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Based on two mutually conjugate entangled state representations, we establish the path integral formalism for

some Hamiltonians of quantum optics in entangled state representations. The Wigner operator in the entangled state

representation is presented. Its advantages are explained.
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1. Introduction

Feynman’s path integral representation of the
propagator gives us new insight of the connection be-
tween the classical and quantum dynamics of systems.
As Feynman and Hibbs wrote in Ref.[1], in develop-
ing a conceptual understanding of quantum mechan-
ics, one may prefer to take path integral formalism.
Moreover, semiclassical approximation led by path in-
tegral expressions is related to Euler Lagrangian equa-
tion in a natural way. In Ref.[2] Klauder and Skarg-
erstam first introduced coherent state representation
for studying the path integral, and later Hillery and
Zubairy applied the coherent state path integral ap-
proach to some problems in quantum optics.[?l On
the other hand, in recent years quantum entanglement
and entangled states have been paid much attention
by physicists due to their wide use in quantum infor-
mation and quantum communication. The quantum
entanglement involved in a bipartite state of contin-
uum variables can be traced back to the pioneering
work of Einstein-Podolsky Rosens (EPR)“ in which
they noticed that two particles’ relative coordinate op-
erator X;—Xo commutes with the total momentum

operator P; + P>. On the basis of EPR’s analysis

the bipartite entangled state of continuum variables,
denoted as |n), is constructed which is the common
eigenvector of (X;-X3) and (P + P2). In this work
we intend to apply the entangled state representation
|n > to studying path integrals. Two questions thus
naturally arise: 1) Can we define ‘path’ in the phase
space where the entangled state is defined? 2) What
is the advantage of working with the entangled state?
In Section 2 we briefly review the two mutually con-
jugate entangled states of continuum variables. Then
in Section 3 we establish a general path integral for-
malism for the matrix element of the time evolution
transform between two entangled states. In Sections
4 and 5 we take the Hamiltonian of nondegenerate
parametric amplifier (NDPA) as an example to show
the advantages of the formalism in Section 3, i.e. this
formalism leads to the correct Euler equation which
corresponds to the Heisenberg equation, and the en-
ergy level formula of the NDPA.

2.

X) — |n) representation

In Ref.[5] the bipartite EPR entangled state is
constructed in the two-mode Fock space

1 " i
In) = exp —§|n|2+na+—n bt +atbT|00), n=]|nle", (1)
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which obeys the eigenvalue equations

(a—=b")n) =nln), (a™ =b)ln) =n*n),

(X1 — X2)|n) =vV2mln), (Pr+ Po)ln) =v2mln), m+in =n,
1 1

Xlzﬁ((fr—i-a), ngﬁ(b++b),
Plzﬁ(cﬁ—a), PF%((#—b). (2)

Using the technique of integration within an ordered product (IWOP) of operators!®7 we can prove that the
set of |n) makes up a complete and orthonormal set

d277 * *
[ S ml =1 tala) = w0~ 300 = ). )
Defining a new state vector |x) as the Fourier transform of |n)

d2

n L, . 1 : s
0= [ S2mese 00+ x| = exp (=3 + v — v - a7 00) @)

where x is a complex number too. Then |x) satisfies

(@+b9)x) =ixlx), (@ +b)lx) = —ix"[x)- (5)
We can also prove

de ’ ’ * I

— il =1 (XIX) =m0 = X)X = x7)- (6)

|
The overlap (x|n) is evolution operator between the two entangled states
) . [x") — |x’) with all the paths going from x” to x’.
1 * *
{x|n) = 5 exp [—5007 +X 77)] : (7)

Since |x) and |n) are qualified to be quantum mechan- 3. Path integral formalism in |X> -

ical representations, and they are mutually canonical ‘n> represent ation

conjugate, so we have confidence to establish a path
integral theory based on them. The transition am-

plitude is defined as the matrix element of the time For a Hamiltonian operator we can write
|
d2n/d2xld2n//d2x//
H(a%*,a;b™,b) = / — X "y ' [H ™) (i [x) (|
1 d2n/d2x/d2,,7//d2x//
e AL
X eXp {_%(X/n/* + Xl*n/ _ XI/*TII/ _ TII/*X/I) , (8)

where the completeness relations (3) and (6) are used. Making the integral variable transform

o

= _ — 9
== (9)
such that

d2X/d2XH _ d2Xd2)\, d2nld277// _ d277d20', (10)
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we have

n= B e - gl 50

x exp[—i(An™ + A'n+ x o + xo*)/2]. (11)

By introducing

2
1= [ 2 5) (- gl explofiou + Xm)/2) = Al (12)

where A(x,n) can be looked on as the 2-mode Wigner operator, and

/d2 (n+ Z|H|n =2 ) expl=itx"o + x0*)/21 = h(x.m), (13)

we can express Eq.(11) in the compact form

n= [ T v, (14)

which can be looked on as Weyl correspondence between h(x,n) and H in the entangled state representation.
Then H’s matrix element in the (x| representation, as a result of Eqs.(11) and (6), is

d2yd? a2\ o A A
Wi = [ 5 ) [ el-ion a2 (- x-3) 8 (x5 -")
d2yd? , . .
= / ); Thix, m)8@ (" + X' — 2x) exp{—i[(xX' = )n* + (X' — x)* 1]}

N /%h (W 2’7) exp{—i[n* (X' = x") + (" = x"")ml}- (15)

According to Feynman’s path integral theory, we consider the transition amplitude,

. dQXZ n+1
<Xll7t”|X/7t/> _ <X//| exp[—lH(t" |X /H [ :| H<XJ| exp[—icH]|x;-1), (16)
j=1
where X" = Xn+1, X = X0, and e = (" —t')/(n +1). When ¢ — 0, the monomial in Eq.(16) can be evaluated
by using Eqs.(6) and (15)

(x;|exp[—ieH]|x;-1)
= 76 (x; — xj-1) — ie(x; | H|xj-1)

= /dinj exp{—i[n}‘(x = X5-1) 1, (G = Xj-1)] [1—i€h (%2%)]}
= /dinj eXP{—i[n}‘(x —xi-1) + 1, — Xj_1)] — ieh (%2%» (17)

Substituting Eq.(17) into Eq.(16) we have the formalism of path integral in the (x| representation

!’

<// " d2 d2 :
X7t X, ) H eXpldtL,

+

L= [=x"(On(t) = x@On" ()] = h(x(®), 2n(t)). (18)

Here exp{i f;ﬁ dtL} is the action, and L is the Lagrangian. Thus we have defined “paths” in the phase space
where the entangled state is defined.
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4. Calculating h(X, 77) for the where the wi,ws, g, f and k are real parameters to

. . . guarantee the Hamiltonian to be hermitian, when f
Hamiltonian of the generahzed and k are zero, Eq.(19) reduces to the Hamiltonian of

parametric ampliﬁer optical parametric amplifier. For convenience, letting

Hy = wiaTa + web™h,
The following is a general Hamiltonian in the two- Hy = g(ab+atbh),
photon process, Hs = f(a® +a™?),
Hy = k(b* +b72),
H= wiata+wb™b+glab+atdh)

4
+f(a2 n a”) n k(bQ + b+2), (19) We have H = ;:1 H;. First of all, we calculate
|
h —/dz—”e =il + x0™)/2)( +E‘H‘ -2 (20)
1= - Xp X 0T X0 n 5 1|1 5/

Let a =n— %, Eq.(20) becomes

A%
hi = dexp[—i(nx" + xn")] / —— expliax” + xa")|(2n — ol Hi o). (21)

Note that |«) belongs to the entangled state |n), from Eq.(1) we see

ot = (mm+ 5 )l ale) =~ (5 = 3) )

Q3|QJ

0 «@
+ S
br ) = ( ) la), bla) = (8@ 5 ) ). (22)
Then follows
B a2 1 0? w1 — wa 0 L, 0 _

H1|a> = |:(w1 +w2) ( 4 ) dada* + 2 aaa Q Ao |a> = H1|a>' (23)

We let H1 = H11 + Hio, where

- |O/,|2 1 82 - w1 — W2 8 * 8

Hix = (w1 +w2) < 4 2 Oada* )’ Tz = 2 Yoo Y oar ) (24)

1
Inserting the completeness relation of |x)|y=¢ into Eq.(21) and using the overlap relation ({|a) = 3 exp[—i(§a* +
a{*)/Q], we have h,l = hll + hlg, where

hir = 4expl[—i(nx" +xn") //

= exp[—i(nx" +xn")] // d:f% exp [%(5(277 —a)" + £ (20— a))]

 explifax* +xa")](2n - al€)(€[Ha1 o)

2 2 :
esplian +xa")] x (o +n) (190 = 3= 58 Yexp |- J 0 4 60)

20( 2 a 2 2
= exp[—i(nx" +xn")] //d Wf : (' | I|§| - %) (w1 + w2)
x expli(ax™ + xa®) +1(€(n" — a*) + & (n — a))]

. * * 2 . * * 1 62 |CY|2
= exp[—i(m* +xn")] | daexplilax” +xa)] { =3 55—+ =~

w1 —I—(.UQ

xé(z)(n—a)(wl +wo) — )

o2 e 1
dada eXP[l(aX + xo )”a:n,a*:n* + (Wl + UJQ) T — 5

fren) |20+ 1) -1 (25)

1 : * *
= _Z(“” + wa) exp[—i(nx* + xn")]
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Note that the meaning of 6 (n — a) is 6(n — a1)8(n2 — a2). In a similar manner we find

hi2 = 4exp[—i(nx" + xn") //

— eal-itn o) [[ £ d%exp[é(&(?n @)+ - )
x expli(ax™ + xa™)] x ( 1—w2>< i—a*ai*>exp [—%(aﬁ*ﬁ-ﬁa*)}

d2ad? i
= 2 2 expl—i(nx" + xn") // ¢ p[—%(aﬁ*—éa*)

x expli(ax™ + xa™) +i(&(n* —04)"‘5( —a))]

_ W1 — w2 . * * 2 : * * gi_a_* 0 (2) _
— 2 epliln + )] [ Paesplion +xa]x (§om - 5 e ) P - )

eXp i(ax” + xa™)](2n — al€)(€[Hiz|a)

w1 — W . * * 8 . * * * *

= 2 exp[—i(nx* + x1")] | m-aexplilax” + xa*)lazy — 5" explilax® + xa")]ar -
4 Ja Oa

i * *

= —Z(wl—wz)(nx - xn"), (26)
SO
1 1, ) i .
hl(x,n)ZE(wl + wa) 5(|x| +[nl) =1 —Z(wl—wz)(nx —1"X)- (27)

Next we calculate

d?c i, N o o
ha= | e {‘5“ 7 xo >] (n+5]meln-3)
: * * d2Oé : * * “+1.+
= 4dexp[—i(nx* +xn")] — expli(ax™ + xa)](2n — alg(ab+ a™b")|a). (28)

According to Eq.(22) we have

(ab+atbT)|a) = (—2 o - w) ). (29)

Inserting the complete relation of |x)|y=¢ into Eq.(27) and using Eq.(28) we have

d2ad? o2 of?
hy = 4gexpl[—i(nx* + xn")] // — geXp[i(ax* + xa™)|(2n — al§) <5‘ (_23a8a* B %> ‘a>

20( 2 2 a 2
= gexp[—i(nx" + xn")] // % exp (% - %) expli(ax” + xa”) +i({(n" —a*) +&*(n — a))]

= gexp[=i(nx" + xn")] /an expli(ax” + xa*)] (—l & Lol ) s®(n - a)

2 dada* 2
1 R ls
= g |~z e[ +xn)]l55— exp[(ax + X&) la=n,ar=n* — 7]
g
= (x> = P (30)
Now we calculate Hs. From Eq.(22) we obtain
0? 0? 0 0 a?  o*?
2 +2 o * _

We can split H3 into three parts

0? 0? 0 . 0 a?  a*?
H31—f<m+w>v Hsz—f(—aaa*‘i‘a%), H33_<Z+ 4)- (32)
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Considering the similarity between Hiz and Hsa, with the help of Eq.(25), we can easily obtain

d2ad2¢
2

s

hay = 4f exp[=i(nx" + x1)] // expli(ax” + xa*)])(2n — al¢) (€] (‘0‘% " O‘*Z;ia) !

= —%f (" X" —xn). (33)

Now we calculate hg, and hgzs,

d?«

s

;1 ¢ expli(ax™ 4+ xa™)](2n — &) (] (8— + a—2> @)

hs1 = 4fexp[—i(nx* + xn*)] // da? | da

2a 2
- %exp[—i(nx* +x1")] // d Wf § exp(—€2 — £) expli(ax® + xa*) +i(E(" — o) + £ (5 — )]
0? 0?
= %eXp[—i(nx* +xn")] /dQOéeXP[i(OZX* + xa*)] (W + W) 8@ —a)
f . * * 82 . * * 82 . * *
= 7 exp[—i(nx* + xn*)] [W expli(ax™ + xa™)]|a=n + a2 expli(ax™ + xa )”a*—n*}
= Loy, (34

and

20& 2
hss = geXP[—i(nx* +x1")] // %(02 +a?) expli(ax” +xa") +i€0" —a”) + € (n - a))]

= £ exp[—i(nx* + xn")] /anexp[i(ax* +xa)](@? + )5 (n — a)
f

= L), (33)

Thus we obtain

hs =~ 204X — 7ty —m) + L6 ), (36)
Finally we calculate Hy. From Eq.(22), we have
0? 0? 0 o o a*?
b2 b+2 = —— [ - o _ =
O° +b79)|a) (8a*2 + D2 +a804* o + 1 + 1 > |a) = Hala), (37)

then divide Hy4 into three parts,

0? 0?
Hu =k (W + W) = Hasa,

0 0
Hiyo=k (aaa* — a*a—a) = —Hag,
a2 a*2
Has =k (I + 1 ) = Hass (38)
Similar to hs, we obtain hy,
h 7_&( 2 *2 1]{: K E 2 *2 39
1= =700+ X7) + kX" —m) + 07 +07). (39)

Combining Eqs.(27), (30), (36) and (39), we finally obtain h(x,n) = h1 + h2 + hs + ha,

M) = 3r ) | Sl + ) — 1|~ A gy g2 - )
AR ey R =+ g e (10)
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5. Lagrangian in the path integral formalism

Using Eq.(40) we can directly write down h <%, 277j>, and then substituting it into Eq.(17), we
have
—ieH d? an; s N €
(le™ xg-1) = O0G, xj-1) [ ——exp {—1€(w1 +wy — 29)|n;|> — [1(Xj = Xj-1) + 5w —wa)

x (7” +2Xj_1> —e(f —k) (%ﬂ + 15 [—i(Xj —Xj-1) + g(wl —w)

(M) g (M Ty g el ] )

2 2
where O(x;, x;—1) is given by
2
X+ Xi-1
2

, 1 o121
O xj-1) = exp <—1a{—1<w1+w2—2g>]%] + ()

i tx-1\ | 1
+ | = + = (w1 +w2) . (42)
2 2
Using the integral formula
d?z 1 —Xn+ &g+ n*f
—Zexp [Mz|2+ f22+ g2 + Ex+ 2t = ex [ , 43
/W p [Al2l” + f2* + 92" + &2 + 27 i, P T g (43)
we further calculate
. 1 —ie
Je—ieH |y .\ —@Q X ex
Ol IXi-1) =60, X5 1)\/—((.«)1 +ws —29)% +4A(f + k)2 p{—(wl + w2 —29)% +4(f + k)?

W] —w i+ XG— o\ X - G
X[(w1+w2—2g)|( 12 2) (X] 2XJ 1)—(f—k) (X] 2X] 1) _1X] EX] 1|2

_ {i <Xj _sle>* R ;wz) <Xj +2Xj1>* (k) (Xj +2Xj1)} (F + k)
+ {—i (Xj —EXa'—l)* y ) (Xj +2X""1) —(f = k) (7’“ +2Xj‘1>*} (f + k)] } - (44)

A= (w1 +ws—2g), B=—(w +w2—2g)2+4(f+k)2, (45)

By denoting

and calculating the Feynman transition matrix element

<Xj|e_iEH|Xj—l> _ % {iE [_ wi + (212 +2g + A(w14zgum)2 n %(f _ k)2 + 2((4}1 - w%(fz — k2):|
Xi — Xj—1|? frk  Aw —w)(f—k)  (fP=F) (w1 —w)(f+Fk)
X‘J2J‘_[_4+ 2B L TR 1B ]
2 *2
(7” Pt )y (ut) ] ~i)50 -0+ e -

} X+ x5 1)*<x—xj1> J”[ﬁ?( w2)+(f;k)(w1—w)

3

(=3
) b

+ "X =X 1
——wl—wz XTA- 1> (X X 1>+§(W1+W2)

(f;— k) (Xj —EXJ‘—1>*2 I é J _EXj_l }2} . (46)

+
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Therefore the transition amplitude is obtained

g

}exp i/dtL , (47)

t/

O ) = / 1:[ [dQZQ(t)

where the Lagrangian is

w1 +ws +2 Alw; —w)? A 2(w; —w 22
I [_ 1+42+ g ( 14B 2) +E(f_k)2+ (w1 2;(1" )}|X(f)|2

— [_f:k + A(wl _;;)(f_k) + (f ;k ) + (Wl _512;(.]0+k)] [X(t)Q +X(t)*2]

i {%(f —k)+ (w1 — wa) + w} x ()" x(t)"

b {%M —un)+ LB 4 W} XX + 2 (7 ~ BX(ER(0)

A e
E|X(f)| +

(f +F)
B

=), 1y a0y +

2(f+F) .

5 X7 + (w1t wa)

- (48)

As a concrete example of the above formalism, we consider the path integral for nondegenerate parametric am-
plifiers in entangled state representations. The following is a Hamiltonian describing a nondegenerate parametric
amplifier,

H=w(a"a+b"b)+glab+atd™). (49)

Comparing Eq.(49) with Eq.(19), here w; = wes = w and f = k = 0, so the Lagrangian for a nondegenerate
parametric amplifier is

1

1 . SRR
L=w—gw+gxt)x()" - mx(t)x(t) : (50)
The classical Euler-Lagrange equations are
X1 = (W = g*)x(1)" =0, (51)
X(t) = (@* = g*)x(t) = 0. (52)

To confirm the correctness of our approach, we use the Heisenberg equation and Eq.(19) to derive (b = 1)

i%(cﬁ—l—b): [at +b,H] = (g —w)(a®t —b), (53)
and
%((fr +b)=(g— w)i%((fr —b) = (w? — ¢*)(a™ +D). (54)

Since |x) is the eigenstate of (at + b), Eq.(54) just corresponds to (52). This correspondence confirms the
feasibility of our path integral approach.

In summary, we have established a path integral formalism for quantum mechanical Hamiltonians. It seems
to us that for entangled systems, the best way for constructing path integral is to work in the entangled state
representation.
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