symmetry are
X(Q){ES(L)} = X(l)(Qs + As)a (14)

and the criterion equations of the Mei symmetry are

EAXD(L)} = XM(Qs + 4y), (15)
where
B) B) d d B
X(l) - . S 5,88 T .s_ a -
g Toan T (oht5 g dt&)) 94,
d d d d d 0
@_yn, (424, 5, 4., . dd
X=X (dt qpos ~ M gplo —ds g dt&)) 94,
d_o o0 9
at ot b 9, "0’
g-40 0 (16)

= qoq g
Criterion For the non-holonomic singular sys-
tem, if there exists a function Gy = Gy (¢, ¢, ¢) such

that the generators of infinitesimal transformations &
and &, satisfy Eqgs.(10)—(12) and

L%&J + XO(L) + Qs + A,) (& — dso) + %GNF
F{XPEL(L)] - XD(Qs + 45)}?
HEXOWD) - XD(Q. + 40} =0,  (17)

then the corresponding symmetry is a unified symme-
try.

4. The conserved quantity de-
duced from the unified symme-
try

Under some conditions, by using the unified sym-
metry, the Noether conserved quantity , the Hojman
conserved quantity and the Mei conserved quantity
can all be obtained.

Proposition 1 For non-holonomic singular sys-
tems, the unified symmetry will lead to the Noether
conserved quantity

OL
IN = L§o + .
94

Proof Because the unified symmetry is certainly

(&s — 4s&o) + Gn = const.  (18)

a Noether symmetry, there exists such a gauge func-
tion Gn = G (¢, g, q) that the identity (13) holds. By
using the Noether theorem, the system has the con-
served quantity (18).
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Proposition 2 For non-holonomic singular sys-
tems, under the special infinitesimal transformations
in which time is not varied, if there exists a function
w = u(t, q,q) such that

, _
6ai d
— + —Inp =0, 19
e Bg at 19
i=1
then the unified symmetry will lead to the Hojman
conserved quantity

10 19/ d
= o (&) + o0 (,uaéi) =const.  (20)

Iy

Proof Because the unified symmetry is certainly
a Lie symmetry, so we have the determining equations
(14). By using Eqgs.(14) and (19), proposition 2 is ver-
ified.

Proposition 3 For non-holonomic singular sys-
tems, if there is a function Gy = Gum(t, g, q) such

that

XOXO(L)} + X)L+ XD(Qu+ 4,

d
X (55 - sto) + EGM = 07 (21)

then the unified symmetry will lead to the Mei con-
served quantity

OX (L)
9qs
= const. (22)

In = XW(L)& + (& — 4s&0) + G

Proof Because the unified symmetry is certainly
a Mei symmetry, so the criterion equations (15) hold.
By using Eqs.(15) and (21), we can prove that propo-
sition 3 is true.

5. An illustrative example

Let the Lagrangian be

1, . . ) 1
L= §(Qf+q§)+(J1(J3+5(Q1—QQ)2a (23)

the non-potential generalized forces be

Q1= Q2=0,Q3 = g3, (24)

and the non-holonomic constraint acting on the sys-
tem be
J=¢—q¢+g =0, (25)

we study the unified symmetry and conserved quanti-
ties of the system.

Eqgs.(3) give the equations of motion as follows:

g1+ 43— (@1 — q2) = A,
Go+ (@1 — q2) = =,
G1+ g3 =0. (26)

Form Eqgs.(25) and (26), we obtain

A=q@—q, G=—@G=d, G¢=0. (27)
Take generators as follows:
50253207 51252:17 (28)

It is easy to verify that the generators (28) satisfy
Eqgs.(10)—(12) and (17), and the transformations are
unified symmetrical transformations.

Substituting (28) into the Noether identity (13),
we obtain the gauge function

Gn =0, (29)
and Proposition 1 gives
In = ¢1 + G2 + q3 = const. (30)

Formula (19) gives

d
—Inp =—1 31
ar ’ (31)

which has the solutions
p = exp(—t), (32)
1= (q1 + g3)exp(—t). (33)

From relations (28) and (33), using proposition 2, we
obtain

I = (q1 +q3) ' = const. (34)

Expression (21) gives
GM = q1 + g3, (35)
and Proposition 3 gives

I = g1 + g3 = const. (36)



2844 Li Yuan-Cheng et al Vol. 16
References [14] Wang S'Y and Mei F X 2001 Chin. Phys. 10 373
[15] Wang S'Y and Mei F X 2002 Chin. Phys. 11 5
(1] Li Z P 1993 Classical and Quantal Dynamics of Con- [16] Zhang Y and Mei F X 2003 Chin. Phys. 12 1058
strained Systems and Their Symmetrical Properties (Bei- [17] Hojman S A 1992 J. Phys. A: Math. Gen. 25 L291
jing: Beijing Polytechnic University Press) (in Chinese) [18] Zhang H B, Chen L Q, Liu R W and Gu S L 2005 Acta
[2] Zhao Y Y and Mei F X 1999 Symmetries and Invariants of Phys. Sin.54 2489 (in Chinese)
Mechanical Systems (Beijing: Science Press) (in Chinese) [19] Wang S Y, Shang M and Mei F X 2003 J. Beijing Inst.
[3] Mei F X 1999 Applications of Lie Groups and Lie Alge- Technol. 23 271 (in Chinese)
bras to Constrained Mechanical Systems (Beijing: Sci- [20] Dirac P A M 1964 Lecture on Quantum Mechanics (New
ence Press) (in Chinese) York: Yeshiva University Press)
[4] Mei F X 2000 Acta Mech. 141 135 [21] Zhang Y and Xue Y 2001 Acta Phys. Sin. 50 816 (in
(5] Zhang H B 2002 Chin. Phys. 11 1 Chinese)
[6] Zhang Y 2002 Acta Phys. Sin. 51 461 (in Chinese) [22] Li Y C, Zhang Y and Liang J H 2002 Acta Phys. Sin. 51
[7] Mei F X 2003 Acta Phys. Sin. 52 1048 (in Chinese) 2186 (in Chinese)
[8] Zhang Y 2003 Acta Phys. Sin. 52 1832 (in Chinese) [23] Luo S K 2004 Acta Phys. Sin.53 5 (in Chinese)
[9] FuJ L and Chen L Q 2003 Chin. Phys. 12 695 [24] Mei F X 2005 J. Shangqiu Teachers College 21 1 (in Chi-
[10] Liu R W and Chen L Q 2004 Chin. Phys. 13 1615 nese)
[11] Mei F X 2000 J. Betjing Inst. Technol. 9 120 [25] Mei F X, Xu X J and Zhang Y F 2004 Acta Mech. Sin.
[12] Mei F X 2001 J. Beijing Inst. Technol. 21 535 (in Chi- 20 668
nese) [26] Xia L L, Li Y C, Hou Q B and Wang J 2006 Chin. Phys.
[13] Mei F X 2001 Chin. Phys. 10 177 15 903



