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Unified symmetry of non-holonomic singular systems
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In this paper, the unified symmetry of non-holonomic singular systems is studied. The differential equations of

motion of the systems are given. The definition and the criterion of the unified symmetry for the systems are presented.

The Noether conserved quantity, the Hojman conserved quantity and the Mei conserved quantity are obtained. An

example is given to illustrate the application of the results.
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1. Introduction

The study of symmetries and conserved quantities

is of theoretical and practical significance in mechan-

ics. The symmetry method is a modern method for

finding conserved quantities of constrained mechani-

cal systems. There are mainly three kinds of sym-

metries, namely, the Noether symmetry,[1−3] the Lie

symmetry[2−10] and the Mei symmetry, i.e. the form

invariance[11−16]. There are mainly three kinds of con-

served quantities either, i.e. the Noether conserved

quantity,[1−3] the Hojman conserved quantity[17,18]

and the Mei conserved quantity,[19] which can, respec-

tively, be deduced from the Noether symmetry, the

special Lie symmetry and the Mei symmetry. The sys-

tem described by a singular Lagrangian is called the

singular system, and the singular system is a physical

one. In field theory, many important physical systems

are singular systems, so it’s necessary to study the sin-

gular systems. Dirac[20] and Li[1] studied the Noether

symmetry of the singular systems, Mei studied the Lie

symmetry of the singular Lagrange systems,[3] Zhang

studied the Lie symmetry of Hamilton canonical equa-

tions in a singular system,[21] Li studied the Lie sym-

metry of a type of non-holonomic singular systems,[22]

Luo studied the Mei symmetry, the Noether symmetry

and the Lie symmetry of Hamilton canonical equa-

tions in a singular system,[23] Mei studied the form

invariance, i.e. the Mei symmetry of non-holonomic

singular systems of non-Chetaev type.[24] Mei studied

the unified symmetry of Lagrangian systems.[25] Xia

studied the unified symmetry of the non-holonomic

systems with variable mass.[26] In this paper, the uni-

fied symmetry of non-holonomic singular systems is

studied, from which the Noether conserved quantity,

the Hojman conserved quantity and the Mei conserved

quantity are found.

2. Equations of motion of the

system

Suppose that the position of a system is deter-

mined by n generalized coordinates qs (s = 1, . . . , n).

The system is subjected to g ideal non-holonomic con-

straints of Chetaev type

fβ = fβ(t, q, q̇) = 0, (β = 1, . . . , g). (1)

Limitations of the non-holonomic constraints (1)

added on the virtual displacements are shown as

∂fβ

∂q̇s

δqs = 0 . (2)

Then, the differential equations of the system can be

expressed in the form

Es(L) = Qs + λβ

∂fβ

∂q̇s

, (s = 1, . . . , n), (3)

where L = T −V is the Lagrangian of the system. Qs

are the generalized non-potential forces, and λβ are

the constraint multipliers. Es is Euler operator,

Es =
d

dt

∂

∂q̇s

−
∂

∂qs

.

Before we integrate the differential equations of

motion, we can obtain λβ from Eqs.(1) and (3), and
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express it as a function of t, q, q̇. Thus Eqs.(3) can be

expressed as

Es(L) = Qs + Λs, (s = 1, . . . , n), (4)

where Λs = λβ(∂fβ/∂q̇s) and their expansions are

hsk q̈k =
∂L

∂qs

−
∂2L

∂q̇s∂qk

q̇k −
∂2L

∂q̇s∂t
+ Qs + Λs. (5)

If

det(hsk) = det
( ∂2L

∂q̇s∂q̇k

)

= 0. (6)

We cannot derive all the generalized accelerations

from Eqs.(5), but we can derive a part of the gen-

eralized accelerations

q̈i = αi(t, q, q̇), (i = 1, . . . , r; 0 ≤ r ≤ n), (7)

and (n − r) relations

φj = φj(t, q, q̇) = 0, (j = r + 1, . . . , n). (8)

3. Definition and criterion of the

unified symmetry

Definition If a symmetry is a Noether one as

well as a Lie one and is also a Mei one at one time,

the symmetry is called a unified symmetry.[25]

We consider the infinitesimal transformations of

time and generalized coordinates as

t∗ = t + εξ0(t, q, q̇), q∗s (t∗) = qs(t) + εξs(t, q, q̇), (9)

where ε is the infinitesimal parameter, ξ0, ξs are the

generators of infinitesimal transformations.

The invariance of Eqs.(8) under the infinitesimal

transformations (9) leads to the following restriction

equations:

X(1)(φj) = 0, (j = r + 1, . . . , n), (10)

the constrained Eqs.(1) retain the form invariance

X(1)(fβ) = 0, (β = 1, . . . , g), (11)

and the restriction equations are

∂fβ

∂q̇s

(ξs − q̇sξ0) = 0, (β = 1, . . . , g). (12)

For non-holonomic singular systems, the Noether

identity takes the form

L
d̄

dt
ξ0 + X(1)(L) + (Qs + Λs)

× (ξs − q̇sξ0) +
d̄

dt
GN = 0, (13)

the determining equations of the Lie symmetry are

X(2){Ēs(L)} = X(1)(Qs + Λs), (14)

and the criterion equations of the Mei symmetry are

Ēs{X
(1)(L)} = X(1)(Qs + Λs), (15)

where

X(1) = ξ0
∂

∂t
+ ξs

∂

∂qs

+
( d̄

dt
ξs − q̇s

d̄

dt
ξ0

) ∂

∂q̇s

,

X(2) = X(1) +
( d̄

dt

d̄

dt
ξs − 2q̈s

d̄

dt
ξ0 − q̇s

d̄

dt

d̄

dt
ξ0

) ∂

∂q̈s

,

d̄

dt
=

∂

∂t
+ q̇s

∂

∂qs

+ αs

∂

∂q̇s

,

Ēs =
d̄

dt

∂

∂q̇s

−
∂

∂qs

. (16)

Criterion For the non-holonomic singular sys-

tem, if there exists a function GN = GN (t, q, q̇) such

that the generators of infinitesimal transformations ξ0

and ξs satisfy Eqs.(10)–(12) and

[

L
d̄

dt
ξ0 + X(1)(L) + (Qs + Λs)(ξs − q̇sξ0) +

d̄

dt
GN

]2

+ {X(2)[Ēs(L)] − X(1)(Qs + Λs)}
2

+ {Es[X
(1)(L)] − X(1)(Qs + Λs)}

2 = 0, (17)

then the corresponding symmetry is a unified symme-

try.

4. The conserved quantity de-

duced from the unified symme-

try

Under some conditions, by using the unified sym-

metry, the Noether conserved quantity , the Hojman

conserved quantity and the Mei conserved quantity

can all be obtained.

Proposition 1 For non-holonomic singular sys-

tems, the unified symmetry will lead to the Noether

conserved quantity

IN = Lξ0 +
∂L

∂q̇s

(ξs − q̇sξ0) + GN = const. (18)

Proof Because the unified symmetry is certainly

a Noether symmetry, there exists such a gauge func-

tion GN = GN(t, q, q̇) that the identity (13) holds. By

using the Noether theorem, the system has the con-

served quantity (18).
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Proposition 2 For non-holonomic singular sys-

tems, under the special infinitesimal transformations

in which time is not varied, if there exists a function

µ = µ(t, q, q̇) such that

r
∑

i=1

∂αi

∂q̇i

+
d̄

dt
lnµ = 0, (19)

then the unified symmetry will lead to the Hojman

conserved quantity

IH =
1

µ

∂

∂qi

(µξi) +
1

µ

∂

∂q̇i

(

µ
d̄

dt
ξi

)

= const. (20)

Proof Because the unified symmetry is certainly

a Lie symmetry, so we have the determining equations

(14). By using Eqs.(14) and (19), proposition 2 is ver-

ified.

Proposition 3 For non-holonomic singular sys-

tems, if there is a function GM = GM(t, q, q̇) such

that

X(1){X(1)(L)} + X(1)(L)
d̄

dt
ξ0 + X(1)(Qs + Λs)

× (ξs − q̇sξ0) +
d̄

dt
GM = 0, (21)

then the unified symmetry will lead to the Mei con-

served quantity

IM = X(1)(L)ξ0 +
∂X(1)(L)

∂q̇s

(ξs − q̇sξ0) + GM

= const. (22)

Proof Because the unified symmetry is certainly

a Mei symmetry, so the criterion equations (15) hold.

By using Eqs.(15) and (21), we can prove that propo-

sition 3 is true.

5. An illustrative example

Let the Lagrangian be

L =
1

2
(q̇2

1 + q̇2
2) + q̇1q3 +

1

2
(q1 − q2)

2, (23)

the non-potential generalized forces be

Q1 = Q2 = 0, Q3 = q̇3, (24)

and the non-holonomic constraint acting on the sys-

tem be

f = q̇1 − q̇2 + q3 = 0, (25)

we study the unified symmetry and conserved quanti-

ties of the system.

Eqs.(3) give the equations of motion as follows:

q̈1 + q̇3 − (q1 − q2) = λ,

q̈2 + (q1 − q2) = −λ,

q̇1 + q̇3 = 0. (26)

Form Eqs.(25) and (26), we obtain

λ = q2 − q1, q̈1 = −q̇3 = q̇1, q̈2 = 0. (27)

Take generators as follows:

ξ0 = ξ3 = 0, ξ1 = ξ2 = 1, (28)

It is easy to verify that the generators (28) satisfy

Eqs.(10)–(12) and (17), and the transformations are

unified symmetrical transformations.

Substituting (28) into the Noether identity (13),

we obtain the gauge function

GN = 0, (29)

and Proposition 1 gives

IN = q̇1 + q̇2 + q3 = const. (30)

Formula (19) gives

d̄

dt
lnµ = −1, (31)

which has the solutions

µ = exp(−t), (32)

µ = (q1 + q3)exp(−t). (33)

From relations (28) and (33), using proposition 2, we

obtain

IH = (q1 + q3)
−1 = const. (34)

Expression (21) gives

GM = q1 + q3, (35)

and Proposition 3 gives

IM = q1 + q3 = const. (36)
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