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We employ the parallel computing technology to study numerically the three-dimensional structure of quantized

vortices of Bose–Einstein condensates. For anisotropic cases, the bending process of vortices is described in detail by

the decrease of Gross–Pitaevskii energy. A completely straight vortex and the steady and symmetrical multiple-vortex

configurations are obtained. We analyse the effect of initial conditions and angular velocity on the number and shape

of vortices.

Keywords: 3D numerical simulations, quantized vortices, Bose–Einstein condensates, parallel com-

puting

PACC: 0365, 0530, 0570

1. Introduction

Recently, the Ecole Normale Superieure (ENS)

group[1,2] has studied a single vortex line and observed

planar U-shaped vortices but also S-shaped ones. Du

et al theoretically and numerically gave critical ve-

locities, energy diagrams and vortex configurations

in rotating Bose–Einstein condensates (BECs),[3−6]

based on which we have conducted a series of three-

dimensional (3D) numerical simulations and obtained

a single completely straight vortex and multiple bend-

ing vortices. Liu et al also investigated BECs in

depth.[7−9] Lu discussed exact solutions for nonlinear

Schrödinger equation in phase space.[10] Xu et al gave

the single vortex solution in Ref.[11].

2. Model and solution

We consider the case of a condensate being placed

in a rotating frame with an angular velocity ′
Ω =

Ωez, and the wave function φ minimizes the Gross–

Pitaevskii energy E3D(φ) =
∫

h2/(2m)|grad(φ)|2 +

m/2
∑

α
ω2

αr2
α|φ|2 + N/2g3D|φ|4 − h′

Ω · (iφ, gradφ × x)

under the constraint
∫

|φ|2 = 1. Here, for any com-

plex quantities u, v and their complex conjugates u′,

v′, we have (u, v) = (uv′ + u′v)/2. By introducing the

characteristic length d = (h/mωx)1/2and rescaling the

distance R = d/
√

ε where ε2 = h2/(2Ngm), defining

the new variable u(r) = Rφ(x) where x = Rr, and

setting ′
Ω = Ω/εω, the nondimensionalized energy can

then be written as

E0(u) =

∫

1/2|grad u|2 + 1/(2ε2)(x2 + λyy2 + λzz
2)|u|2 + 1/(4ε4)u4 + ′

Ω · (iu, grad u × r), (1)

where ω = ωx, ωy = λyω, ωz = λzω, with 0 ≤ λy, λz ≤ 1.

Due to the constraint that the integral of |u|2 must be equal to 1, it is equivalent to minimizing

E(u) =

∫

|grad u|2 + 2i[(Ω × r) · grad u]u′ + 1/(2ε2)|u|4 − 1/(ε2)a(r)|u|2, (2)
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where a(r) = α−(x2 +λyy2+λzz
2) for some constant

α which is chosen so that the integral of a(r) on the

ellipsoid D = {a > 0} = {x2 + λyy2 + λzz
2 < α} is

equal to 1.

Corresponding to the physical experiments con-

ducted recently, we may make ′
Ω = (0, 0,Ω)T; ac-

cording to Refs.[3-6], the energy in Eq.(2) can be

further written as Eε(u) =
∫

D{|(grad − iA)u|2 +

1/(2ε2)(aε(r) − |u|2)2 + cε, where aε(r) = a(r) +

ε2
Ω

2r2, A is a vector potential defined by A =

(y,−x, 0)TΩ , and the constant cε is given by cε =
∫

D{1/(2ε2)(a2(r) − a2
ε(r))}.

We begin by describing the differential equations

associated with the minimizers of the Gross–Pitaevskii

energy as well as the time-dependent Gross–Pitaevskii

equations. The minimizers of the Gross–Pitaevskii

energy satisfies the equation −(grad − i A)2u +

1/ε2|u|2u − aε(r)/ε2u = µε(u)u, in D, where µε(u) is

a constant multiplier corresponding to the constraint
∫

D |φ|2 = 1.

To compute the minimizers of Eq.(2) numerically,

we consider the time-dependent equation in the imag-

inary time

eu

et
= (grad− i A)2u − 1/ε2|u|2u + aε(r)/ε2u + µε(u)u, (3)

under the initial condition u(r, 0) = u0{r} in D, and

the boundary condition u = 0 on eD. Here µε(u)

again denotes the Lagrange multiplier. If u0 satis-

fies the constraint ||u0|| = 1, then we may determine

µε(u) by µε(u) =
∫

D{|(grad − i A)u|2 + 1/ε2|u|4 −
aε(r)/ε2|u|2}dD.

Discussion on the existence and uniqueness of

the weak solution has been given, and the long time

asymptotic behaviour may also be examined using

techniques similar to those in Refs.[3–6] by Du et al.

Some basic algorithms can be found in Refs.[12–19].

Let {un} be an approximate solution of {un(tn)}
at a discrete time {tn} with time step ∆tn =

tn − tn−1. A two-step Runge–Kutta scheme is used

to develop the equation in time: u∗
j+1 = uj +

1/2(∆t)f(tj, uj), uj+1 = uj +(∆t)f(tj +1/2∆t, u∗
j+1),

where f contains the right side of Eq.(3).

The values of constants in Eq.(3) are set to be

ε = 0.016, λy = 1, λz = 0.5, 0.55 or 0.6; the angular

frequency Ω will be varied from 14.5 to the maximum

value of 28, for which no deformation of the conden-

sate has to be taken into account.

Equation (3) is propagated in imaginary time un-

til the evolution of the energy (2) decreases very slowly

with the criterion dE/dt < 10−3(dt = 1.0×10−5) and

almost reaches a local minimizer.

For the considered range of Ω , the numerical

domain is fixed to an elongated box (x, y, z) ∈
[−0.8, 0.8] × [−0.8, 0.8] × [−5.0, 5.0]. For the follow-

ing initial conditions we have computed with different

meshes 100 × 100 × 250 and 80 × 80 × 200, and

obtained the same configurations with the energy dif-

ference close to 10−3, so we can conclude that a refined

grid using 100 × 100 × 250 nodes is appropriate, and

sufficient to achieve the grid-independence for all nu-

merical experiments considered.

In numerical simulations given in next sec-

tion, we compute on the following initial condi-

tions u(x, y, z) =
√

a(r) · w(x, y, z) · exp(iθ), where

(r, θ) are the polar coordinates in the (x, y) plane.

When w(x, y, z) =
√

x2 + (y − 0.1 × tanh(1.1z))2, we

call it the initial condition I. When w(x, y, z) =
√

x2 + (y − 0.1 × tanh(1.1z))2, z ≥ 0 and w(x, y, z)

=
√

x2 + (y + 0.1 × tanh(1.1z))2, z < 0, we call it

the initial condition II. Next, we choose w(x, y, z) =
√

x2 + y2 as the initial condition III, which serves to

examine the effect of different initial values on vortex

configurations.

3. Results and discussions

In this paper, a key point we emphasize is that

∆t = 10−5 only serves as the time step in numerical

simulations, and as t → ∞ we will have the final stable

solutions, which means the energy no longer decreases.

All the results reported in the following belong to this

category.

In the numerical simulation, it is possible to cre-

ate various S- or U-shaped vortex configurations be-

fore the solution reaches the stable state. We also
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find single S- or U-shaped vortex during the imaginary

time evolution; however, what we need are stable state

solutions, which have the properties of some spatial

or geometrical equilibrium, so that there are only four

kinds of vortices as follows: i.e. vortex-free, a single

completely straight vortex line superimposed on the

z-axis, 3 S-shaped, 2–5 U-shaped vortices within the

scope of the present paper.

3.1. Simulation results under different

initial conditions

We artificially ‘plant’ vortices in the domain to

find solutions with different shapes. As the earlier

section described, under different initial conditions I

and/or II, we perform some computations and obtain

numerically the S-shaped or U-shaped vortices for Ω

= 28 and straight line for Ω = 24 vortex configura-

tions, as shown in Fig.1.

Fig.1. Stable straight-line, U- and S-shaped vortex con-

figurations.

Here we would like to say that initial conditions

are only important to simulate S- and U-shaped vor-

tices, whereas a completely straight vortex can be ob-

served by starting from the initial condition I or II.

In the following sections, we will find that there exists

transformation between S- and U-shaped vortices, in-

dicating that angular velocity Ω has also a significant

influence on vortex.

3.2. The effect of variation of Ω on the

vortex number and shape

Starting the simulation with a steady state so-

lution by increasing and decreasing the parameter Ω ,

we will find the solution branches with different vortex

number and shape, and their transformation. First we

use different initial conditions to stimulate the single

or multiple vortices and obtain the different branches

of solutions by varying Ω .

3.2.1. For the initial condition I

Under the initial condition I, when first starting

the computation for small Ω(= 24), we only obtain

a single completely straight vortex line, and we stay

on this solution branch up to Ω = 24.581; when the

parameter Ω is increased to 24.582, three S-shaped

vortex configurations are observed and they persist

up to Ω = 28 (see Figs.2–4).

Fig.2. Straight-line vortex contour plots in the centre z =

0 cut plane for Ω = 24.

Fig.3. 3 S-shaped vortex iso-surface picture taken from

different angles.
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Fig.4. 3 S-shaped vortex contour plots with cut planes z =0, 1, and −1 for Ω = 25.

3.2.2. For the initial condition II

Under the initial condition II, when we employ

the numerical experiments similar to the above, at

first no vortex emerges at Ω = 24.5; next at larger

Ω = 24.66, again the single straight vortex appears,

and then 3 U-shaped vortices appear when Ω is varied

from 24.665 to 28, as shown in Fig.5.

Fig.5. 3 U-shaped vortex configurations for Ω = 24.7.

3.2.3. For a steady state solution with vortices

The authors of Ref.[3] also mentioned another

strategy for obtaining multiple-vortex configurations,

that is, to start the computation from a vortex-free

steady state, and then to abruptly increase Ω to a very

high value. Here we apply the opposite strategy for Ω ,

i.e., decreasing Ω to a small value 14.5, when choosing

the stable state solution of the 3 U-shaped vortices in

the above subsection as the initial condition. Figure 6

shows that 3 U-shaped vortices can exist down to Ω =

14.5 when only two U-shaped vortices retain. Under

the initial condition III, we find that 3 U-shaped vor-

tex configurations are obtained for Ω = 25, and with

the same experiments: the 3-vortex branch switches

to 2 U-shaped vortices when Ω is decreased down to

14.

Fig.6. 2 U-shaped vortices for Ω = 14.5.

3.3. The transformation between S-

shaped and U-shaped vortices

The variation of Ω has often been used to follow

a particular solution branch. The variation procedure

also provides a test for the local stability of the nu-
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merical solutions: when one branch becomes unstable,

the solution jumps onto a different branch.[3] Starting

from the 3 S-shaped vortices, from which it is interest-

ing to observe the transformation to 3 U-shaped ones

if Ω is decreased a little. We think it is because the

difference in energy and angular momentum between

U and S vortices is very small, and S vortex is almost

like a U one with a half-part rotated by 180 degrees.

Figure 7 gives a complete vortex transformation

process from S- to U-shaped vortex. From the stable

3 S-shaped vortices whose energy is −1021.46, by de-

creasing Ω step by step to 24, 23, 21, 19, and 17, we

obtain their energy values of −981.4, −945.9, −886.0,

−837.1, −795.9 respectively. According to Table 1, it

is easy to see that we will obtain the corresponding-

shaped vortices when the energy value approaches a

definite value for S- or U-shaped vortex.

Fig.7. The transformation of vortices from S- to U-

shaped.

Table 1. Energy values for the different initial conditions.

Ω 17 18 19 20 21 22 23 24 25

Cond I −797.1 −814.8 −835.8 −859.3 −885.3 −914.1 −945.9 −981.4 −1021.5

Cond II −795.6 −815.5 −837.2 −861.1 −887.2 −915.9 −947.7 −983.1 −1023.1

Cond III −795.6 −815.5 −837.2 −861.1 −887.2 −915.9 −947.7 −983.1 −1023.1

3.4. The effect of the dimensions of el-

lipsoid on the number and shape of

the vortex

We introduce a new technique to obtain multi-

ple vortices by increasing λz to a certain level while

keeping Ω unchanged.

We recall only a vortex-free solution for Ω = 24.5

starting from the initial condition I. If λz varies from

0.5 to 0.55, 4 U-shape vortices are obtained as shown

in Fig.8. Similarly, when we use the initial condition

II, we have a straight vortex line for Ω = 24; when

increasing λz from 0.5 to 0.6, we will have 5 U-shape

vortex configurations.

Fig.8. 4 U-shaped vortex configurations for λz = 0.55.

3.5. Energy diagrams

In the previous subsections, we only present some

typical examples with various vortex configurations

and their evolution when Ω varies. Here we give a

complete energy diagram in order to have an over-

all view of ‘the whole life of vortex from its birth to

death’.

We have plotted the energies obtained under the

different initial conditions, from which subtracted

their energies of the basic vortex solution, as a func-

tion of Ω in Fig.9.

Fig.9. The energies obtained under the different initial

conditions, from which subtracted their energies of the

vortex-free solution, as a function of Ω .
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The single-vortex solution is obtained under the ini-

tial condition I. We find that 3 S-shaped vortices will

emerge when the energy difference decreases (Ω ≥
17). Under the initial condition II by which we ob-

tain vortex-free solution for Ω = 14, we can have 2

U-shaped vortices and 3 U-shaped ones for Ω = 15 to

25; 3 U-shaped vortices are generated when Ω ≥ 15

under the initial condition III.

4. Conclusion

By studying the numerical solution of Gross–

Pitaevskii equations in the framework of ENS ex-

periment, we have carried out 3D numerical simula-

tions and obtained some results for rotating Bose–

Einstein condensates in 3 dimensions. We have ob-

tained straight line, various S- and U-shaped vortices

and multiple-vortex configurations. Parallel process-

ing of 3D Gross–Pitaevskii problem is necessary and

efficient, which makes the computation based on re-

cent physical experiments about the 3D structures of

vortices faster.
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