Vol 15 No 9, September 2006
1009-1963/2006/15(09)/2012-06

Chinese Physics

© 2006 Chin. Phys. Soc.
and IOP Publishing Ltd

Entanglement in a system of two two-level atoms

interacting with a single-mode field”

Jin Li-Juan(¥7WF48) and Fang Mao-Fa(J79iR)!

College of Physics and Information Science, Hunan Normal University, Changsha 410081, China

(Received 30 June 2005; revised manuscript received 22 May 2006)

We investigate the entanglement in a system of two coupling atoms interacting with a single-mode field by means

of quantum information entropy theory. The quantum entanglement between the two atoms and the coherent field

is discussed by using the quantum reduced entropy, and the entanglement between the two coupling atoms is also

investigated by using the quantum relative entropy. In addition, the influences of the atomic dipole-dipole interaction

intensity and the average photon number of the coherent field on the degree of the entanglement is examined. The

results show that the evolution of the degree of entanglement between the two atoms and the field is just opposite to

that of the degree of entanglement between the two atoms. And the properties of the quantum entanglement in the

system rely on the atomic dipole—dipole interaction and the average photon number of the coherent field.
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1. Introduction

Quantum entanglement is possessed of some
unique features that make quantum mechanics dis-
It was found that
the entanglement formed a fundamental resource for

tinct from classical theory.

quantum information processing,[l] such as quan-

(2]

tum teleportation,'”! quantum encoding and error-

(4 and computing.[! It was

correction,?! cryptography
noted that the preparation of an entangled state of
two atoms is important in the study of entanglement,
as the entangled state of photons cannot be stored
for long.[! Recently, Clark and Parkins proposed a
scheme employing quantum-reservoir engineering to
controllably entangle the internal states of two atoms
trapped in a highly-finessed optical cavity.[”) Li et al
studied the generation of an entangled state for a pair
of two-level atoms embedded in a bad cavity injected
with a squeezed vacuum by using the master equation,
and found that the degree of entanglement between
the two atoms strongly depended on the mean pho-
ton number, the strength of two-photon correlations
with the squeezed vacuum, the cavity-induced decay
rate of atoms and the atomic separation.!8! Kim et
al investigated the interaction with the thermal field
and a quantum system composed of two atoms (qubit)

and found that such a chaotic field with minimal in-
formation could entangle atoms that had been pre-
pared initially in a separable state.l”) However, little
attention has been paid to the influence of the atomic
dipole—dipole interaction on the degree of the entan-
glement in the system under consideration.['?) In fact,
the atomic dipole—dipole interaction plays an impor-
tant role in the dynamics, such as atomic inversion, 1]
entropic dynamicsm] in a two-atom system.

In this paper, we investigate the entanglement
properties in the system consisting of the two two-
level atoms with dipole-dipole interaction interact-
ing with a single mode coherent field. The quan-
tum entanglement between two two-level atoms and
the single-mode coherent field is studied by using the
quantum reduced entropy, and the quantum entangle-
ment between two atoms is also investigate by using
the quantum relative entropy. In addition, the influ-
ences of the dipole—dipole interaction and the average
photon number of the coherent field on the entangle-
ment properties of the system are also examined.

2. The model and its solution

The system under consideration consists of two
two-level atoms and a single-mode of quantized field,
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and the Hamiltonian of this system in the rotating-

wave approximation s

2 2
H=wyy S + wata + g (a+5(f) + aS@)
i=1 i=1

+0 (si”s‘f) + s&”s@) , (1)

where at and a are creation and annihilation opera-
tors for the single-mode field, Séi) ; Sii) are the pseu-
dospin operators of the ith atom; wy and w are the
frequencies of the atomic transition and the field; g
is the atoms-field coupling constant; 2 is the atomic

dipole—dipole interaction constant. Here we assume

where N is the average photon number of the coherent
field, and ¢ is the phase angle of the coherent field(in
this paper ¢ = 0). So the initial state of the system is

[vpa(0)) = [¥r(0)) @ [14(0)). (4)

In the case of resonance (wy = w), by solving the
Schrédinger equation of the system in the interaction
picture, we can obtain the system vector at time t

|'¢FA(t)> :|a>|+7 +> + |b>|+7 _>
+ o=, +) +1d)]—, ), (5)

that initially the two two-level atoms are in the ex- with
cited state |y >
) @) = a(n.t)ln),
$4(0)) = |+, +), (2) =0
and the field is coherent |b) = Z b(n,t)ln + 1),
0o n=0
[ (0)) = nzzjofm, =3 eln -+ 1),
n=0
and o0
n/2
fn = exp(=N/2)—=expling), (3) ) :;Od(m t)n +2), (6)
|
where
a(n,t) =Fo(n) + B1(n)explia (n)t | + B2 (n)expliae(n)t |, (7)
b(n,t) =c(n,t) (8)
=— { a1 (n)f1(n)expliar (n)t | + as(n)Ba(n)explica (n)t ]}/(Zg\/n + 1), (9)
d(n,t) :{ —2(n+1)g%Bo(n) + [ 2(n) — 2(n+ 1)g? + a1(n)2 ] B1(n)expliai (n)t |
+[03(n) = 200+ 1)g* + a2 ()2 ] Ba()expliaz(m)t |} / (2t Din+2)g?),  (10)
and
ay :% [ — 2+ /24¢% + 16ng> + !22} ,
a2 :% [—Q —\/244¢2% + 16ng2 + 92} ,
B =|en(maz(n) + 2(n + 1)g?| fu / |n (m)az ().
B =2(n+1)g*fn [ {ar(m a1 (n) = az(m) ]},
B2 == 2(n+1)g°f [ {az(m)[ 1 (n) = a2 (n) 1}. (11)
At any time ¢ > 0 the reduced two two-level atomic density operator for the system is given by
(ala) (bla) (cla) (d|a)
(alb) (b|b) (clb) (d]b)
(t) = Trplar(t)(Var(t)| = (12)
P R k) (bl (ele) (e
(ald) (bld) (c[d) {d|d)
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The eigenvalues of the reduced two two-level atomic density operator p4(t) can be obtained as follows:
Ay =0,
It :% 3 2.21/3(5314— 1) +22/3€} 7
X :% '2 N 2(—2)1/35(314 -1) N (_2)2/34 ,
v :% '2 B 2(—1)2/3215/3(314 -1 (_1)1/322/35] 7 (13)
where 173
¢ = [2 —9A—27TB+ \JA(3A—1)3 + (—2+ 9A + 273)2} , (14)
=(ala){d[b) + (ala){c|c) + (ala){d|d) + (b|b)(c|c) + (b|b){d|d) + (clc){d|d) — ({bla)(alb)
+ (cla)(alc) + (d]a)(ald) + (c[b)(blc) + {d|b){bld) + {d]c){c|d)), (15)
— (ala)(b|b)(clc) — (ala)(blb){d|d) — (ala)(c|c){d|d) — (b]b)(c|c)(d|d) + (ala)(c|b)(blc)
(ala){d|)(bld) + (ala){d|c){c|d) + (blb)(d|a)(ald) + (b]b)(d|a)(ald) + (b]b)(d|c)(c|d)
+ (cle)(bla)(alb) + (clc){dl|a){ald) + (c|c){d]|b)(bld) + (d|d)(bla){alb) + (d|d)(c|b)(blc)
— (bla)(alc)(c|b) — (bla){ald){d|b) — {c|a){a|b)(blc) — (c|a)(alb)(blc) — (c|a)(ald){d]|c)
— (d|a)(alb){bld) — (d|a)(alc){c|d) — (c|b)(bld)(d|c) — (d|b)(b]c){c|d). (16)

By using the eigenvalues of the reduced two two-level
atomic density operator, we can study the entangle-
ment properties of the considered system in the next
section.

3. The entanglement between the

two two-level atoms and the

coherent field

For a bicomponent system in a pure state,
Phoenix and Knight[*3l and Buzek et al**! have shown
that the reduced entropy is a very accurate measure of
the degree of entanglement between two components.
Based on that, the considered system can be referred
to as a quantum system with two components (the
two atoms and a single-mode field). In this paper we
study the entanglement between the two atoms and a
single-mode field by using the reduced entropy. The
time evolution of the two atomic (a single-mode field)
reduced entropy reflects the time evolution of the de-
gree of the entanglement between the two atoms and
a single-mode field (DEAF). The higher the reduced
entropy, the greater the DEAF.

The entropies of the two atoms and a single-mode

field can be defined through their respective reduced
density operators as

Si(t) = —=Tri(pilogy pi), (i=A or F). (17)

Since we have assumed that the two atoms and a
single-mode field are initially in a disentangled pure
state, the total entropy Sap(t) of the two-atom-field
system is zero. In terms of the triangle inequality of

the entropy!!9]

1S4 (t) = Sp(t)] < Sar < Sa(t) + Se(t),  (18)

we can see that the reduced entropies of the two sub-
system are identical, namely S(psa) = S(pr). In
Eq.(18), Sar(t) = —Tr{p,yplogy pYyr} is the total
entropy of the two-atom-field system. Consequently
we only need to calculate the atomic reduced entropy
S4(t). We can express the reduced entropy S(pa) of
the two atoms in terms of the eigenvalue of p4(t) given
by Eq.(13),

S(pa) = Z Ny logy Ay

i=1
=- >\?4 log, >\?4
— M log, MY, (19)

— N logy A%
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At first, we discuss the influence of the atomic
dipole—dipole interaction on the entanglement be-
tween the coherent field and the two two-level atoms
by using the above results.

Figure 1 shows the time evolution of the reduced
entropy S(pa) of the entanglement (the solid lines)
with the average photon number of the field N = 5
and the different atomic dipole-dipole interaction in-
tensities. From Figs.1(a)—(d), it can been seen that
when the atomic dipole—dipole interaction is weaker
(2/g = 1.0), the DEAF has an irregular oscillation in
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the course of the time evolution (shown in Fig.1(a));
with the intensity of the atomic dipole—dipole inter-
action increasing, the time evolution of the DEAF
gradually becomes periodic with a certain period (see
Figs.1(b)—(c)); when the atomic dipole-dipole inter-
action is strong enough (i.e. the §2/g is large enough),
the time evolution of the DEAF displays an approx-
imate periodic oscillation (see Fig.1(d)). Meanwhile,
the DEAF decreases with the increase of the intensity
of the atomic dipole—dipole interaction.
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Fig.1. The time evolution of the degree of the entanglement. S(p4) is shown by the solid lines and
Er(pa) by the dotted lines with N = 5 and (a) £2/g = 1.0, (b) /g9 = 5.0, (¢) 2/g = 10.0, (d)

/g = 20.0.

Furthermore, we discuss the effects of the average
photon number of the field on the DEAF (the solid
lines in Fig.2) with £2/g = 20.0 and different aver-
age photon numbers of the coherent field N. From
Figs.2(a)—(d), it is obvious that the amplitude and
the period of oscillation of the DEAF both increases

monotonically with N. This result shows that if the
two-atom-field entangled state is prepared, we should
diminish the atomic dipole-dipole interaction inten-
sity and enhance the average photon number of the
field.
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Fig.2. The time evolution of the degree of the entanglement. S(p4) is shown by the solid lines and
Er(pa) by the dotted lines with 2/g = 20.0 and (a) N =5, (b) N =10, (¢) N =20, (d) N = 50.

4. The entanglement between

two two-level atoms

The above discussion shows that Hamiltonian
given by Eq.(1) leads to the entanglement between
the two atoms and the coherent field, so the state of
the two atoms evolves into a mixed state. In this case,
the degree of the entanglement between the two atoms
cannot be measured by the reduced entropy of the en-
tanglement. However, Vedral et al[*6] and Liu et al'”)
have proved that the relative entropy of the entangle-
ment is a good measure for the degree of entanglement
of two-particle mixed states, which is defined as

Eg(p) = minsepS(p | 0), (20)

This is the
quantum relative entropy, and its minimum is taken
to be over that of D, the set of all disentangled states.
The relative entropy of the entanglement is viewed as

where S(p || o) = Tr[p(log, p — log, o).

the minimal ‘distance’ between the state p and the
disentangled state o. For a pure state, the relative
entropy of the entanglement reduces to the reduced
entropy of the entanglement.

For the two-particle mixed states, it is difficult to
calculate numerically the relative entropy of the entan-
glement. Recently, the following theorem on the rela-

tive entropy of the entanglement has been proved, '8!
and it is quite suitable for the present analysis.

If a bipartite quantum state can be expressed as

p = Z an17n2|¢n1;¢n1><¢n27¢n2|a

ni,n2

(21)

where |®,,) and |¢p,) are the orthonormal states of
each subsystem, then the relative entropy of the en-
tanglement is given by

Br(p) == annlogsann + Tr(plog, p),  (22)

n
and the disentanglement state o that minimizes the
quantum relative entropy is given by

o= Z n n 1085 an o + Tr(plogs p). (23)

n

It is clear that p(t) given by Eq.(12) can be written
in the same form as that in Eq.(21) as follows:

pal) = Y dumymolmr,ma)(mz,mof,  (24)
miy,ma2
with
my,my = (M1, malpa(t)|mz, ma), (25)
where |m1) = |£) and |mg) = |£). Consequently,

the relative entropy of the entanglement of the state
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Eq.(12) is written as

Er(pa) ==Y Gmm108s amm — S(pa)
m

= - E Am,m 1Og2 Qm,m
m

4
+ ) Nylog, Ny (26)

i=1

Hence, it is possible to compute numerically the
relative entropy of the entanglement given by Eq.(26).
The time evolutions of the relative entropy of the en-
tanglement Er(pa) are depicted by using the dotted
lines in Figs.1 and 2, which reflect the time evolution
of the degree of entanglement between the two two-
level atoms (DEAA). The DEAA increases monotoni-
cally with the relative entropy. Comparing the dotted
lines with the solid lines in Figs.1(a)-1(d), we can find
that the time evolution of the DEAA is just opposite
to that of the DEAF, that is, when the latter increases
with time, the former decreases with time. This comes
from the fact that the DEAF can impair the DEAA
due to the two atoms interacting with the coherent
field.

5. Conclusions

We have investigated the quantum entanglement
in a system of two two-level atoms with dipole—-dipole
interaction interacting with a single-mode coherent
field. We have discussed the quantum entanglement
between two two-level atoms and the coherent field
by using the reduced entropy and that between the
two atoms by the relative entropy separately. Our
results show that the evolution of the degree of entan-
glement between the two atoms and the field is just
opposite to that of the degree of entanglement between
the two atoms: that is, the degree of the entanglement
between the two atoms and the field can impair the
degree of entanglement between the two atoms. The
properties of the quantum entanglement in the system
rely on the atomic dipole—dipole interaction and the
average photon number of the coherent field. An in-
crease in the atomic dipole—dipole interaction leads to
the periodic evolution of entanglement and a reduc-
tion in the degree of entanglement in the system; an
increase in the average photon number of the single-
mode field results in a prolongation of the evolution
periodicity of entanglement dynamics and an increase
in the degree of entanglement.
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