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In addition to the phonon variable there is the phason variable in hydrodynamics for quasicrystals. These two

kinds of hydrodynamic variables have different transformation properties. The phonon variable transforms under the

vector representation, whereas the phason variable transforms under another related representation. Thus, a basis (or

a set of basis functions) in the representation space should include such two kinds of variables. This makes it more

difficult to determine the physical property tensors of quasicrystals. In this paper the group-theoretical method is given

to determine the physical property tensors of quasicrystals. As an illustration of this method we calculate the third-order

elasticity tensors of quasicrystals with five-fold symmetry by means of basis functions. It follows that the linear phonon

elasticity is isotropic, but the nonlinear phonon elasticity is anisotropic for pentagonal quasicrystals. Meanwhile, the

basis functions are constructed for all noncrystallographic point groups of quasicrystals.
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1. Introduction

The discovery of icosahedral quasicrystals (QCs)
made by Schechtman in 1984 challenges long-held be-
liefs in the nature of translational order, and moti-
vated a reassessment of conventional crystallography.
Since then, a vast literature has been published in this
field and significant progress has been made in both

1-12] While more and more

experiment and theory.!
studies show the distinctions between crystal and qua-
sicrystal properties, the research methods of QCs are
considerably borrowed from crystallography.[6:7:13:14]
The symmetry and group theory is of great impor-
tance to scientists who want to reveal the character-
istic features of physical properties of QCs just from
their symmetries but not from the details of atomic

position and interatomic interaction.?

According to the higher-dimensional description
of QCs, a quasiperiodic structure in a d-dimensional
(dD) physical space (Vi) can be obtained by intersect-
ing a lattice—periodic structure in an n-dimensional
(nD) embedding space V' with this subspace, where
V is the direct sum of Vg and V1 (V = Vg + W),
and V1 is the orthogonal complement of V. A vec-
tor in Vg transforms under the vector representation
of the point group considered, whereas a vector in V1
transforms under another irreducible representation.

In elastic properties the most prominent feature that

fCorresponding author. E-mail: czhu@whu.edu.cn

distinguishes QCs from ordinary crystals is that in
QCs there are two types of hydrodynamic variables:
phonon variable u (belonging to Vi) and phason vari-
able w (belonging to V1). As mentioned above, they
have different transformation properties. For this rea-
son a basis (or a set of basis functions) in the represen-
tation space should include such two kinds of vectors.

in the
anisotropy of QCs in recent years.'®!7 Since QCs

There has been a growing interest

possess positional and orientational long-range order
with noncrystallographic rotational symmetries, they
are fundamentally anisotropic and at the macroscopic
level there should be some anisotropic physical proper-
ties. However, the commonly observed properties are
isotropic due to their low tensorial rank and do not
reveal the anisotropic structure of QCs.['8~21 To de-
tect the QC anisotropy some people have investigated
nonlinear elasticity of the QC.122724 Obviously, to de-
termine the nonlinear elasticity tensor of QCs is very
complicated because on the one hand the tensor is of
higher rank, and on the other hand it comprises sev-
eral parts associated with the phonon field, the phason
field and their coupling.

Since the discovery of QCs, great effort has been
exerted to investigate their physical properties. We
know today that QCs possess a number of really ex-
otic physical properties. In view of this point the de-
termination of the physical property tensors of QCs

http://www.iop.org/journals/cp http://cp.iphy.ac.cn
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is highly important for both theory and practice. In
this paper the group-theoretical method is used for
determining the physical property tensors of QCs.
Meanwhile, in 1996 a pentagonal QC was observed in
an Al;oCo15Ni o Th alloy.226] Since pentagonal QCs
represent interesting immediate states between icosa-
hedral and crystalline phases with anisotropic physical
and mechanical properties, some researchers focused
on pentagonal QCs to discuss the theory of structural

(27]

QC-to-crystal transformation.!*”) The linear elasticity

d.[28.291 Ag an

of pentagonal QCs was also investigate
example, we calculate the nonlinear elasticity tensor
of quasicrystals with fivefold symmetry by means of
basis functions. Other physical properties of QCs can
be deduced in a similar manner.

The rest of this paper is organized as follows. The
next section is devoted to symmetry groups and basis
functions of QCs. The group-theoretical method of
physical property tensors of QCs is presented in Sec-
tion 3. In the last section some conclusions are drawn
from the present study. The basis functions accompa-
nied by the tables of most characters are listed in the

Appendix.
2. Symmetry groups and basis

functions

The classification of Laue classes and symmetry
groups has been well established for QCs.!8! As men-
tioned in the previous section, to determine the trans-
formation properties of basis functions, it should be
noted that a vector in Vg transforms under the vec-
tor representation, according to which the position
vector transforms, whereas a vector in V; transforms
under another irreducible representation which can
be deduced by using the higher-dimensional projec-

tion method of QCs. It follows that with a rotation
through an angle a about z-axis in Vg associated is a

rotation through an angle 8 in Vi where a = 2—7r(71 =
5,8,10 and 12) and 8 = pa(p = 3,3,3 andn5) for
QCs with noncrystallographic symmetries.[?% In elas-
tic properties of QCs there are two types of hydro-
dynamic variables: phonon variable u (belonging to
V&) and phason variable w (belonging to V;). For
practical applications, what one is most interested in
is the transformation properties of such basis func-
tions as the polar vectors x;(u;), the axial vectors R;,
the symmetric tensors of rank 2 z;x;(E;;), the pha-
son displacements w; and the phason strains W,;. For
example, from the table of characters and basis func-
tions for Cs, (see Table 3 in the Appendix), we can
see that the phonon displacements u; transform un-
der E4 + A;, the phonon strains E;; transform under
FE1+ E5+2A4, the phason displacements w; transform
under E5 and the phason strains W,; transform under
FE; + E». Obviously, using the transformation proper-
ties of basis functions, we can immediately construct
any physical property tensor of QCs. In the following
section we will discuss this in detail.

The tables of characters and basis functions are
given for all noncrystallographic point groups of QCs
in the Appendix.

3. The group-theoretical method

As an example of the application of group the-
ory we discuss how to calculate the third-order elas-
tic constants in this section. The elastic energy den-
sity F' that is a function of phonon strains (E;; =
%(é)jui + 0;u;)) and phason strains (We; = Qjw,) can
be expanded into the Taylor series in the vicinity of
E;; =0 and Wy; = 0 (to the third order) as follows:

F =1CijuEijEn + $KaigiWaiWsj + Rijor EijWak
+3Cijktmn Bij Bet Emn + §KaigiykWaiWpi Wk (1)

+1R)

ijklam

where  Ciju

0?F
(2 ) oy -
OE;;0Ew /),
O*F O*F
— d Rijok = | 55— th
(3Wai3Wﬁj)o e (‘9Eij3Wak>o e
linear(second-order) elastic constants of phonon field,
phason field and phonon—phason coupling, respec-

Eij EaWam + 2R 51 Bii War W,

|
OF

tively, and Cijrimn = (m> Kaigjye =
1) mn 0

PF R(l) _ PBF
OWaiOWp;0Wok ) o P igklam OE;;0EqOWam /
O3F

(2) .
and Rijakﬁl = (m>o are the nonlinear
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(third-order) elastic constants of phonon field, phason
field, phonon—phonon—phason coupling and phonon—
phason—phason coupling, respectively. Since F' is a
scalar, it can be expressed as the combinations of
polynomials in gradients u and w, which are form-
invariant under all of the point group operations of the
structure considered, i.e. they transform according to
the identity representation of the group (A;). If we
construct all invariants, we can eventually determine
the elastic constant tensors.

As we know, the number of invariants (or inde-
pendent tensor components) is equal to the number
of times that the identity representation (A;) is con-
tained in this tensor representation, e.g.

1 _
el Z z(g), (2)
geFr
where |G| is the order of G, Z is the character of
the tensor representation. Once the characters of
1 2
Cijkimn, Kaigjvi, jo,)clam, and joglkm are calculated

for any g € G, the number of independent compo-

nents of all nonlinear elastic tensors are obtained from

Eq.(2).
Csy symmetry there are 43 independent components

For example, in the case of QCs with the

of the nonlinear elastic tensor (10 components are
for the phonon field, 5 for the phason field, 12 for
the phonon—phonon-phason coupling, and 16 for the
phonon—phason-phason coupling).

Now we determine the form of the third-order
elastic constant tensors. Clearly, the determination
of explicit forms for these independent components
is much more complicated than counting their num-
ber. As an illustration of this procedure, we consider

Kaigjyr of QCs with the Cs, symmetry.

By the definition of K;gj~k, their transformation
property can be deduced directly from {W x W x W}S7
where {}S denotes the completely symmetric part.
From Table 3 it follows that six components of the
phason strain tensor span three irreducible representa-
tions F1 + Es+ E5. The corresponding basis functions

are

(War + Wig, Wip — Wag), (War — Wig, Wiy + Waz), (Whiz, Was). (3)

Bearing in mind that

1) There are five invariants hence, five indepen-
dent components of Kqigjvyi,

2) Ay C E; x Ej if and only if i = j,

3) Kaigjyk is completely symmetric,

one can easily construct the five invariants accord-

ing to
E$ x BY x By, E$ x E$ x Ey, ES x ES x Ey,
Ey x E; x E§, By x Ey x Eb,

(4)

where the representation space of E% is formed by
the basis functions (Wa; — Wia, Wi1 + Wag), and E
formed by (Wi3, Was). For the first formula of Eq.(4)
the direct product of representations E$ x EY de-
composes into three irreducible representations, i.e.
Ay + Ay + Ey. It is obvious to see that the products

{(Wm — Wig)Wis + (W1 + W22)W23}7

[(Wm — Wi2)Wag — (Wi + W22)W13}7

and
[(War + Waz) Wag + (War — Wia)Wos,
(W11 + Waz)Wag — (War — W12)W13],

transform under A;, A; and Ej, respectively. Since
the last formula of Eq.(5) transforms according to the

same representation Ey as (Way + Wig, W11 — Wag),
this produces one invariant as follows:

{(Wu + Wao) Wiz + (Way — W12)W23} (Wa1 + Wia)
+ [(Wn + Wag)Wag — (Way — W12)W13} (W11 — Wag).
(6)

Similarly, the four other cubic invariants can be ob-
tained from the four other formulae of Eq.(4). They
are

(Wi1 + Wa2)? — (Way — W12)2} (W11 — Wag)
+2(W1y + Wa)(Way — Wia)(Way + Wha),

(WE — W)Y (War + Wia) + 2Wi3Was (W11 — Waa),

{(Wu - VV22)2 — (Wa + W12)2} (Wa1 — Wia)
+2(W1y — Wag)(Way + Wia)(Wiy + Waa),

[(Wu — Wag)? — (Way + W12)2} Wis

+2(Wh1 — Wag)(Wa1 + Wig)Was.
(7)
Consequently, the corresponding nonvanishing com-
ponents are
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K13 = K145 = —Kaa3 = Kas6 = — K344 = K3eo,
— K135 = Kogs = K334 = K336 = —Kas5 = — K56,
—K111/3 = —K112 = K122 = K144/3 = —K146 = — K166 = K222/3 = Koaa = Koss = —Kas6/3,
—K114 = —Ki16/3 = — K124 = K126 = K224/3 = Koz = Kuaa4/3 = —Kuaas = Kae6 = Koes/3, (8)
—Kiy15 = K195 = —Ki34 = — K136 = — K225 = Kaogq = Kaze = Kuas = Kus6 = Kieo-
Similarly, we can calculate other third-order elastic constants as follows:
Cra4 = Cas5, C155 = Caga, Cus6 = (C155 — C144)/2,
Cr13 = Ca23, C123, C366 = (C113 — C123)/2,
Cr11 = C22,C112 = Cr22,Cr66 = Ca66 = (C111 — C112)/4, 9)
Ci33 = Ca33, U333, C344 = Csss,
—Ch14 = C124 = —Ci56 = —Ca24 = C256 = Caep,
for phonon field;
—Rigs = Rigy, —R{}) = Riny = (Righ — 3Rigs)/2,
—~Rigy = Ry, Rity = —Rsy) = (3Rig) — Rigy)/2,
Riy = —Riy = Rig) = —Rigy = (Rig) + Rigs)/2,
R{) = Rig) = =Ry = Rig),
~Rilp = Rig) = Ry = Ryg,
Rigy = —Rigs = R = Rigy = (R}, + Rip)/2,

R, = 2R, = R, = 2Rl R = B = R, 1
Ry = —RYy, = RY), = Ry, Rizy = — RSy = Rig),
—R{) = —RY), = RS = RS, = RY, = — Ry,
Ry = R, = Ry, = —Rig = —R{Y) = —R(),
—Rijy = —RG) = RU) = RS, = Rigl) = —Rig),
—R{), = —Ryjy = —Ri5) = R, = RS, = Ry = RS, = —RY), = —R) = Rigy = R, = R,
for phonon—phonon—phason coupling;
R} = RS, = R{G, = RS,
R{3, = R{Y, = RS, = Rigy = R, +2R{Y),,
R = R, R, = RU = — RS, = R
—R§Y) = R$, RS = RE) = RE), = R,
Ry = —RE, = R, = —R),
Ry = R = R{T, = R,
Ry = Ri; = Rigy = Rygh, Rigy = Ry, 1)

Rty = R, = —RG) = RGY, REL = —RG) = RE)
—R{}, = —R{}; = R, = R, = RS, = Ry, = —R), = —RG,
= —R{) = Rith = —Riy) = R$), = Ry = RG,
R{Yy = —RG) = —R{, = —RG), = —R$Y, = RY), = R, = RG) = RGlh = —R, = R, = R,
R{Yy = R, = —R = R\, = RS1, = R, = —R$) = R,
R416 = R424 = R511 - R522 Ré44 = *Rsfs@v
R = R, = R, = —R{), = RY) = —Rig, = —RY, = —RY), = RG) = REL,

for phonon—phason—phason coupling.
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In the same way any physical property tensors
can be constructed for QCs.

4. Conclusion

In contrast to conventional crystals, there are two
types of hydrodynamic variables in the hydrodynam-
ics for QCs: phonon and phason variables. These two
types of hydrodynamic variables have different trans-
formation properties. The phonon variable transforms
under vector representation, whereas the phason vari-
able transforms under another irreducible representa-
tion. This unique feature makes it more difficult to de-
termine the physical property tensors of QCs. In this
paper the group-theoretical method is presented to de-
termine the physical property tensors of QCs. Since
they play an important role in this method, the basis
functions for all noncrystallographic point groups of
QCs are given in the Appendix.

In this paper the third-order elasticity tensors of

QCs with C5, symmetry are calculated with the help
of basis functions. The results show that there are
43 independent components of the third-order elastic
constant where 10 components are for phonon field, 5
for phason field, 12 and 16 for phonon-phonon—phason
coupling and phonon—phason—phason coupling, re-
spectively. Other physical property tensors can be
readily determined for all QCs in a similar manner.
Moreover, since the phason displacement of pen-
tagonal QCs is a tensor of rank 2, it is easy to find out
the constants Cijri, Kaigjs Rijaks Cijkimns Kaigjvk

jol-l)dam, and R(Q-gékm are tensors of ranks 4, 6, 5, 6, 9,

i
7 and 8, respectjively. According to Hermann’s theo-
rem, the macroscopic properties are anisotropic if they
are described by a tensor with rank N > 5 (the or-
der of the symmetry rotation of pentagonal QCs is
5).[18’19] Therefore, the third-order nonlinear phonon
elastic properties and linear elastic properties at high
temperatures due to phonon—phason coupling of pen-
tagonal QCs are expected to be anisotropic. This sit-
uation is the same as that for icosahedral QCs.

Appendix. Tables of the characters and basis functions for noncrys-

tallographic point groups of QCs (Tables 1-28).

Table 1. C5(5) (Note: p = 271/5),

E cs5 cg cg cg

A 1 1 1 1 3, Ray z% +z§,w§

Eq 1 p P> p~2  pt (x1,22), (z123,T23) (Wa1 + Wiz, W11 — Wa2)
1 /f1 p72 02 P (Ray, sz)

Es 1 0? p ! p p2 (I% — 33%, 2x122) (Wa1 — Wig, W11 + Waa) (w1, w2)
1 p? p pt PP (W13, Was)

Table 2. 051(5) (Note: p= e27"i/5).

E cs5 cg cg c‘é I SIO s?o S10 s:fo

Ag 11 1 1 1 1 1 1 1 1 Ry @2 + 23, 22

Eig 1 p p> p2p 1 p  p* p72 p7t (Rey,Rey) (mrm3,m223)  (War + Wiz, Win — Waz)
Lptp™2 p* p 1 p7t p72 p2

Exy 1 p2 p71 p p721 p2 p7t p p2 (22 — 23, 2z102) (Wa1 — Wiz, W11 + Wa2)
Lp™2 p p7t p2 1 p2 p p7t  p? (Wis, Was)

A, 1 1 1 1 1 -1 -1 -1 -1 -1 3

Eiwl p p* p2p7 -1 —p —p* —p72 —p71  (z1,22)
1p1p=2 p2 p -1 —p=l —p=2 _p2 _p

Eo 1 p? p7t p p72-1 —p2 —p71 —p —p72 (w1, w2)
1p2 p pt p21—p2 —p —pt —p?
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Table 3. Csv(5m) (Note: 1/7 = 2cos 72°, —7 = 2 cos 144°).

E 2cs5 20? 50y
A1 1 1 1 1 T3 x% + x%,x%
Ay 11 1 -1 Ry
Ey 2 1/t —1 0 (x1,22),(ReysRey) (x123,2273) (Wa1 + Wia, W11 — Wag)
Ey 2 —1 1)1 (x3 — 33, 2z102) (War — Wia, Wii + Waz), Wiz, Was) (w1, wa)
Table 4. D5(52) (Note: 1/7 = 2cos72°, —7 = 2cos 144°).
E 2c5 2¢ 5d)
A1 1 1 1 2?2 + 22,22
Ay 1 1 1 -1 3, Rey
Ei 2 1/t —1 0 (@1,22),(Rey,Ray) (z123,2223) (Wa1 + Wiz, W11 — Wa2)
Ey 2 —7 1/7 0 (x3 — 33, 2x102) (Wa1 — Wia, Wi1 + Waz), Wiz, Was) (w1, wa)

Table 5. D5q(5m) (Note: 1/7 = 2cos72°, —7 = 2 cos 144°).

E 2c5 20% 5ch 1

25?0 2s10 bog

Aig1 1 1 11 1 1 1 x? + 23, 22

Agg1 1 1 -1 1 1 1 -1 Ry,

Eig21/t—7 0 2 1/t —7 0 (Ray,Ray) (z173,2223) (Wa1 + Wia, W11 — Wag)

Eyg2 —71/7 0 2 —7 1/7 0 (22 — 22, 2z132) (Wa1 — Wiz, Wit + Waz), (Wis, Was)

Ay 11 1 1-1 -1 -1 -1

A1 1 1 -1-1 -1 -1 1 T3

Eiy 21/t —7 0 -2-1/7 7 0 (z1,z2)

Eoy 2 —T1/7 0 -2 7 —1/7 0 (w1, w2)

Table 6. C10(10) (Note: p = e271/5).

E ci0 ¢35 c?o cg c2 cg CIO cé c?o

A1 1 1 1 111 1 1 1 23Ry a? + a2, a2

B1 -1 1 -1 1-11 -1 1 -1

E1 1l —p? p=' —p p72-1 p> —p=' p —p72 (x1,22), (x123,2223)
1—p=2 p —p7t p? -1p72 —p p=' —p? (Ruy, Ray)

Exl p p? p2p 1 p p* p72p!t (23 — 23, 2z132) (Wit + Waz, Wa1 — Wiz)
Lptp2 p2 p lptp2 p2 p

E3l —p p2 —p2p 11 p —p2 p2—p-1 (W13, Wa3) (w1, w2)
1—p7tp™2 —p2 p -1p71—p=2 p2 —p

Es1 p?> pb p p21 p2 pt p p2 (W11 — Waz, Wa1 4+ Wi2)
1p2 p pt p21p2 p pt p?

Table 7. Cs,(10) (Note: p = e271/5).

E c5 cg cg cg 50} S5 sg sg sg

A1 11 11 1 1 1 Ruy z? + a3, 23

Ei1l p p2p2pt 1 p  p* p2 pt (w1,m2) (W21 + Wiz, W11 — Wa2)
Lp7tp™2p2 p 1 pt p72 p2 »p

Eb1 p2pt pp 21 p2 p b p p2 (22 — 23, 2z122) (Wa1 — Wiz, W11 + Wa2) (w1, w2)
1p™2 p p7tp* 1 p72 p pt p?

A711 1 1 1 -1 -1 -1 -1 -1 T3

EY1 p p? p72p7t -1 —p —p? —p72 —p7 (Ray, Ray)  (x123, 2273)
Lp™tp=2 p* p -1 —p7t—p=2 —p2 —p

Eé/ 1 p2pt p p2-1 —p?2 p71 —p —p2 (W13, Wa3)
1p™2 p p7t p?2 -1 —p72 p —p71 —p?




Table 8. Cy0,(10/m) (Note: p = ¢271/5),

E ci0o cs C?o cg c2 cg C;o cy c‘(fo I sg 5;0 sg 5?0 on  S10 S5 5?0 sg
Ag 11 1 1 111 1 1 1 1 1 1 1 11 1 1 1 1 Ry 2 + 22, a2
B,1 -1 1 -1 1-11 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1
Bigl —p> p7" —p p7%-1 p> —p7" p —p721 —p* p7' —p p7% 1 p* —p7' p  —pT? (Ray,Ray) (w173, 3203)
1—p? —p PP 1p? —p pt —p® 1 —p? 7t P 1 p? —p pt =p?
Byl p p®> p2p7t 1 p o2 p2pt 1 p pP p2 pTt 1 p pP pT? pTt (a7 — a3, 2m1m2) (Wit Waz, Wai- Wiz)
Lo b p® p* p 1o p > p° p 1 pt p pP p 1 opt pP PP p
Ezg1 —p p° —=p 2p7t-1 p —p?> p2—p7t1 —p p* —p72 p7t 1 p —p* p7F —p7! (Wis, Was)
1L—p7tp 2 =p* p -1p7t—p72 p> —p 1—pt p2 —p* p 1 pt —p7 P —p
Byl p> p' p p 21 p> p7t p p 21 pP pt p p2 1 pP pt p? (Whi- Waz, War+ Wh2)
1 p7? Pt PP 1 p pTh Pt 1 p2 p ph PP 1 pP o p ph PP
A,1 1 1 1 111 1 1 1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 3
B,1 -1 1 -1 1-11 -1 1 -1 -1 1 -1 1 -1 1 -1 1 -1 1
B, 1 —p® p7' —p p72-1 p* —p7' p —p72-1 p* —p7' p —p72 1 —p® pTh —p pT? (m1,32)
1—p? 7t PP 1p? —p ph —=p® -1 p2 —p pTt —p* 1 —p% p —pTt PP
Eaw 1 p p> p 2 p "1 p p> p2pt -l —p —p* —pP—ptl —p —p* —pF—pt
Lphp2 p> p 1p ' p? p° p 1—pt—p? —p> —p 1—pt—p? —p* —p
Esyw1 —p p> —p2p ' -1 p —p> p2=p7"-1 p —p* p72 —p7t 1 —p p* —p7? pt (wr,w2)
L—p'p2 =p> p -1p ' =p72 p° —p -1 p ' —p% p® —p 1 —pt p? —p* p
Ewl p* p7' p p 21 p° p' p p 21 —p® —p7t p —p -1 —p® —p7t —p —p?
1 p2 p pb p> 1p2 p p' p® 1—p? —p —p7' —p* -1 —p —p —p7t —p?
Table 9. Ciov(10mm) (Note: 1/7 = 2cos72°, —7 = 2 cos 144°).
E  2ci 2c5 23 2¢2 2 B0y Bog
A1 1 1 1 1 1 1 1 x3 a? + 22, 22
Ao 1 1 1 1 1 1 -1 -1 Rzg
By 1 -1 1 -1 1 -1 1 -1
B2 1 -1 1 -1 1 -1 -1 1
Eq 2 T 1/7 —-1/7 -7 -2 0 0 (z1,22), (Rey, Ray) (123, T223)
E> 2 1/ -7 -7 1/ 2 0 0 (x% — :c%,2x1:c2) (W11 + Wao, Wa — Wha)
FE3 2 -1/7 —T T 1/7 -2 0 0 (W13, Wa3) (w1, w2)
E4 2 —T 1/7 1/7 —T 2 0 0 (W11 — Waa, Way + Wi2)

6 'ON

*+* Jo s1osue) Arredoad [eorsAyd 10j poyjlewn [ed131091)-dnoir)

T.0T



Table 10. D10(1022) (Note

1 1/7 =2cosT2°, —7 = 2 cos 144°).

E 2c10 2cs 20?0 202 c2 5¢h 5c

A1 1 1 1 1 1 1 1 x? 4 z3, 03

Ag 1 1 1 1 1 1 -1 -1 3, Ry

B 1 -1 1 -1 1 -1 1 -1

Ba 1 -1 1 -1 1 -1 -1 1

Eq 2 T 1/r  -1/7 -T2 0 0 (z1,22), (Rey, Ray) (z123, 2223)

Es 2 1/7 -7 -7 1/ 2 0 0 (22 — 22,2z122) (W11 + Wag, Way — Wi2)

Es3 2 —-1/7 —T T 1/7 -2 0 0 (W13, Wa3) (w1, w2)

Ey 2 -7 1/7 1/7 -T2 0 0 (W11 — Wag, Way + Wi2)

Table 11. Dy, (10/mmm) (Note: 1/7 = 2cos 72°, —7 = 2 cos 144°).
E  2ci9 2cs 2c‘;’0 2c§ c2 5c’2 5c'2’ I 252 25?0 2s5 2s10 Onp Doy, bHog

Ag 11 1 1 11 1 1 1 1 1 1 1 1 1 1 3 + 23, 23
Azg 1 1 1 1 1 1 -1 -1 1 1 1 1 1 1 -1 -1 Rqg
Big 1 -1 1 -1 1 -1 1 -1 01 -1 1 -1 1 -1 1 -1
By 1 -1 1 -1 1 -1 -1 1 1 -1 1 -1 1 -1 -1 1
Eiy 2 T 1/r =1/ —7 -2 0 0 2 T 1/r -1/ -7 -2 0 0 (RII,R:Q) (z123, T2T3)
Ex 2 1/ -7 -7 1/ 2 0 0 2 1/ -7 —7 1/ 2 0 0 (#F — 23, 2z122) (Wi1 + Waz, Wa1 — Wiz)
Eszg 2 —1/7 —7 T 1/7 -2 0 0o 2 -1/ -7 T 1/ -2 0 0 (Whs, Wag)
Ey 2 -7 17 1/ -7 2 0 0 2 —7 1/ 1/t —1 2 0 0 (W11 — Waz, War 4+ Wi2)
Ay 1 1 1 1 1 1 1 -1 -1 -1 -1 -1 -1 -1 -1 T3
Agy 1 1 1 1 1 1 -1 -1 -1 -1 -1 -1 -1 -1 1 1
By, 1 -1 1 -1 1 -1 1 -1 -1 1 -1 1 -1 1 -1 1
Ba, 1 -1 1 -1 1 -1 -1 1 -1 1 -1 1 -1 1 1 -1
Ei, 2 T 1/r =1/t —7 -2 0 0o -2 -7 =1/ 1/t T 2 0 0 (1, z2)
Ey 2 1/7 -7 —7 1/7 2 O 0o -2 —-1/7 T T -1/ -2 0 0
Es, 2 -1/ —7 T 1/ -2 0 0o -2 1/r T - =1/ 2 0 0 (w1, w2)
E4yf 2 -7 1/7 1/ —7 2 0 0o -2 7 -1/ =1/t T -2 0 0
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Table 12. D5, (10m2) (Note: 1/7 = 2cos 72°, —T = 2 cos 144°).

E 2c5 22 5c, on  2s3 252 5oy
A1 1 1 1 11 1 1 22 + 23, 22
A/2 1 1 1 -1 1 1 1 -1 Ry,
El 2 U/t -7 0 2 /7 -7 0 (z1,22) (Wa1 + Wia, W11 — Wag)
EY 2 -7 Ut - T (22 — 23, 2z122) (War — Wiz, Wi + Waa) (w1, wz)
A/l/ 1 1 1 1 -1 -1 -1 -1
A/2/ 1 1 1 -1 -1 -1 -1 1 T3
EY 2 Ut -7 0 -2 =/t T 0 (Rey,Ray) (z123, T273)
EY 2 —7 U/t 0 -2 T =1/t 0 (W13, Wa3)
Table 13. Cs(8) (Note: p = ¢271/8),
E cg cq cg c2 cg ci cg
A1 1 1 111 1 1 3, Ray 22 + 22,22
B 1 -1 1 101 -1 1 -1 W11 — Wag, Wa1 + Wha
Er 1 p  p* —p7t -l —p p72 p7t (z1,m2),  (z123,7223)
L p7t p2 —p 1 —p7' p*  p (Ruy,Ray)
Ey 1 P> -1 p2 1 P> -1 p2 (m% — x%, 2z122) (Wit + Wag, War — Wi2)
1 p2 -1 p2 1 p2 1 p2
Es 1 —p7t p™2 p -1 p7t p*  —p (W13, Was) (w1, wa2)
1 —p p2 p' 1 p p? !
Table 14. Sg(8) (Note: p = €271/8),
E  sg cq sg () sg ci sg
A1 1 1 11 1 1 1 Ry 22 + 23, 22
B 1 -1 1 -1 1 -1 1 -1 x3 W11 — Wag, Wa1 + Wha
Ex 1 p  p2 —p7t 1 —p p72 pTt (21,m2)
L pt p™2 —p -1 —p7t P2 p
Ex 1 p2 -1 p2 1 p2 -1 p2 (@2 — 22,2z132) (W11 + Waz, Wa1 — Wia)
1 p2 -1 2 1 p 2 -1 2
Es 1 —p7t p72 p -1 p7t p*  —p (Ruy,Rey) (w13, T2w3) (Wis, Was) (w1, w2)
1 —p p2 p' -1 p p? —pt

Table 15. Cg, (8mm).

2cg  2c¢q 20% co 4oy 4oy

E
Ar 1 1 1 1 1 1 1 x3 x? + 23, 22
A 1 1 1 1 1 -1 -1 Ry
By 1 -1 1 .11 1 -1 Wi1 — Waa
By 1 -1 1 -1 1 -1 1 Wa1 + Wi2
Ei 2 V2 0 —v2 -2 0 (z1,22),(Rz,,Rzy) (z123,2223)
Ey 2 0 -2 0 2 0 0 (22 — 22,2z132) (W11 + Waz, Wa1 — Wh2)
Ezs 2 —V/2 0 V2 -2 0 (Whz, Was) (w1, w2)
Table 16. Ds(822).
E 2cg 2cq4 20% c2 4ch 4cl
A1 1 1 1 1 1 1 22 + 23, 22
As 1 1 1 1 1 -1 -1 3, Rz
B 1 -1 1 10101 -1 Wi1 — Waz
By 1 -1 1 -1 -1 1 Wa1 + Wiz
Ei 2 V2 0 =2 -2 0 (z1,22)(Re;,Ray)  (z123,7223)
Ex» 2 0 -2 0 2 0 0 (22 — 23, 2z122) (W11 + Waa, Wa1 — Wh2)
Es 2 —V2 V2 -2 0 (W13, Wa3) (w1, ws)




Table 17. Cgp,(8/m) (Note: p = e27i/8),

E cs cq cg c2 cg CZ cg I sg SZ sg op S8 S4 sg
Ay 11 1 11 1 11 1 11 1 1 1 Ra, @2 + 22, 22
By 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 Wii- Waz, Wi+ Wiz
Eig 1 p p* —pt -1 —p p72 p7t 1 p —p72 —p7t -1 —p —p2 p7' (Ryy,Ruy) (z173,7223)
1 p7t p2 —p -1 —p7t p2 p 1 pt = —p -1 —p7t —p7
Eayy 1 p? 1 op 21 p? -1op2 1 p? -1 p~2 1 02 -1 p2 (22 — 22,2z122) (Wirt Waz, Wai- Wh2)
1 p2 -1 p2 1 p2 -1 p2 1 p2 -1 p? 1 -2 -1 p>
By 1 —p7t p™2 p -1 p7' p* —p 1 —p7t —p2  p -1 p7t —p72 —p (Wis, Was)
I —p p* pt -1 p p2 —p 1 —p p pt -1 p p2 —p
A, 11 1 11 1 1 1 -1 -1 -1 1 -1 -1 -1 -1 z3
B, 1 -1 1 -1 1 -1 1 -1 -1 1 -1 1 -1 1 -1 1
Ew 1 p p* —pt -1 —p p2 p7t -1 —p p2 pt 1 p pP —pt (21,22)
1 p7t p2 —p -1 —p7t p2  p -1 —p7t p? p 1 pt p2 —p
Eoy 1 p? -1 p2 1 p? 1 p2 a1 —p? 1 —p72 1 —p? 1 —p—2
1 p72 - P> 1 p2 -1 P2 -1 —p2 1 —p%2 -1 —p2 1 —p?
Eyy 1 —p=t p™2 p -1 p7' p*  —p -1 p7t p2 —p 1 —p7t p72 (w1, w2)
1 —p p2 pt -1 p p2—pt 1l p  p2 —p7t 1 —p  p? pt
Table 18. Dyq(8m2).
E 258 254 233 co 4c, 404
Ay 1 1 1 1 1 1 1 @2 + a2, 22
Ao 1 1 1 1 1 -1 -1 Res
By 1 -1 1 -1 1 1 1 Wi1 — Waa
B 1 -1 1 -1 1 -1 1 T3 Wa1 + Wiz
Ey 2 V2 0 -2 -2 0 (w1, x2)
FE> 2 0 -2 0 2 0 (22 — 23, 2z132) (W11 + Waa, Wa1 — Wia)
E3 2 -2 0 V2 -2 0 (Ray, Ray) (z123, 23) (W13, Waz) (w1, w2)
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Table 21. Cjo,(12/m) (Note: p = 27i/12),

E cq c3 0?2 co 012 cg ci cg c}é I 512 sg si sg si% On  S12 S6 S4 S3 5?2
1 1 1 11 1 1 11 1 1 1 1 11 1 1 1 1 1 Ry x? + 2k 2
1 -1 1 11 -1 1 -1 1 11 -1 1 -1 1 11 -1 1 -1 1 -1 Wi1- Waz, Wai4 Wh2
1 PP —p P —pT 1 —p —p —p® p72 pTh 1 p pP PP —pTP—p -l —p —p® —p® p7? p7! (Ruy,Ray) (w173, w213)
1 p® —=p® —p L—pt—pP—p® p*  p 1 p' p? p® —p® —p L—p ' —pP—p? P p
1 1 =p* pP 1l pP —p? 1 —=p® pP 1 PP —p? il —p® pP 1 pP —pT? 1 —p® p? (aF — 23, 2z122)
1 A —p72 1 p72 —p? a1 —p72 P2 1 p72 —p? 1 —p72 2 1 p2 1 —p2 p?
1 7p3 1 p3 -1 7p3 1 p3 -1 7p3 1 p3 -1 7p3 1 p3 -1 7p3 1 p3 -1 7p3
1 —p73 1 p73 -1 —p73 1 p73 -1 —p73 1 pftg -1 —p73 1 pftg -1 —pfg 1 pftg -1 —pfg
1 1 —p? —p721 —p? —p72 1 —p? —p721 —p? —p72% 1 —p? —p72 1 —p? —p7?% 1 —p? —p~2 (Wit Waz, Wai- Wiz)
1 1 —p=2 —p2 1 —p=2 —p? 1 —p=2 —p2 1 —p~2 _p? 1 —p=2 —p2 1 —p=2 —p? 1 —p=2 —p2
1 =0 =p2 p7h 1 p =p® PP pTP —pTh1 —p pP —p® —pT pTh 1 p —p P pTE 7! (Wis, Was)
1 —p% —p? 1 pTh =p2 p PP —p 1 —pTt pT? —pTP —p® p 1 pTh —pT? pP PP —p
1 1 1 101 1 1 1 1 1 11 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 z3
1 41 1 -1 1 -1 1 -1 1 -1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1
1 PP —p P =pTt1 —p —p* —p® p72 pTh -l —p —p® —p® pTP pTh 1 p PP P —pTP—pTh (w1,m2)
1 p® =p® —p L—pt=pP—p® p*  p 1—pl—pP—p® p* p 1 p7t p7* p7 —p* —p
1 A —p2 p2 1 P —pm2 1 —p? ptE o1 —p? 2 1 P2 —p 21 —p? p2 1 02 —p2
1 A —p72 g1 pm2 —p? 1 —p72 P2 l—p72 g2 1 p72 —p? 1 —p=2 p? 1 p2 02
1 7p3 1 p3 -1 7p3 1 p3 -1 7p3 -1 7p3 1 p3 -1 7p3 1 p3 -1 7p3 1 p3
1 —pfg 1 pftg -1 —pfg 1 pfg -1 —pftg -1 —p73 1 pfg -1 —p73 1 pfg -1 —pftg 1 pfg
1 1 P2 —p 21 —p? —p 2 1 —p? —p72l1 2 % 2 o2 a1 2 p % a1 02 p2
1 1 —p=2 —p2 1 —p=2 —p? 1 —p=2 —p 1 p72 2 A 72 a1 p2 o p? A 2 2
1 —p> =p 2 pt -1 p —p® PP p2 —p'l p —p® PP pP —pTh 1 —p pP —p® —p7? p! (w1, w2)
1 2 =p° p 1 pt —p?p® pP —p 1 pt —pp® pP —p 1 —pt p2 —p% pP
Table 22. S12(12) (Note: p = e271/12),
E c6 S4 c3 5?2 c2 512 c§ 52 cg si%
1 1 1 1 1 1 1 1 1 1 1 Reg x? + x3, 22
1 1 -1 1 -1 1 -1 1 -1 1 -1 T3 W11 — Wag, Way + Wi
1 p? p? - —p7t -1 —p —p? —p? p~? p~! (z1,22)
1 p~2 p~3 —-p? - -1 —pt —p72 —p73 p? P
1 —p~2 -1 —p? | P —p~? -1 —p? p? (23 — 3, 2z122)
1 _p2 -1 _p72 2 1 p72 _p2 -1 _p72 p2
1 -1 —p3 1 3 -1 —p3 1 p3 -1 —p3
1 -1 —p3 1 p—3 -1 —p3 1 p—3 -1 —p3
1 —p2 1 -2 —p? 1 -2 —p2 1 -p*  —p2 (W1 + Wag, War — Wi2)
1 -2 _p2 1 _p72 _P2 1 _p72 _p2 1 _p72 _p2
1 p* -p*  —p2  pt A P —p? p3 p=*  —p'  (Ray,Ray) (z123, T223) (W3, Was) (w1, w2)
1 Y e S p -1 pt 2 pB p? —p
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Table 25. D12(1222).

E 2ci2 2cg 2c4 2c3 23, c2 6c 6c
A1 1 1 1 1 1 1 1 1 z? + 22, x2
A1 1 1 1 1 1 1 -1 -1 3, Rag
B 1 -1 1 -1 1 -1 1 1 -1 W11 — Waz
B,1 -1 1 -1 1 -1 1 -1 1 Wa1 + Wia
Ei1 2 V3 1 0 -1 —v/3-2 0 0 (z1,22), (Rzy, Rey) (x123,T223)
E;2 1 -1 -2 -1 1 2 0 0 (x? — a2, 2z122)
E32 0 -2 0 2 0 -2 0 0
Es 2 -1 -1 -1 -1 2 0 0 (W11 + Waa, Wa1 — Wi2)
Es 2 —V/3 1 -1 V3 -2 0 0 (W13, Wa3) (w1, w2)
Table 26. Ciav(12mm).
FE 2c12 2cg 2¢4 2c3 20‘?2 ca 60y 60y
A1 1 1 1 1 1 1 1 1 z3 22 + 22, 22
A, 1 1 1 1 1 1 1 -1 -1 R,
Bi1 -1 1 -1 1 -1 1 1 -1 W11 — Waz
Byl -1 1 -1 1 -1 1 -1 1 Wa1 + Wiz
E1 2 V3 1 0 -1 —v/3-2 0 0 (21,22),(Rey,Ray) (z123,2223)
Er;2 1 -1 -2 -1 1 2 0 0 (22 — 22, 2z122)
Ez3 2 0 -2 2 0 -2 0 0
E42 -1 -1 2 -1 -1 2 0 0 (W11 + Waa, Wa1 — Wi2)
Fs 2 -v3 1 0 -1 /3 -2 0 0 (W13, Wa3) (w1, w2)

Table 27. 1(235) (Note: 1/7 = 2cos 72°, —7 = 2cos144°, *x%er%Jra:g, **(x1,x2,23), ***(Rzy , Ry, Ray), ¥ (w1, w2, w3),

*****(ﬁ(wll — Ws1 — Wiz), %(ng + Wa2 + Was), %(Wm + Waz — Was), %(Wm + Wa2 — Was)), ******(%(Z% +

z3 —222), %(m% —22),V2z172, V21123, V2T223), ¥FIEIEE (W, ﬁ(Wll + Waz + W33), ﬁ(Wm — Wiz —Wa3), ﬁ(Wll +

W31 — Wa2), %(Ww — Wa1 — Wi2)).
E 12¢5 12¢2 20c3 15¢o
A 1 1 1 1 1 *
T 3 r —1/r 0 1 Hok | kk
T 3 —-1/7 T 0 -1 HoHAK
G 4 -1 -1 1 0 A,
H 5 0 0 1 1 HAokRk
Table 28. I;,(m35) (Note: 1/7 = 2cos72°,—7 = 2co0s144°, *z? + 22 + 22, **(z1,22,23), ***(Ra,,Res, Ray),
R (w1, w2, ws), *****(%(Wll — W31 — Wis), %(W21 + W3z + Wa3), %(Wsl + Waz — Wis), %(Wu + W32 — Was)),
******(%(I% +23 —222), %(I% —3),V2z122, V22123, V2T2m3), FFFIIH (W3, %(Wu +Wag +Wss), %(WM —Wiz—
Was), ﬁ(Wll + W31 — Wag), ﬁ(Wsz — Wa1 — Wh2)).
E  12c¢5 12c§ 20c3 1bce I 12s1p 123?0 20s¢ 150 1/T = 2cos72°, —7 = 2cos144°
Ag 1 1 1 1 1 1 1 1 1 1 *
Tig 3 T =1/t 0 -1 3 —-1/7 T 0 -1 ok
Tog 3 —1/7 T 0 -1 3 T —-1/7 0 -1
Gy 4 -1 -1 1 0 4 41 1 1 0 e
Ay 1 1 1 1 1 -1 -1 -1 -1 -1
Tiw 3 T -1/ 0 -1 -3 17 —T 0 1 ok
Ty, 3 —=1/7 7 0 -1 -3 -7 1/7 0 1 Ak
G, 4 -1 -1 0 -4 1 1 -1 0
H, 5 0 0 -1 1 -5 0 0 1 -1
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