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Photoionization of NaK molecule with a double-well

potential in femtosecond pump–probe

pulse laser fields∗
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The method of time-dependent quantum wave packet dynamics is used to calculate the femtosecond pump–probe

photoelectron spectra and study the wave packet dynamic processes of the double-minimum potential state 61Σ+ of

NaK in intense laser fields. The evolutions of the wave packet and the photoelectron energy spectra with time and

internuclear distance are described in detail. The wave packet dynamic information of the 61Σ+ state can be extracted

from the photoelectron energy spectra.
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1. Introduction

In recent years, with the development of ultra-

short and ultrastrong laser pulse technology, more

and more theoretical and experimental researches

have focused on the control of atomic and molec-

ular dynamics in real time.[1−16] Many interest-

ing phenomena have been observed, such as above-

threshold ionization,[1,2] bond-softening and bond-

hardening,[3,4] ac-Stark shift,[5,6] Rabi oscillation,[7]

laser-induced continuum structure (LICS),[8,9] etc.

Alkali metal dimers, such as Li2, Na2, K2, NaLi, NaK

and KLi, are typical molecules with two valence elec-

trons. The excited state dynamics of these dimers

has been studied by using the femtosecond pump–

probe technique.[17−21] Many alkali metal dimers have

double-minimum potential states, such as 2 1Σ+ state

of Na2,
[21] 7 1Σ

+
state of K2,

[22] 6 1Σ
+

state of NaK,

and so on. Magnier and Millié predicted theoreti-

cally the existence of double-minimum potential 6 1Σ
+

state of NaK molecule.[22] Poshov et al calculated

the double-minimum potential of the 6 1Σ
+

state of

NaK.[23]

In this paper, we study the wave packet dynam-

ics of 6 1Σ
+

state of NaK and calculate the pump–

probe photoelectron spectra in femtosecond pulse

laser fields. A model of the three electronic states,

the ground state X(1) 1Σ
+

and the double-minimum

state 6 1Σ
+

of the neutral NaK,[23,24] and the ionic

ground state X(1) 2Σ
+[25] of NaK+, is employed in

calculation (see Fig.1). The ionization of NaK is a

three-photon process. A pump laser prepares an ini-

tial vibrational wave packet in the 6 1Σ
+

state, which

is a two-photon process. After a delay time, a probe

pulse ionizes the NaK molecule in the ground state

X(1) 2Σ
+

of the NaK+, which is a single photon pro-

cess. Our aim is to study the wave packet dynamics

of the 6 1Σ
+

state and the ionization process of NaK

by varying the laser parameters.

2. Theoretical treatment

The potential energy curves and the transition

pathways of the NaK molecule in the two-colour laser

pulses are depicted in Fig.1. The data of the molec-

ular potentials are gathered from Refs.[23–25]. For

simplicity the ground state X(1) 1Σ
+

and the double-

minimum state A(6) 1Σ
+

of NaK are abbreviated to

X and A, respectively, and the ionic ground state

X(1) 2Σ
+

of NaK+ to I.

The rotational degree of freedom is neglected in

our treatment because of the ultrashort interaction

time between the NaK molecule and the femtosecond

laser pulses. Within the Born–Oppenheimer approx-
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imation, the wavefunctions of bound and continuum

states can be found by solving numerically the time-

dependent Schrödinger equation. The Hamiltonian of

the molecule with two bound states and one ionization

continuum state in external laser fields can be written

as

Ĥ =
∑

b

|Φb〉Ĥb〈Φb|

+

∫

dEk|Φk〉(Ĥ
0
I + Ek)〈Φk| + Ŵ (t), (1)

where |Φb〉(b = X, A) denote the two bound electronic

states of NaK molecule, |Φk〉 denotes the orthonormal

scattering state of the photoelectron with kinetic en-

ergy Ek. The Ĥb and Ĥ0
I represent the Hamiltonians

for the nuclear motions in the two bound states of NaK

and the ground state of NaK+, respectively. Ŵ (t) de-

notes the interaction between the molecule and laser

fields.

Fig.1. The transition pathways and the potential en-

ergy curves for the X(1) 1Σ
+

and 6 1Σ
+

states of NaK

and the X(1) 2Σ
+

state of NaK+.

The molecular wavefunction is expressed as[26−30]

Ψ(r, R, t) =
∑

b

χb(R, t)Φb(r; R)

+

∫

dEkχEk
(R, t)Φk(r; R)

=
∑

b

χb(R, t)Φb(r; R)

+

N−1
∑

k=0

χkδǫ(R, t)Φk(r; R)δǫ , (2)

where R is the internuclear separation. χb(R, t) and

χkδǫ(R, t) are the nuclear wavefunctions correspond-

ing to the Φb and Φk respectively. For the conve-

nience of numerical calculation, the continuum state

has been expressed in a series of discrete states (quasi-

continuum states) with the photoelectron kinetic en-

ergies

Ek = kδǫ = Vk(R) − VI(R) ,

k = 0, 1, . . . , N − 1 , (3)

where VI(R) is the potential energy for ground state of

NaK+, Vk(R) the potential energy for the kth discrete

state. And δǫ is the energy interval between the ad-

jacent two discrete states. In Eq.(3), Vk(R) > VI(R)

for k > 0 and V0(R) = VI(R) for k = 0.

The Hamiltonian in Eq.(1) can be rewritten in the

matrix representation as Ĥ = (Hij). The diagonal el-

ements can be expressed as

Hii = −
h̄2

2m

d2

dR2
+ Vi(R) , i = b, k , (4)

where m is the reduced mass of NaK, and Vi(R) in-

cluding the bound and quasi-continuum states are the

potential matrix elements of the molecule in the ab-

sence of laser fields.

In the electronic dipole approximation, the ma-

trix elements of the interaction between the molecule

and the pump pulse can be written as[30,31]

WXA(t) = WAX(t)

= [µXAE1f(t − t1)]
2 cos [2ω1(t − t1)] , (5)

where µXA is the projection of the transition dipole

moment between the states X and A on the polar-

ization vector of the laser of frequency ω1. The pulse

envelope

f(t − t1) = exp[−(4 ln 2.0)(t − t1)
2
/τ2

1 ]

is a Gaussian function with the centre time t1 and

the full-width at half-maximum (FWHM) τ1. E1 is

the electric field amplitude of the pump pulse. In the

same manner the states A and I are coupled by the

probe pulse of frequency ω2 with the centre time t2

and the FWHM τ2. The coupling between the NaK

molecule and the probe pulse is given by

WAI(t) = WIA(t)

= µAIE2f(t − t2) cos [ω2(t − t2)] , (6)

where E2 is the electric field amplitude of the probe

pulse. ∆t = t2 − t1 is the delay time between the

pump and probe pulses.

The evolutions of wave packets with time are

found by the time-dependent coupled matrix equation
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, (7)

where

Hk
II = HII + kδǫ , χk

I = χkδǫ .

This matrix equation can be solved by using the split-

operator Fourier transform method.[32,33] The initial

wavefunction of the ground electronic state is com-

puted by employing the Fourier grid Hamiltonian

method.[34]

Within the Condon approximation, the intensity

of the photoelectron energy spectrum (PEES) signal

with the kinetic energy Ek is directly related to the

population of the χIkδǫ state. The PEES is given by

P I(kδǫ, ∆t) = lim
t→∞

∫

dR|χkδǫ(R, t)|2 , (8)

where kδǫ (k = 0, 1, . . . , N−1) is the photoelectron ki-

netic energy. χkδǫ(R, t) are numerically calculated by

resolving Eq.(7). The kinetic energy of photoelectron

is determined by

Ek = h̄ω2 − DIA(R) , (9)

where

DIA(R) = VI(R) − VA(R)

is the difference in potential energy between the

6 1Σ
+
and X2Σ+ states.

3. Results and discussions

The potential energy curve of the 6 1Σ
+

state

of NaK possesses a double-minimum structure, in

which the minimum of the inner potential well lies

at R = 8.01 Bohr and the corresponding potential en-

ergy U(R) = 3.16 eV, and the minimum of the outer

well is at R = 22.77 Bohr and U(R) = 3.36 eV. There

exists a barrier at R = 15.27 Bohr between the two po-

tential wells. The height Eb of the barrier is 3.46 eV

which is 0.1 eV higher than the lowest point of the

outer potential well. The lowest point of the ground

state of the NaK+ is at R = 7.65 Bohr and its energy

is equal to 4.50 eV. The eigenenergy of the vibrational

ground state is Eg0 = 0.118 eV. The intensities of the

pump and probe pulses are taken as 1.6×1013 W/cm2

and 8.0 × 1012 W/cm2, respectively. The FWHMs of

laser pulses are τ1 = τ2 = 85 fs. The photon energies

of pump laser are chosen as 1.63, 1.73 and 1.77 eV

which are below the barrier, at the top of the barrier,

and above the barrier, respectively.

The NaK molecule is firstly excited to the 61Σ+

state by the pump pulse. After a delay time ∆t,

the probe pulse ionizes the NaK molecule in the

ground state X(1) 2Σ
+

of NaK+. The evolutions of

wave packet on the 6 1Σ
+

state are shown in Fig.2.

Panels (a), (b) and (c) in Fig.2 correspond to the

cases Eg0 + 2h̄ω1 = Eα < Eb (h̄ω1 = 1.63 eV and

h̄ω2 = 2.00 eV), Eα ≈ Eb (h̄ω1 = 1.73 eV and

h̄ω2 = 1.90 eV), and Eα > Eb (h̄ω1 = 1.77 eV and

h̄ω2 = 1.90 eV). From Fig.2(a) we can see that when

Eα < Eb almost all the wave packet is trapped and

oscillates in the inner well. The oscillating period is

about 480 fs. When Eα ≈ Eb as shown in Fig.2(b), the

wave packet splits into two parts in the barrier region:

one moves to the outer well and the other is restricted

in the inner well. The part that moves outward is re-

flected at the outer tuning point (at about 30 Bohr)

and then moves back inwards. The oscillating peri-

ods of the wave packet in the outer and inner wells

are about 2300 fs and 1100 fs, respectively. When

Eα > Eb, we can see from Fig.2(c) that nearly all the

wave packet passes over the barrier region and moves

into the outer well. In this case, the wave packet can

reach the internuclear distance R ≈ 32 Bohr.
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Fig.2. The evolutions of wave packets in the 6 1Σ
+

state with time and internuclear distance for (a) Eα < Eb (h̄ω1 = 1.63 eV

and h̄ω2 = 2.00 eV), (b)Eβ ≈ Eb (h̄ω1 = 1.73 eV and h̄ω2 = 1.90 eV) and (c) Eγ > Eb (h̄ω1 = 1.77 eV and h̄ω2 = 1.90 eV).

Figure 3 shows the femtosecond time- and energy-

resolved photoelectron energy spectra (PEESs) for

three different delay times (∆t = 625, 1250 and

1875 fs) and three different energies (Eα < Eb, Eα ≈

Eb and Eα > Eb). When

∆t = 625 fs ,

the evolutions of the PEESs with time t and internu-

clear distance R for the cases of Eα < Eb, Eα ≈ Eb

and Eα > Eb are shown in Figs.3(a), 3(b) and 3(c),

respectively. Each of these PEESs has one peak be-

cause the wave packet only moves in the inner well.

When

∆t = 1250 fs ,

the PEESs are shown in Figs.3(d–f) for the three dif-

ferent energies. The PEESs in Figs.3(d) and 3(f) have

one peak. And the PEES in Fig.3(e) has two peaks

because the wave packet splits into two parts in the

barrier region. Figs.3(g–i) show the PEESs for the

three different energies when ∆t =1875 fs. We see

from Fig.3 that the PEESs can clearly reflect the evo-

lutions of wave packets on the 6 1Σ
+

potential energy

curve.

The evolutions of PEESs with the delay time ∆t

and the photoelectron kinetic energy Ek are plotted

in Fig.4. When Eα < Eb, as shown in Fig.4(a), the

peak position of the PEES changes periodically with

the delay time. The energy region of photoelectron is

0.45 ∼ 0.67 eV. When Eα ≈ Eb, the photoelectron en-

ergy lies in a range from 0.20 to 0.68 eV. Because the

split of wave packet takes place in the barrier region,

the PEES in Fig.4(b) displays a complex structure.

The PEES when Eα > Eb, is shown in Fig.4(c). The

kinetic energy of photoelectron changes in a range of

0.20 − 0.67 eV.

Moreover, the PEES of the NaK molecule in

strong two-colour laser fields can be used to deter-

mine the value of the barrier of the double minimum

potential. We can gradually enhance the pump energy

(h̄ω1) in a range of delay time from 800 to 2100 fs un-

til the PEES splits into two peaks. The height of the

barrier is approximately equal to 2h̄ω1.

In addition, in the practical experiment the po-

tential energy curves of the molecule shifts because

of the ponderomotive energy of the electron in in-

tense laser fields.[35,36] In general the light shift should

be considered to describe accurately the experimen-

tal phenomena. However, our work here is just an

exploratory study to show theoretically that the evo-

lutions of wave packet and the photoelectron energy

spectra can be controlled by varying the laser parame-

ters, the frequency ω1 of the pump pulse and the delay

time ∆t between pump and probe laser pulses. The

additional effects caused by the intense laser pulses

are ignored. In fact, the parameters of the used pulses

can be optimized further to control the dynamics and

the intensities of the pump and probe pulses should

be lowered. Thus the conclusions drawn above are of

certain practical signification.
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Fig.3. The time- and energy-resolved photoelectron spectra at three different delay times for three different energies. (a)

∆t = 625 fs, Eα < Eb; (b) ∆t = 625 fs, Eα ≈ Eb; (c) ∆t = 625 fs, Eα > Eb; (d) ∆t = 1250 fs, Eα < Eb; (e) ∆t = 1250 fs,

Eα ≈ Eb; (f) ∆t = 1250 fs, Eα > Eb; (g) ∆t = 1875 fs, Eα < Eb; (h) ∆t = 1875 fs, Eα ≈ Eb; (i) ∆t = 1875 fs, Eα > Eb.

Fig.4. The evolutions of photoelectron energy spectra with the delay time and the photoelectron kinetic energy for (a)

Eα < Eb, (b) Eα ≈ Eb and (c) Eα > Eb.
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4. Conclusions

We have studied the wave packet dynamics of the

6 1Σ
+

state of NaK in intense femtosecond pump and

probe laser fields and calculated the time- and energy-

resolved photoelectron energy spectra. The evolutions

of the wave packet and the photoelectron energy spec-

tra with time and internuclear distance are described

in detail. The calculated results indicate that we can

control the evolutions of wave packet and the photo-

electron energy spectra by varying the laser parame-

ters, such as the frequency ω1 of pump pulse and the

delay time ∆t between pump and probe laser pulses.

The wave packet dynamic information of the 6 1Σ
+

state can be extracted from the photoelectron energy

spectra. The photoelectron energy spectra can also

be used to determine the value of the barrier of the

double minimum potential.
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