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This paper shows that the standing, backward- and forward-accelerated large amplitude relativistic electromagnetic

solitons induced by intense laser pulse in long underdense collisionless homogeneous plasmas can be observed by particle

simulations. In addition to the inhomogeneity of the plasma density, the acceleration of the solitons also depends upon

not only the laser amplitude but also the plasma length. The electromagnetic frequency of the solitons is between about

half and one of the unperturbed electron plasma frequency. The electrostatic field inside the soliton has a one-cycle

structure in space, while the transverse electric and magnetic fields have half-cycle and one-cycle structure respectively.

Analytical estimates for the existence of the solitons and their electromagnetic frequencies qualitatively coincide with

our simulation results.
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1. Introduction

The theoretical and experimental study of nonlin-
ear interaction of intense laser pulses in plasma is an
important topic in current researches, because of its
potential applications, such as, particle acceleration, ]
photon acceleration,?! and fast ignition in inertial con-
finement fusion.[®! Relativistic solitons are electromag-
netic (EM) structures self-trapped by locally modified
plasma refractive index through the relativistic elec-
tron mass increase and the electron density redistri-
bution by the ponderomotive force of an intense laser
pulse. These solitons are generated behind the front
of the laser pulse and are made of nonlinear, spatially
localized low-frequency EM fields with a close to zero
group velocity. A fairly large part of the laser pulse
energy can be transformed into solitons. Recently, the
research on solitons has received much attention be-
cause they are of fundamental importance in nonlinear

(4]

science!™ and are considered to be essential compo-

nents of turbulence in plasma. [

The mechanism of the EM soliton formation and
its structure were analytically investigated and ob-
served by particle simulation in the interaction of in-
tense laser radiation with underdense and overdense
plasmas.[%7] The theory of solitons has been devel-

oped mainly within the framework of the approxima-

tion of immovable ions. An exact analytical solution
of the electron Fluid—-Maxwell equations representing
one-dimensional (1D) circularly polarized relativistic
EM subcycle soliton was obtained in perfect agree-
ment with one-dimensional particle-in-cell (1D-PIC)
simulations.[®) The soliton found in particle simula-
tions consists of slowly or non-propagating electron
density cavity inside which an EM field is trapped and
oscillates coherently with a frequency below the un-
perturbed plasma frequency and with its spatial struc-
ture corresponding to half a cycle (subcycle Soliton).[9]
In homogeneous plasma, solitons have been found to
exist for a long time, close to the regions where they
were generated, and eventually decay due to their in-
teraction with fast electrons, as a result, the soliton
energy is transformed into the fast particle energy. In
inhomogeneous plasmas, solitons are accelerated with
the acceleration proportional to the gradient of the
plasma density towards the low density side. When
the soliton reaches some critical plasma region, for ex-
ample, the plasma vacuum interface, it radiates away
its energy in the form of a short burst of low-frequency
EM radiation.!'!

In this paper, we present 1D simulation results
on large amplitude relativistic EM solitons induced
by intense laser pulse propagating in long underdense
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collisionless homogeneous plasma. We found that, in
addition to the inhomogeneity of the plasma density,
the acceleration of the solitons depends upon not only
the laser amplitude but also the plasma length. The
EM frequency of the solitons is between about half
and one of the unperturbed electron plasma frequency.
The electrostatic field inside the soliton has one-cycle
structure in space, while the transverse electric and
magnetic fields have half-cycle and one-cycle struc-
ture respectively. Finally, analytical estimates for the
existence of the EM soliton and their EM frequencies
qualitatively coincide with our simulation results.

2. Simulation model

Fully relativistic EM 1D3V-PIC simulation code
is used in our simulations. The plasma layer which
with length L = 900c¢/wy, density n = 0.032n., and
electron temperature T, = 350eV begins at z = 0c/wy
and ends at x = 900c/wp. In the front side and
rear side of the plasma layer, long enough vacuum
regions are used, where ¢, wy and n. are the vac-
uum speed of light, the carrier frequency of laser pulse,
and laser critical density respectively. Ions are typi-
cally kept immobile as a neutralizing background. The
cell number is 10 per le/wy and 80 particles are put
in each cell. The linearly polarized laser, with elec-
tric field Ey along the y-direction and normalized am-
plitude a = eEy/mewoc, is launched at the distance
of 200c¢/wp from the plasma front interface, where
me and e are electron mass and charge respectively.
The electrons which enter the vacuum build a poten-
tial barrier which prevents more electrons leaving the
plasma layer. For these electrons as well as for out-
going EM waves, two additional numerical damping
regions are used. The time, electric field and mag-
netic field are normalized to the laser period 2 /wy,
mewpc/e and mewq/e respectively, the time is taken
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zero, wot = 0, when the laser pulse arrives at the
vacuum-—plasma boundary.

3. Large amplitude relativistic

EM soliton due to strong pho-

ton condensation

When intense laser EM wave enters the low den-
sity plasma layer, the first stage is dominated by stim-
ulated Raman scattering (SRS) which evolves into a
complex nonlinear dynamical phenomenon. Paramet-
ric Raman cascade of the laser pulse into the higher-
order SRS harmonics (backward and forward) satu-
rates into the strong photon-condensation at the bot-
tom of the light spectrum.»'?) The continuing insta-
bility growth and laser energy transfer through stim-
ulated Raman cascade downshifts EM energy from
the fundamental to the bottom of the EM frequency
spectrum, i.e. the low frequency trapped EM mode.
It reveals a tendency of a transition from the Ra-
man cascade regime to EM energy accumulation,
i.e. the so-called photon condensation. The cascade-
to-condensation transition becomes more pronounced
with increasing laser amplitude and increasing plasma

density.[*1:12]

3.1. Standing EM soliton

In the regions of strong photon-condensation,
first, a large part of the electrons are pushed away
due to the large ponderomotive force of EM field, and
the resulted electron density redistribution results in
nonlinearity; second, dispersion effect comes into play-
ing an important role due to the relativistic electron
mass increase by responding to the intense laser EM
field.

As time goes on, as shown in Fig.1 the snapshots
for the electron plasma density n./n and the EM

t = 2558.57

z/(c/wo)

Fig.1. The snapshots for plasma density ne/n and EM energy density E'g + B2 in the case of laser amplitude a = 0.3.
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energy density E; + B2 (averaged over one laser wave-
length) in the case of laser amplitude a = 0.3 are
spatially localized, a non-propagating electron density
cavity is created inside, and an EM field is trapped and
oscillates coherently; that is, a large amplitude local-
ized standing relativistic EM soliton comes into form.
In Fig.2 (above), the frequency spectra of EM and
electrostatic (ES) fields inside the EM soliton region

are plotted. In addition to the dominant laser EM

5 t = 1138.09 to 2047.69

1.2

component and the perturbed electron plasma wave
component, the EM component with frequency w:g]“ ~

0.13wy = 0.72wp. and the corresponding ES compo-

nent with frequency wbb:ﬁ =~ 0.87wyp are also observed.
If only from the point of view of the frequency, it seems
that this phenomenon can be roughly explained as
a three-wave resonant coupling process. The size of
the EM soliton is about Aze =~ Ape &= 5.6Ag, where

Ape = ¢/wpe and A\g = ¢/wy are the wavelength of the

t = 1138.09 to 2047.69
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Fig.2. The plots for the frequency spectra of EM and ES waves trapped inside a soliton, the ES field E,, the transverse
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electric field Ey, and the magnetic field B for the laser amplitude a = 0.3 case.

electron plasma wave and the laser EM wave in vac-
uum respectively. Figure 2 (below) shows the struc-
ture of the soliton, the ES field E, (averaged over one
Ape) has the one-cycle structure, while the correspond-
ing EM structure for electric field E, (averaged over
one \g) has half-cycle structure and for magnetic field
B, (averaged over one Ag) has one-cycle structure re-
spectively. The spatial EM structure is oscillatory in

time, but the ES structure is not.[12

3.2. Backward-accelerated EM soliton

However, by increasing laser amplitude to a = 0.4
and a = 0.5, the soliton dynamics appears different
from that of the standing soliton in the case of laser
amplitude a = 0.3. Figure 3 (above) shows the EM
energy density snapshots for laser amplitude a = 0.5
case, the observed solitons are accelerated backward

towards the plasma—vacuum interface. As the soliton
approaches the plasma—vacuum interface, it starts to
radiate its energy away in the form of a short burst of
low-frequency EM wave due to a non-adiabatic inter-
action with the plasma boundary. As a result, during
the soliton radiation, one observes a very high tran-
sient reflectivity much larger than that of the SRS
backscattering process as shown in Fig.4. In order to
show the process of the soliton acceleration, in Fig.4
the soliton trajectory for laser amplitude a = 0.5 is
also given.

In case of the higher laser amplitude a 0.5,

due to the larger acceleration, the ‘lifetime’ of a soli-

ton inside plasma is shorter than that in the a = 0.4
case. By analysing the frequency spectra in vacuum
after soliton radiation, we obtained that the soliton
Sim ~ 0.67wpe for a = 0.4 and

EM frequencies are will' ~
0.61wpe, for a = 0.5 respectively.

sim ~
Wsol ~



No.9

Large amplitude electromagnetic solitons in ...

2049

t = 679.85

ol L 1y
0 450 900

t = 989.64

t = 909.70

0 PETETS EPETEETE EPECEE A AR
0 450 900

x/(c/wo)
t = 1189.50

0.4

0.2

t = 959.66

0 450 900

t = 1339.40

0.8

L

0.4
S P T TP | I TS P | I T TP
0 450 900 0 450 900 0 450 900
z/(c/wo)
Fig.3. The EM energy density snapshots for laser amplitude a = 0.5 (upper plots) and a = 0.7 (lower plots)
respectively.
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Fig.4. The temporal reflectivity for laser amplitude a = 0.5,

orbits for a = 0.5 and for a = 0.7 respectively.

3.3. Forward-accelerated EM soliton

If we continue to increase the laser amplitude to

a = 0.6 and a 0.7, the interesting phenomenon
is that, in the two cases, the observed EM soli-
tons are neither the standing ones nor the backward-
accelerated ones; as shown in the Fig.3 (below) and
in the Fig.4 for the laser amplitude a = 0.7 case, the
observed large amplitude relativistic EM solitons are
now accelerated forward. When the solitons arrive at

the plasma—vacuum interface where they radiate their

the temporal transmissivity for a = 0.7, and the EM soliton

energy away in the form of a short burst of low fre-
quency EM waves. As expected, very high transient
transmittivity during the soliton radiation can be de-
tected. To show the process of soliton acceleration,
in Fig.4 the EM soliton trajectory for the laser ampli-
tude a = 0.7 case is also given. Similarly, in the higher
laser amplitude a = 0.7 case, the ‘lifetime’ of soliton
inside plasma is shorter than that in the a = 0.6 case.
Again, by analysing the frequency spectra in vacuum,
we obtained that the EM frequencies of the soliton

sim ~_ _ sim ~
are win® ~ 0.56wp for a = 0.6 and W} ~ 0.50wp, for
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a = 0.7 respectively.

Actually, in the appropriate unitary normal-
ization with the low-frequency of the soliton, the
soliton dimensionless amplitude greatly exceeds the
laser pump more than wg/wpe times, the EM soli-
ton corresponds to a type of ultra-relativistic EM

soliton.[5-11,12]

4. Analytical estimates for EM

soliton

To explain the existence of the standing and mov-
ing soliton solutions, we consider an intense laser pulse
propagating through a cold collisionless plasma with
fixed ions and start with the fully nonlinear relativistic
1D model. In Coulomb gauge, the EM wave equation,
the continuity equation and the electron momentum
equation are as follows:

2,07 wien
<w—c W)a——no/y a, (1)
on 0 ([ np
E—i_%(mc”y) =0, (2)
dp 100
a:—eE‘//—TrLeCQ%, (3)

where v = /1 + a2 + (p/mec)? is relativistic factor
and a = eA/mec? is the normalized vector potential;
n, ng, and dn = (n—ng)/ng are the perturbed, unper-
turbed and normalized perturbed electron densities; p
and E,, are the electron momentum in z direction
and the longitudinal electric field respectively. From
now on, the dimensionless variables © — (cw,/)z,
t— w;clt and w — w;clw will be used.

Linearly polarized EM waves possess odd harmon-
ics for the vector potential and even harmonics for the
electron density!'3 respectively; therefore, a station-

ary spatially localized soliton solution can be sought

aslt4l
a(x,t) = A(x) cos(wt), (4)
p(z,t) = P(x)sin(2wt), (5)
on(z,t) = No(x) + Na(z) cos(2wt). (6)

Assuming a > p and after Legendre’s polynomial
expansion we have v =~ (y9+1)/2+ (70—1) cos(2wt) /2,

where 7o = V1 + AZ2.
|

1 V1=Xp2+./1-p?/3

U = In _
2272 — v? ‘\/1 “XpP /1 p2/3‘ 3X

Substituting Eqgs.(4)—(6) into Egs.(1)—(3) and se-
lecting appropriate harmonics, we can readily obtain

(7)

For the EM soliton profile, A(z) is maximum at the
centre z = 0, by means of simple algebra Eq.(7) can
be written as

Yo + 3 9 Yo + 3 9
Aoz [ 1 — A ) = — Ap.
0 ( 878 0> ( by o (8)

The condition that at the maximum Ag.. < 0 re-

quires:
3 3
—Wf ~w?<0 and 1—72;; A2>0.  (9)
Yo o

This estimates the maximum soliton amplitude and
minimum eigen-frequency allowed by the nonlinear
dispersion w(A) curve to be ultra-relativistic, Ag < 5.2
and wsol > 0.63wpe. The obtained EM frequency of
the soliton coincides qualitatively with our standing
soliton w:(‘)‘ln ~ 0.72wp, case.

Apart from the existence of the standing EM soli-
ton solution, the moving soliton solution can be found
in homogeneous plasma. In a weakly relativistic limit
for Ja] < 1 and |én| < 1, the wave equation for the

vector potential envelope A is obtained3!:

. 3 1 1 .
i—4+-Ap+ 6 |AI2— 3 (|A*) A+ 21 (A?), A* = 0.
(10)
Equation (10) has the form of a generalized nonlinear
Schrodinger equation with two extra nonlocal (deriva-
tive) nonlinear terms, and Eq.(10) has a localized mov-

ing soliton solution!4:

A= p(u)eie(“)+i>‘2t, (11)

where u = x — vt and v is the soliton velocity. Under
the boundary conditions p, pu, puy — 0 when u — 0,
the first integration of Eq.(10) gives

(222 — v? — (3/16 — v?/6)p?) pz'

9u =v,
(w) =v s

(Pu)Q =

(12)
Additional integration of Eq.(12) yields a moving soli-

ton solution in an implicit form:

\/Iln V1= 23+ VI/BX) - 023 (13)

[1-1/3X)]
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where X (\,v) = (3/16 — v2/6)/(2)\2? — v?).

This is a moving soliton with a vector poten-
tial ¢ and eigenfrequency A = A2 — v?; its ampli-
tude i pmax = /(222 —v2)/(3/16 —v2/6). When
the soliton velocity v = 0, this solution coincides with
If we take
A2 = wy, as the EM frequency of standing soliton,

the standing soliton solution of Eq.(9).

then, in the case of moving soliton, its EM frequency
A will decrease with the increase of the soliton velocity
v.

In our simulation results, the EM frequency for
the accelerated solitons is smaller than that of the

sim

standing case wi

~ 0.72wpe, and with the increase
of the laser amplitude, the moving velocity of soliton
becomes larger and larger, and the corresponding EM
frequency becomes smaller and smaller. Our simula-
tion results qualitatively coincide with above analyt-
ical solution. However, the above analytical solution
cannot explain why the EM solitons can be accelerated
backward or forward under the different laser ampli-
tude condition.

For both standing and accelerated solitons, the
EM energy density profile shows a difference between
the front and rear side of the soliton, the front value
is always large; with the increase of the laser ampli-
tude, the difference becomes larger and larger. This
is because in the large laser amplitude case, the am-
plitude of the observed EM soliton is larger than that
in the lower laser amplitude case. The difference of
EM energy density is mainly converted into the EM
soliton. The steep EM energy density gradient in the
short transition layer of the soliton length (¢/wpe ~
classical skin depth) corresponds to the ponderomo-
tive force which acts on plasma electrons and there-
fore pushes the electron cavity with the soliton in the
forward direction.

Basically, the longitudinal electron motion is de-
termined by the balance of the ES field and the pon-
deromotive force terms. The large flow of relativistic
electrons generated in forward direction (due to SRS,
etc.) which drives ES fields, is compensated by a cold
(bulk) return current which moves plasma electrons
backwards. Possibly, this is why moderately large
solitons are found to move backwards. However, at
very large amplitudes, the ponderomotive term pre-
vails, the acceleration is reversed and the EM solitons
is pushed forwards.

Apart from the standing soliton case, our simu-
lation results do not comply with the earlier author’s
explanations:'% i.e., due to the inhomogeneity of the

plasma density, the EM solitons accelerate with an
acceleration proportional to the density gradient to-
wards the low density side. From our simulation re-
sults, we found a new phenomenon that the acceler-
ation of the EM soliton in homogeneous plasma de-
pends upon the laser amplitude. In fact, by some
other simulations, we found that the acceleration of
the EM soliton also depends upon the plasma length.
That is, in homogeneous plasma, by varying the laser
amplitude or the plasma length, in addition to the
standing EM soliton, one could detect not only the
backward- but also the forward-accelerated EM soli-
tons.

However, to data, the theoretical analysis for the
acceleration of the relativistic EM soliton in the ho-
mogeneous plasma condition is still lacking.

5. Influence of ion dynamics on
the formation of the EM soli-

ton

The ion dynamics has already some influence on
the soliton formation, because the observed EM soli-
tons were formed a little later moment.

In order to investigate the effect of the ion dy-
namics, in the case of plasma length L = 900 ¢/wy,
density n = 0.032n.;, laser amplitude a = 0.3, and
taking the mass ratio of ion to electron m;/m, = 1836
and the same temperature T} = T, = 350eV, by per-
forming a new simulation we found that the ion mo-
tion could reduce the EM energy density of the soliton
and slightly change its size; however the same type of
large amplitude localized relativistic EM soliton could
still be observed. Note that a large ion density cavity
was also formed during the formation and existence of
the EM soliton.

6. Conclusions

In conclusion, we present 1D particle simula-
tion results on large amplitude relativistic EM soli-
tons induced by intense laser pulse interacting with
long underdense collisionless homogeneous plasma.
The standing, backward-accelerated and forward-
accelerated solitons were observed. It was found that,
in addition to the inhomogeneity of the plasma den-
sity, the acceleration of the EM solitons depends upon

not only the laser amplitude but also the plasma
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length. The ES field inside the soliton has one-cycle
structure in space, while the transverse electric and
magnetic fields have half-cycle and one-cycle structure
respectively. The accelerated EM solitons propagate
towards the plasma—vacuum interface where they ra-
diate their energy in the form of a short burst of low-

frequency EM radiation. Analytical estimates for the
existence of the solitons and the EM frequencies of the
solitons coincide with our simulation results. Finally,
the influence of the ion dynamics on the formation of
the EM soliton was also discussed briefly.
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