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Discrete gap breathers in a diatomic K2–K3–K4

chain with cubic nonlinearity∗
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The discrete gap breathers (DGBs) in a one-dimensional diatomic chain with K2–K3–K4 potential are analysed.

Using the local anharmonicity approximation, the analytical investigation has been implemented. The dependence of the

central amplitude of the discrete gap breathers on the breather frequency and the localization parameter are calculated.

With increasing breather frequency, the DGB amplitudes decrease. As a function of the localization parameter, the

central amplitude exhibits bistability, corresponding to the two branches of the curve ω = ω(ζ). With a nonzero cubic

term, the HS mode of DGB profiles becomes weaker. With increasing K3, the HS mode of DGB profiles becomes weaker

and a bit narrower. For the LS mode, with increasing K3, the central particle amplitude becomes larger, and the DGB

profile becomes much sharper. But, as k3 increases further, the central particle amplitude of the LS mode becomes

smaller.
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1. Introduction

The localized nonlinear time-periodic solutions

can exist in pure discrete systems. These localized

excitations—discrete breathers (DBs)—were studied

in different discrete systems recently.[1−4] Aside from

defect-induced localized modes, it has been found that

the DBs related to the anharmonicity of the poten-

tial can exist in the perfect lattice. These modes are

called intrinsic localized modes (ILM)[5] to distinguish

them from the defect-localized modes. Over recent

decades there has been substantial and increasing in-

terest in the study of DBs in the nonlinear diatomic

chain due to the experimental generation and obser-

vation in chemical compounds,[6] antiferromagnets,[7]

and coupled arrays of Josephson junctions.[8,9]

Both analytical[10,11] and computer-simulation

studies[12−16] demonstrated that strongly localized an-

harmonic modes can occur in a perfect one- or two-

dimensional lattice when a quartic term is added to

the harmonic potential to characterize the nearest-

neighbour restoring force between particles. In a

one-dimensional monatomic chain with both posi-

tive quadratic and quartic nearest-neighbour inter-

action potential (K2–K4), the rotating-wave approx-

imation (RWA) has been used to generate intrin-

sic localized modes above the top of the plane-wave

spectrum.[10−12] The original theoretical study on one-

dimensional chains with quartic anharmonicity, car-

ried out by Sievers and Takeno,[10] showed the ex-

istence of odd-parity localized modes. Subsequent

work of Page[11] established the existence of even-

parity modes. These modes have frequencies above

the maximum harmonic frequency. Bickham et al
[17]

have treated the problem of cubic and quartic anhar-

monicity showing that there are regions in the (K3,

K4) plane where the ILM are stable. In that work

they introduced static displacements and used RWA

to obtain analytical solutions for even and odd ILM.

When a cubic term is added to the interatomic po-

tential (K2–K3–K4 potential), with increasing ampli-

tude, the frequency of a stationary local mode de-

creases until it approaches the cutoff plane-wave fre-

quency, where the mode becomes unstable.[17]

In a diatomic chain, strongly localized anhar-

monic modes can occur when a quartic term is added

to the harmonic potential to characterize the nearest-

neighbour restoring force between particles,[1−3,18]

and the localized modes are different from those

of the monatomic chain. The linear spectrum of

one-dimensional diatomic chain consists of two finite
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bands, outside which stable DBs are expected to ex-

ist. Franchini et al
[19] considered a finite number of

particles interacting with nearest-neighbour harmonic

and cubic and quartic anharmonic potential (K2–K3–

K4 potential). They presented some localized modes

with frequencies above the top of the optical branch

and in the gap between the acoustic and the optical

branches. Kiselev et al
[20,21] introduced the RWA and

gave a set of recursion relations for K2–K3–K4 poten-

tial. Solving the recursion relations, they obtained

the amplitude eigenvector and frequency of localized

modes in the gap. Their findings indicated that the

experimental search for anharmonic localized modes

in real crystals should be directed toward those lat-

tice systems which have a large gap between the op-

tical and acoustic phonon branches. Here we study

only the breathers in K2–K3–K4 diatomic chain with

frequency inside the gap separating the acoustic and

optical bands. These nonlinear localized modes are

referred to as discrete gap breathers (DGBs).

The present paper focuses on the characteristics

of DGBs in the K2–K3–K4 nonlinear diatomic chain.

In addition to the quadratic and quartic nearest-

neighbour interaction potential, we examine the ef-

fects of the cubic K3-term in the interatomic potential.

The outline of this paper is as follows. In Section 2, we

introduce the model of a one-dimensional K2–K3–K4

nonlinear diatomic chain and briefly describe the prop-

erties of linear waves dispersion relation in this model.

In Section 3, based on an asymptotics for the DGBs,

the frequencies of the localized modes are analysed.

In Section 4, according to the procedure of construc-

tion of breathers originally developed in Ref.[3], using

both the approximation RWA and LAA, we present

some DGB profiles. The next section is devoted to

the analysis of the effects of the cubic K3 nonlinearity

on the DGBs. The conclusions are given in Section 6.

2. The model

We consider the standard one-dimensional di-

atomic chain with periodically distributed atoms of

alternating masses m and M(M > m). The potential

of interaction between atoms is taken to be K2–K3–

K4 potential

V (us − us−1) =
K2

2
(us − us−1)

2 +
K3

3
(us − us−1)

3

+
K4

4
(us − us−1)

4, (1)

where us is the displacement of the sth atom from its

equilibrium. Thus, the equation of motion for the sth

atom reads

µ[1 + (−1)sδ2]üs = −K2(2us − us+1 − us−1)

− K3[(us − us+1)
2 + (us − us−1)

2]

− K4[(us − us+1)
3 + (us − us−1)

3] , (2)

where µ = (M + m)/2 and δ2 = (M − m)/(M + m).

As is known, the dispersion law of the correspond-

ing linearized equation is

ω2
± =

K2

mM

{

(M + m) ± (M − m)

×

[

1 +
4mM cos2(qa)

(M − m)2

]1/2}

, (3)

where the sign ‘−’ (‘+’) stands for the acoustic (op-

tical) phonon band, q is the wave number, and a the

lattice spacing. The boundaries of the spectrum gap

are denoted by ω2 and ω3, and

ω2
2 = 2K2/M, ω2

3 = 2K2/m. (4)

We are interested in DGBs of the set of Eq.(2) with

frequencies ω inside the gap of linear wave spectrum

ω2 < ω < ω3.

In general, four possible localized solutions, cen-

tred at a light or a heavy particle with symmetric

or antisymmetric profile, may be assumed to exist.[3]

In the following sections we examine only the sym-

metric solutions centred at a heavy particle or at a

light particle, called each of these patterns HS and LS

modes. The antisymmetric solutions can be treated

in the same way. In addition to the well-known ro-

tating wave approximation (RWA), we also introduce

a local anharmonicity approximation (LAA), where

the nonlinearity in the nearest-neighbour coupling is

involved only for the central particle of a breather pro-

file, while the rest particles of the chain are assumed to

be coupled with harmonic approximation. The LAA

is reasonable, because the DBs’ dynamics are similar

to those of impurity modes.[3]

3. Frequencies of DGBs

Since the linear waves at the frequency gap edges

(i.e., at q = π/(2a), where ω = ω2,3) become sim-

ply standing waves with out-of-phase oscillations in

the neighbouring cells given by u2n = (−1)nA cos(ωt)

and u2n+1 = (−1)nB cos(ωt), one can assume for the

DGBs the following asymptotics, as n → ±∞,

u2n = (−1)nAζ|n| cos(ωt), (5a)
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u2n+1 = (−1)nBζ|n| cos(ωt), (5b)

where 0 < ζ < 1 is a localization parameter. Inserting

the asymptotics into the equations of motion (2) with

K3 = 0 and K4 = 0, we obtain the frequencies that

depends on the parameter ζ,

ω2
± =

K2

mM
[(M + m) ± (M − m)

×

√

1 +
mM

(M − m)2
(2 − ζ − ζ−1), (6)

where ‘−’ (‘+’) stands for the lower (upper) branch of

the curve ω = ω(ζ) plotted in Fig.1. As the minimum

of ζ + ζ−1 is 2, we have ω+ < ω3 and ω− > ω2. The

frequencies lie inside the gap of linear wave spectrum

ω2 < ω < ω3 – gap breathers. The relation (6) is the

‘dispersion law’ for the DGBs. In the following sec-

tion the numerical procedure of finding such DGBs is

described in the LAA approach.

Fig.1. Breather frequencies plotted as functions of the

localization parameter ζ with the mass ratio M/m = 16

(ω3 = 4ω2).

4. Construction of DGBs

DGBs are localized nonlinear time-periodic solu-

tions. The basic property of a DGB is its spatial local-

ization, so that only central particles in DGBs oscil-

late with large amplitudes. Below we will construct

the heavy-particle-centred and light-particle-centred

DGBs separately. Using the LAA approach, the non-

linearity in the nearest-neighbour coupling is involved

only for the central particle of a breather profile, while

the rest particles of the chain are assumed to be cou-

pled with harmonic approximation. We will need to

solve the nonlinear equations for the central particle of

the breather centred either at a heavy particle or at a

light particle, with a symmetric profile (using RWA).

4.1.HS mode

For the DGB centred at a heavy particle with

symmetric profile (HS mode), e.g., centred at the site

with s = 0, u0 is supposed to perform large-amplitude

oscillations with a certain amplitude A0 and breather

frequency ω (ω2 < ω < ω3), both of which will be

determined from the equations of motion for the cen-

tral particle and its two adjacent light particles. The

other particles are assumed to oscillate symmetrically

u−s = us with the same frequency ω. In the LAA

approach, the equations of motion (2) for the central

particle, at the site of s = 0, and its nearest-neighbour

particles (s = ±1) become

Mü0 = −K2(2u0 − u1 − u−1) − K3[(u0 − u1)
2

+(u0−u−1)
2]−K4[(u0−u1)

3+(u0−u−1)
3], (7a)

mü±1 = −K2(2u±1 − u±1+1 − u±1−1)

− K3(u±1 − u0)
2
− K4(u±1 − u0)

3. (7b)

The rest particles of the chain are assumed to be cou-

pled with harmonic approximation.

Accompanying the DGBs asymptotics (5), the HS

mode ansatz can entirely be written as follows:[3,22]

u0 = A0 cos(ωt), (8a)

u2n = (−1)nAζ|n| cos(ωt),

n = ±1,±2,±3, . . . , (8b)

u2n+1 = (−1)nBζn cos(ωt),

n = 0, 1, 2, . . . , (8c)

u2n+1 = (−1)n+1Bζ−(n+1) cos(ωt),

n = −1,−2,−3, . . . . (8d)

Schematically, the HS pattern can be represented by

the sequence

. . . ,

ζ2B, ζ2A, −ζB, −ζA, B,

A0, B, −ζA ,−ζB, ζ2A, ζ2B,

. . . .

Note that A0, B and A are determined from the equa-

tions of motion by inserting Eqs.(8) into Eqs.(7). As

a result, it is not very difficult to obtain (using RWA)

24k3k4A
3
0 − 15

[

3
ω2

ω2
2

− 2
(ω2

ω2
3

− 1
) 1

ζ − 1
+ 1

]

k4A
2
0

+ 16
[

2
ω2

ω2
2

+ 2
(ω2

ω2
3

− 1
) 1

ζ − 1
− 3

]

k3A0
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− 10(ζ−1 + 1) = 0, (9)

where k3 = K3/K2 and k4 = K4/K2. The amplitude

of oscillations of the central heavy particle A0 can be

calculated numerically from Eq.(9) for suitable values

of the parameters. Then B and A are determined by

B =
(ω2

ω2

2

− 1) − 4
5k3A0 −

3
4k4A

2
0

1 + 8
5k3A0 + 9

4k4A2
0

A0, (10)

A =
ζ−1

− 1

2(ω2

ω2

2

− 1)
B. (11)

The amplitudes in each subsequent (more remote from

the centre) lateral cell are obtained from the ampli-

tudes in the previous one by multiplying with the fac-

tor −ζ. If k3 = 0, it is easy to obtain

A2
0 =

2(ζ−1 + 1)

−3k4[3
ω2

ω2

2

− 2(ω2

ω2

3

− 1) 1
ζ−1 + 1]

. (12)

The expression in the square brackets of Eq.(12) ap-

pears to be positive for all the gap frequencies ω ∈

[ω2, ω3], and 0 < ζ < 1. This means that the symmet-

ric DGB centred at a heavy particle (HS mode) can

exist only if k4 = K4/K2 < 0 (soft anharmonicity).

Fig.2. The HS pattern for ω/ω2 = 1.5 with k4 = −0.8

and M/m = 16 (ω3 = 4ω2), plotted for two k3 values

(k3 = 0 and 0.2). For k3 = 0, the amplitudes are shown

by solid lines, whereas for k3 = 0.2, these are shown by

dotted lines.

Thus, the numerical solution for the HS mode as

a function of the gap frequency ω is given by Eqs.(9)–

(11). In the case of k4 = −0.8 and M/m = 16

(ω3 = 4ω2), the symmetric DGBs centred at a heavy

particle with k3 = 0 and 0.2 are illustrated by Fig.2 for

the breather frequency ω/ω2 = 1.5. The DGBs pro-

files are sensitive to the nonlinearity of K3. The am-

plitude of the central heavy particle does not change

very much for k3 = 0.2, compared with the case for

k3 = 0. But, the amplitudes of its adjacent light and

heavy particles become larger for k3 = 0.2 than those

for k3 = 0.

4.2. LS mode

In the case of the LS mode, the breather is centred

at a light particle. We denote the site of the central

light particle with s = 0 also. In the LAA approach,

the equations of motion for the central light particle

and its nearest-neighbour particles are

mü0 = −K2(2u0 − u1 − u−1)

− K3[(u0 − u1)
2 + (u0 − u−1)

2]

− K4[(u0 − u1)
3 + (u0 − u−1)

3], (13a)

Mü±1 = −K2(2u±1 − u±1+1 − u±1−1)

− K3(u±1 − u0)
2
− K4(u±1 − u0)

3. (13b)

The rest particles of the chain are assumed to be cou-

pled in harmonic approximation.

Let B0 be the amplitude of oscillations of the cen-

tral particle. Equations (5) are reduced to the follow-

ing ansatz for the LS pattern:

u0 = B0 cos(ωt), (14a)

u2n = (−1)nBζ|n| cos(ωt),

n = ±1,±2,±3, . . . , (14b)

u2n+1 = (−1)nAζn cos(ωt),

n = 0, 1, 2, . . . , (14c)

u2n+1 = (−1)n+1Aζ−(n+1) cos(ωt),

n = −1,−2,−3, . . . . (14d)

Schematically, the LS pattern of DGBs can be repre-

sented by the sequence as follows:

. . . ,

ζ2A, ζ2B, −ζA, −ζB, A,

B0, A, −ζB, −ζA, ζ2B, ζ2A,

. . . .

Similarly, as for the HS mode, the amplitude B0,

A and B are determined from the equations of motion

by inserting Eqs.(14) into Eqs.(13). We obtain the

relations for determining the B0, A and B as follows:

24k3k4B
3
0 − 15

[

3
ω2

ω2
3

− 2
(ω2

ω2
2

− 1
) 1

ζ − 1
+ 1

]

k4B
2
0
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+16
[

2
ω2

ω2
3

+ 2
(ω2

ω2
2

− 1
) 1

ζ − 1
− 3

]

k3B0

−10(ζ−1 + 1) = 0, (15)

A =
3
4k4B

2
0 −

4
5k3B0 + 1

9
4k4B2

0 −
8
5k3B0 + 2(ω2

ω2

2

− 1) 1
ζ - 1

B0 (16)

and

B =
2(ω2/ω2

2 − 1)

ζ − 1
A. (17)

The numerical solution of the LS mode as a func-

tion of the gap frequency ω is given by Eqs.(15)–(17).

Equation (15) determines the amplitude B0 of oscilla-

tions of the central light particle for appropriate pa-

rameter values. Then, using Eqs.(16) and (17), the

amplitude A and B are easily obtained. In the case

of k4 = −0.8 and M/m = 16 (ω3 = 4ω2), the sym-

metric DGBs centred at a light particle (LS mode) for

k3 = 0 and 0.2 are illustrated by Fig.3 for the breather

frequency ω/ω2 = 1.5. With nonzero nonlinearity of

K3, the amplitude of the central light particle is larger

than that for k3 = 0.

Fig.3. The LS pattern for ω/ω2 = 1.5 with k4 = −0.8

and M/m = 16 (ω3 = 4ω2), plotted for two k3 values

(k3 = 0 and 0.2). For k3 = 0, the amplitudes are shown

by solid lines, whereas for k3 = 0.2, they are shown by

dotted lines.

5. Analysis

We here present some further analysis of DGB so-

lutions, especially of the effects of the nonlinearity of

K3. For various values of k3, we calculate and analyse

the central amplitudes of DGBs as a function of the

gap frequency ω and as a function of localization pa-

rameter ζ, and present the DGB profiles with various

values of k3.

5.1.HS mode

For various values of k3, the dependence of the

central amplitude A0 of HS mode on the breather fre-

quency ω and on the localization parameter ζ can

be calculated by Eq.(9), using the relation (6), and

demonstrated in Figs.4 and 5 respectively with k4 =

−0.8. For k3 = 0, the central amplitude A0 increases

in a region near the acoustic branch in the gap with

increasing DGB frequency, and then it decreases. For

larger k3 (0.4, 0.6 and 0.8), the central amplitude de-

creases with increasing DGB frequency, as shown in

Fig.4. As a function of the localization parameter

ζ, the central amplitude A0 exhibits two values for

each ζ, presented in Fig.5. The upper (lower) values

correspond to the lower (upper) branch of the curve

ω = ω(ζ) (Fig.1).

For a fixed gap frequency ω which is not near the

acoustic branch, the general effect of the cubic an-

harmonicity is to decrease the central amplitude of

the DGBs as k3 increases, as shown in Fig.4 with

ω/ω2 = 1.5. As a function of the localization pa-

rameter ζ, the central amplitudes A0(ζ) are shown in

Fig.5 for various values of k3. The two possible ampli-

tudes of A0(ζ) correspond to the two branches of the

‘dispersion law’ ω±(ζ) in the relation (6). The larger

(small) amplitude of A0(ζ) corresponds to the lower

(upper) branch of ω(ζ).

Fig.4. The dependence of the central amplitude A0 on

the breather frequency ω with the mass ratio M/m = 16

(ω3 = 4ω2) for various values of k3(0, 0.2, 0.4, 0.6 and

0.8).

In Fig.2, we see that the DGB profile with k3 =

0.2 is larger than that with k3 = 0. Now, the DGB

profiles (HS mode) are shown in Fig.6 for various val-

ues of k3(0.2, 0.4, 0.6 and 0.8), with k4 = −0.8,

M/m = 16 (ω3 = 4ω2) and ω/ω2 = 1.5. Notice
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that, for nonzero k3, increasing the cubic anharmonic-

ity causes the DGB amplitudes to decrease. And,

in the meantime, increasing the cubic anharmonicity

does not change the central amplitude very much.

Fig.5. The dependence of the central amplitude A0 on the

localization parameter ζ with the mass ratio M/m = 16

(ω3 = 4ω2) for various values of k3(0, 0.2, 0.4, 0.6 and

0.8).

Fig.6. The HS mode for ω/ω2 = 1.5 with k4 = −0.8 and

M/m = 16 for various values of k3(0.2, 0.4, 0.6 and 0.8).

5.2. LS mode

The dependence of the central amplitude B0 of

the LS mode on the breather frequency ω and on the

localization parameter ζ are calculated for various val-

ues of k3 by using Eq.(15), and demonstrated in Figs.7

and 8 separately with k4 = −0.8 and M/m = 16

(ω3 = 4ω2). With increasing breather frequency,

the central amplitude B0 increases first, and then de-

creases. As a function of the localization parameter ζ,

the central amplitude B0 exhibits two values for each

ζ. The upper (lower) values correspond to the lower

(upper) branch of the curve ω = ω(ζ) (Fig.1).

For a fixed gap frequency ω, the effect of the cu-

bic anharmonicity k3 on the central amplitude B0 of

the HS mode depends on the value of ω, as shown

in Fig.7. As a function of the localization parameter

ζ, the central amplitudes B0(ζ) are shown in Fig.8

for various values of k3. The two possible values of

B0(ζ) correspond to the two branches of the ‘disper-

sion law’ ω±(ζ) in Eq.(7). The larger (small) ampli-

tude of B0(ζ) corresponds to the lower (upper) branch

of ω(ζ).

Fig.7. The dependence of the central amplitude B0 of

LS mode on the breather frequency ω with the mass ratio

M/m = 16 (ω3 = 4ω2) for various values of k3(0, 0.2, 0.3,

0.4, 0.6 and 0.8).

Fig.8. The dependence of the central amplitude B0 on the

localization parameter ζ with the mass ratio M/m = 16

(ω3 = 4ω2) for various values of k3(0, 0.2, 0.3, 0.4, 0.6 and

0.8).

The DGB profiles (LS mode) for various values

of k3(0, 0.2, 0.4, 0.6 and 0.8) are shown in Fig.9 with
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k4 = −0.8, M/m = 16 for ω/ω2 = 1.5. With increas-

ing k3 from 0 to 0.6, the central particle amplitude

becomes larger, and the DGB profile becomes more

sharper, as shown in Fig.9(a). But, as k3 increases

further from 0.6 to 0.8, the central particle amplitude

becomes smaller, as shown in Fig.9(b).

Fig.9. The LS mode for ω/ω2 = 1.5 with k4 = −0.8 and M/m = 16 for various values of k3. (a) k3= 0, 0.2, 0.4 and 0.6 ;

(b) k3= 0.6 and 0.8.

6. Conclusions

We have investigated the DGBs in a one-

dimensional diatomic chain with K2–K3–K4 poten-

tial. The K2–K3–K4 potential is more realistic than

the one without a cubic term. For a realistic system,

the interatomic potential can be expanded about its

equilibrium value by using Taylor’s theorem. In gen-

eral, there is a nonzero cubic term in the Taylor expan-

sion. The anharmonic cubic terms are of considerable

importance in understanding many physical phenom-

ena.

The analytical investigation of HS mode and LS

mode has been implemented, using the RWA and

LAA approaches. The antisymmetric solutions can

be treated in the same way. We examine the effects of

the K3 nonlinearity especially. For various values of

k3 = K3/K2, we present the dependence of the DGB

central-particle amplitude on the breather frequency

and on the localization parameter. And, for various

values of k3, the DGB profiles are obtained for both

HS and LS modes. Cubic anharmonicity plays a cen-

tral role in the profile of the DGBs. In the case of

HS mode, increasing the cubic anharmonicity causes

the DGB amplitudes to decrease. In the meantime,

increasing the cubic anharmonicity does not change

the central amplitude very much.

In the LS mode, the central-particle amplitude be-

comes larger with increasing k3 and a gap frequency

in the lower branch ω−, and the DGB profile becomes

more sharper. But, as k3 increases further, the cen-

tral particle amplitude becomes smaller. For a gap

frequency in the upper branch ω+, the central-particle

amplitude becomes larger with increasing k3.

We expect the investigation and analysis with

more realistic potential are useful in understanding

of some experimental observations.
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