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The electronic structures of coupled quantum dots grown on (11N)-oriented substrates are studied in the framework

of effective-mass envelope-function theory. The results show that the all-hole subbands have the smallest widths and

the optical properties are best for the (113), (114), and (115) growth directions. Our theoretical results agree with

the available experimental data. Our calculated results are useful for the application of coupled quantum dots in

photoelectric devices.
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1. Introduction

Coupled quantum dots (CQDs) formed in high-

index GaAs substrates are currently a subject of in-

tense interest. The electron and hole energies are

strongly influenced by the strong zero-dimensional

quantum confinement effect with a δ-function-like

density of states.[1−7]

Nishi et al
[8] reported that GaAs (311) is a better

choice than GaAs (100) as a substrate for the growth

of InGaAs QDs. Wang et al
[9] investigated the later-

ally ordered, multi-layered arrays of InGaAs CQDs by

photoluminescence as a function of high-index of GaAs

substrates. High optical quality was demonstrated

for the laterally ordered CQD arrays. GaAs (511)B

was identified as the optimum high-index substrate

for the growth of InGaAs/GaAs multi-layered CQDs,

demonstrating a strong photoluminescence with a nar-

row full-width-at-half-maximum linewidth of 23 meV,

despite the potential for misfit dislocations.[9]

Xia[10] gave an effective-mass formulation for a su-

perlattice grown on (11N)-oriented substrates. It was

found that, for a GaAs/AlGaAs superlattice, the hole

subband structure and related properties were sensi-

tive to orientation because of the large anisotropy of

the valence band. The energy level positions for the

heavy hole and the optical transition matrix elements

for the light hole apparently changed with orientation.

We have studied the electronic structures, in-

terband optical transition,[11] and intraband optical

absorption[12] of InAs/GaAs CQDs grown on (100)-

oriented substrates. In this letter, we will study

the electronic structures of CQDs grown on (11N)-

oriented substrates in the framework of effective-mass

envelope-function theory.

2. Theoretical model

In our study, we choose the growth direction

(11N) as the x3 direction of our coordinate system,

and treat the CQDs as cylinders. In the x3 direction,

the height of the dots is L. In the direction perpen-

dicular to (11N), the radius of the CQDs is R. The

schematic plot of the CQDs is the same as in Fig.1 of

Ref.[9]. The potential energy of the electron and hole

is

Ve,h(r) =







0 for |x3| < L/2 and x2
1 + x2

2 < R2,

Ve0,h0 elsewhere,
(1)
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where r = (x1, x2, x3). Ve0 and Vh0 are the band offsets of the electron and hole, respectively. The electron

envelope function equation is

HeΨ e = EeΨe. (2)

Equation (2) can be solved for the eigenvalues and eigenfunctions of the system by expanding Ψe in terms of nor-

malized plane-wave states and diagonalizing the resultant matrix.[13] We assume that the electron wavefunctions

have the following forms:

Ψe(r) =
1√

L1L2L3

∑

nml

Cnmle
i[(k1+nK1)x1+(k2+mK2)x2+(k3+lK3)x3] (3)

with K1 = 2π/L1, K2 = 2π/L2, and K3 = 2π/L3. L1, L2, and L3 are the periods along the x1, x2, and

x3 directions, respectively. For cylindrical CQDs, we take L1 = L2, and n, m, l = 0,±1,±2, . . .. The matrix

elements of Hamiltonian He in Eq.(2) for Eq.(3) can be written as

~
2

2m∗
e

δ(k1nk′
1n + k2mk′

2m + k3lk
′
3l) + (δ − SiSj)Ve0, (4)

with

Si =











L

L3
for l = l′,

sin[π(l − l′)L/L3]

π(l − l′)
for l 6= l′,

(5)

Sj =











πR2

L2
1

for n = n′ and m = m′,

R

λL1
J1(λK1R) for n 6= n′ or m 6= m′,

(6)

where

k1n = (k1 + nK1), k′
1n = (k1 + n′K1),

k2m = (k2 + mK2), k′
2m = (k2 + m′K2),

k3l = (k3 + lK3), k′
3l = (k3 + l′K3),

λ =
√

(n − n′)2 + (m − m′)2,

and J1(x) is the first-order Bessel function of x. δ is

the δ-function given by

δ =







1 for n = n′ and m = m′ and l = l′,

0 for n 6= n′ or m 6= m′ or l 6= l′.
(7)

Therefore, we can calculate the electron energy levels

in a vertical electric field from Eq.(4).

The hole effective mass Hamiltonian can be writ-

ten as[10]

Hh =
~

2

2m∗
0

[γ1k
2 + γ2(Ak2

1 + Bk2
2 + Ck2

3 + Dk1k2

+ Ek1k3 + Fk2k3) + γ3(A
′k2

1 + B′k2
2 + C′k2

3

+ D′k1k2 + E′k1k3 + F ′k2k3)] + Vh, (8)

where γ1, γ2, and γ3 are the Luttinger effective-mass

parameters; m0 is the free-electron mass. A, B, C,

. . ., E′, and F ′ are 4 × 4 matrix.[10]

The hole envelope function equation is

HhΨh = EhΨh. (9)

Using the normalized plane-wave expansion me-

thod,[13] we assume that the hole wavefunctions have

the following forms:

Ψh(rh) =
1√

L1L2L3

∑

nml















anml

bnml

cnml

dnml















ei[(k1+nK1)x+(k2+mK2)y+(k3+lK3)z] . (10)
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The matrix elements of Hamiltonian (8) for Eq.(10) can be written as

~
2

2m∗
0

[γ1((k1n)2 + (k2m)2 + (k3l)
2) + γ2(A(k1n)2 + B(k2m)2 + C(k3l)

2

+ Dk1nk2m + Ek1nk3l + Fk2mk3l) + γ3(A
′(k1n)2 + B′(k2m)2 + C′(k3l)

2

+ D′k1nk2m + E′k1nk3l + F ′k2mk3l)]δ + (δ − SiSj)Vh0 . (11)

Thus, the hole energy levels can be worked out from

Eq.(11).

3. Results and discussion

For InGaAs, we take the material parameters

given in Ref.[14]. The electron effective mass and Lut-

tinger parameters are listed in Table 1. The band gaps

of GaAs and InGaAs are 1.5177 eV and 816 meV, re-

spectively. The conduction-band offset is assumed to

be 65% of the band gap difference.

Table 1. The electron effective mass and Luttinger

parameters for InGaAs.

m∗
e/m0 γ1 γ2 γ3

0.043 11.01 4.18 4.84

For an isolated quantum dot and period CQDs,

the electronic structures are divisive energy level

structures and energy subband structures, respec-

tively.

For the conduction band, the band structures are

isotropic. The CQD conductive subband structures

are independent of the growth direction. Figures 1(a)

and 1(b) give the first two electron energy subbands as

functions of CQD size along the growth direction and

perpendicular to the growth direction, respectively.

The solid and dotted lines correspond to the Γ and R

points of the first Brillouin zone (see Fig.1 in Ref.[13]).

In calculations, the periods of the CQDs are fixed at

L1 = L2 = L3 = 20 nm. As the sizes of the CQDs

increase, from Fig.1 we can find that (i) electron ener-

gies decrease; (ii) the first energy band widths decrease

monotonically; (iii) the second energy band widths in-

crease at first and then decrease.

Fig.1. The first two electron energy subbands as functions of CQD size along the growth direction (a) and perpendicular

to the growth direction (b), respectively. The solid and dotted lines correspond to the Γ and R points of the first Brillouin

zone. The periods of the CQDs are L1 = L2 = L3 = 20 nm.
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The valence band near Γ is anisotropic. Many

properties of superlattices,[10] quantum wires,[15] and

CQDs are dependent on the growth direction. Fig-

ure 2(a) shows the first five hole energy subbands as

functions of the growth direction (11N) with CQD

height l = 3 nm, radius R = 5 nm and periods

L1 = L2 = L3 = 20 nm. The solid and dotted

lines correspond respectively to the Γ and R points

of the first Brillouin zone (see Fig.1 in Ref.[13]). For

the same CQD structure, from Fig.2(a) we find that

(i) the first and third hole energy subbands (heavy-

hole) have minimum for the (112) growth direction;

(ii) the second, fourth and fifth hole subbands (light-

hole) have minimum for the (113) growth direction;

(iii) for N ≥ 4, the hole subbands ascend slightly as

N increases; (iv) for the (111) growth direction, the

second and higher subbands have maximum; (v) for

the (113), (114), and (115) growth directions, the all-

hole subbands have the smallest widths, and the opti-

cal properties are the best. This is the first theoretical

explanation of the experimental results in Refs.[8] and

[9].

Figure 2(b) shows the first five hole energy sub-

bands of spherical CQD as functions of the growth

direction (11N) with CQD radius R = 5 nm and pe-

riods L1 = L2 = L3 = 20 nm. The solid and dotted

lines correspond to the Γ and R points of the first

Brillouin zone (see Fig.1 in Ref.[13]). This figure also

shows that the optical properties are the best for the

(113), (114), and (115) growth directions.

Using multi-band k · p model,[16] the calculated

electronic structures will be somewhat different. Main

conclusions will be the same as those using the single-

band effective mass model. Including strain effects,[11]

the heavy- and light-hole energy levels will be de-

creased and increased some what, respectively. The

variation trends of the hole energy levels against the

different growth direction are the same as those ob-

tained by neglecting strain effects.

Fig.2. The first five hole energy subbands of columniform CQD with height l = 3 nm, radius R = 5 nm (a) and spherical

CQD with radius R = 5 nm (b) as functions of the growth direction (11N) with periods L1 = L2 = L3 = 20 nm. The solid

and dotted lines correspond to the Γ and R points of the first Brillouin zone.

In summary, our results show that the optical properties of CQD are best for the CQDs grown in the (113),

(114), and (115) growth directions. This conclusion does not sensitively depend on the QD geometric shape,

effective-mass model, and strain effects.
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