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Using the Faddeev–Jackiw (FJ) quantization method, this paper treats the CP1nonlinear sigma model with Chern–

Simons term. The generalized FJ brackets are obtained in the framework of this quantization method, which agree with
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1. Introduction

Recently there has been an upsurge of interest

in the study of the nonlinear sigma model in (2+1)

dimensions, and in the effect of the Faddeev–Jackiw

(FJ) quantization method. The O(3) nonlinear sigma

model was studied by the addition of a Hopf term or

by the introduction of a Chern–Simons term: both

have revealed the occurrence of fractional spin and

statistics.[1−7] The CP1 nonlinear sigma model is stud-

ied by including the Chern–Simons term[8] or includ-

ing the Chern–Simons term and a Maxwell term:[9,10]

the results are both fractional spin and statistics. The

FJ quantization method is widely applied in the

constrained system as a self-dual field,[11]

electromagnetic field,[12] Yang–Mills field,[12]

supersymmetry,[13,14] supergravity,[15] nonlinear

sigma model,[16] and complex scalar field coupled

to the Abel Chern–Simons term.[17] In this paper

we will study the CP1 nonlinear sigma model in the

framework of the FJ quantization method; the re-

sults agree with the results obtained by using the

Dirac method.[8] It is shown that this method is quite

straightforward and elegant for this system.

2. FJ quantization method

We start this section by reviewing very briefly the

FJ quantization method[18] in field theories, for this

method as necessarily describing a constrained sys-

tem, the Lagrangian density contains the term which

is a first order in time derivative.

We consider a system whose Lagrangian is given

by

L = ai(φ)φ̇i − V (φ), (i = 1, 2, · · · , n) , (1)

where φi = φi(x) = φi(t, x) are field variables. Based

on the canonical one-form ai(φ), the symplectic ma-

trix fij(x, y) is

fij(x, y) =
δaj(y)

δφi(x)
−

δai(x)

δφj(y)
, (2)

where φi(t, x) represents any field belonging to the

symplectic set.

When the symplectic matrix is singular and leads

to constraints,[19−21] the symplectic potential would

become symplectic potential density, which have to

be integrated. The constraints are expressed as

Ωα =

∫

dx(να(t, x)T
δ

δφα(t, x)

×

∫

dyV (t, y) = 0 (α = 1, 2, · · · , m) , (3)
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where να(t, x) is zero-model which is multiplied by the

matrix fij(x) to equal zero.

The quantities Ωα are the constraints in the FJ

symplectic formalism, and they are introduced in the

Lagrangian by using Lagrangian multipliers:

Li = ai(φ)φ̇i − λ(α)
Ωα − V (0)(φ) . (4)

At this point one can run the symplectic algorithm

once again. Enlarging the configuration space by con-

sidering the set of variables (φi, ξ
(α)), by redefining

the λ(α) variables, relating to ξ(α) we can set

λ(α) = −ξ̇(α) . (5)

Therefore, the first-iterated Lagrangian is written as

L(1) = ai(φ)φ̇i + Ω(α)ξ̇
(α) , (6)

where

V (1)(φ) = V (0)(φ)|Ω(α)=0 . (7)

In terms of the new set of dynamical variables, the

symplectic matrix is completed which can be written

as

f
(1)
ij =











f̄ij

δΩ(α)

δφj

δΩ(α)

δφi

0











, (8)

where f̄ij represents the square nonsingular matrix (2)

constructed from the original symplectic set of field

variables. The term δΩ(α)/δφj represents a rectangu-

lar matrix. This iterative procedure modifies the sym-

plectic matrix until all the nonorthogonal zero-modes

have been eliminated. If the symplectic matrix is non-

singular, the generalized FJ brackets is given by[16]

[φi, φj ] = (f̄ij)
−1(x, y)

−

∫

dzdw
{

[∫

du(f̄ik)−1(x, u) ·
δΩb(z)

δφk(u)

]

×

∫

dv
[

(f̄ij)
−1(z, v) ·

δΩa(w)

δφl(v)

]

Gab(w, y)
}

, (9)

where
∫

dzΩab(x, z)Gbc(z, y) = δc
aδ(x − y) , (10)

Ωab(x, z) =

∫

dydv
δΩa(x)

δφj(y)
(f̄ij)

−1(y, v)
δΩb(z)

δφi(v)
. (11)

If the original matrix is nonsingular then the gen-

eralized brackets can be obtained directly from its in-

versed matrix.

3. The CP1 nonlinear sigma mo-

del with Chern–Simons term

in the FJ quantization formal-

ism

We consider the gauged CP1 nonlinear sigma

model with Chern–Simons term in (2+1) dimensions,

the Lagrangian density of the system is given by[8]

L =
1

γ0
(DµZk)∗(DµZk) +

θ

4π2
εµνλAµ∂νAλ , (12)

where γ0 is coupling constant, k = 1, 2 and zk is a

two-component complex field which satisfies the con-

straint,

Z∗
kZk = |Z1|

2 + |Z2|
2 = 1 , (13)

where Aµ is the Chern–Simons gauge field, and the

covariant derivative Dµ = ∂µ − iAµ. The Levi-Civita

symbol εµνλ = 1 and gην = (1,−1,−1). We take Cho

and Kimm’s cue from Ref.[22], and the Lagrangian of

the system can be written as

L(0) =
1

γ0
(DµZk)∗(DµZk)

+
θ

4π2
εµνλAµ∂νAλ + λ(ZkZ∗

k − 1) . (14)

From Eq.(14) it is easy to write the first-order La-

grangian by introducing the canonical conjugate mo-

mentum πk and π̄k with respect to the field Zk and

Z∗
k ,

πk =
∂L(0)

∂Żk

=
1

γ0
(D0Zk)∗ , (15)

π̄k =
∂L(0)

∂Ż∗
k

=
1

γ0
(D0Zk) . (16)

Because the Lagrangian density (14) is already of

first order in the Chern–Simons gauge field Aµ, in

the Lagrangian of the FJ formalism no new vari-

ables appear. The initial set of symplectic vari-

ables defining the extended space is given by the

set (Zk, Z∗
k , πk, π̄k, A0, Ai, λ), and so the starting La-

grangian density is written in first-order form as fol-

lows:

L(0) = πkŻk + π̄kŻ∗
k −

θ

4π2
εijAiȦj

+ V (0)(Zk, Z∗
k , πk, π̄k, A0, Ai, λ) , (17)

where the starting symplectic potential is given by

V (0)(Zk, Z∗
k , πk, π̄k, A0, Ai, λ)

= −γ0πkπ̄k +
1

γ0
(DµZk)∗(DiZk)
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+
θ

2π2
εijA0∂iAj − λ(ZkZ∗

k − 1) − A0J0 , (18)

where

J0 = i(Zkπk − Z∗
k π̄k) . (19)

In the case under consideration the symplectic matrix

f (0)(x, y) is constructed from the original set of field

variables (Zk, Z∗
k , πk, π̄k, A0, Ai, λ), which is given by

f (0)(x, y) =



































0 0 −1 0 0 0 0

0 0 0 −1 0 0 0

1 0 0 0 0 0 0

0 1 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 −
θ

2π2
0

0 0 0 0 0 0 0



































δ(x − y) . (20)

From above equation (20) it is easy to see that there

are two zero-modes, the corresponding zero-modes are

given by

ν1 = (0, 0, 0, 0, νA0, 0, 0) , (21a)

ν2 = (0, 0, 0, 0, 0, 0, νλ) , (21b)

where νA0 and νλ are arbitrary functions. The con-

straints are evaluated from Eq.(3),

Ω1 = −J0 +
θ

2π2
εij∂iAj = 0 , (22)

Ω2 = 1 − ZkZ∗
k = 0 . (23)

According to the symplectic algorithm, the

constraints are introduced in the Lagrangian den-

sity by using Lagrangian multipliers, and enlarg-

ing the space by considering the set of variables

(Zk, Z∗
k , πk, π̄k, Ai, ξA0 , ξλ). Therefore, the first-

iterated Lagrangian density is written as

L(1) = πkŻk + π̄kŻ∗
k −

θ

4π2
εijAiȦj + ξ̇A0

(

−J0 +
θ

2π2
εij∂iAj

)

+ ξ̇λ(1 − ZkZ∗
k) + V (1)(Zk, Z∗

k , πk, π̄k, Ai, ξA0 , ξλ) , (24)

where

V (1)(Zk, Z∗
k , πk, π̄k, Ai, ξA0 , ξλ) = V (0)|Ωi=0 . (25)

According to the new set of dynamical variables (Zk, Z∗
k , πk, π̄k, Ai, ξA0 , ξλ), the variables of canonical one-form

are

aZk
= πk , aZ∗

k
= π̄k , aπk

= 0 , aπ̄k
= 0 , aAi

= −
θ

4π2
εijAi ,

ξA0 = −J0 +
θ

2π2
εijAi , aξλ

= 1 − ZkZ∗
k , (26)

and the first-iterated symplectic matrix is written as

f (1)(x, y) =





































0 0 −1 0 0 −iπk −Z∗
k

0 0 0 −1 0 iπ̄k −Zk

1 0 0 0 0 −iZk 0

0 1 0 0 0 iZ∗
k 0

0 0 0 0
θ

2π2
εij θ

2π2
εij∂x

i 0

iπk −iπ̄k iZk −iZ∗
k −

θ

2π2
εij∂x

i 0 0

Z∗
k Zk 0 0 0 0 0





































δ(x − y) . (27)

The modified symplectic matrix after the first iteration is completed which is again singular. As it can be seen,

there is one new zero-mode associated to this matrix and it is written in terms of one new arbitrary quantity ν3

ν3 = (0, 0, Z∗
kν3, Zkν3, 0, 0, ν3) . (28)
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A new constraint can be evaluated from Eq.(3), which is written as

Ω3 = Z∗
k π̄k + Zkπk = 0 . (29)

The set of symplectic variables defining the extended space is taken place by the set (Zk, Z∗
k , πk, π̄k, Ai, ξA0 , ξλ, ξξλ

).

The Lagrangian density is given by

L(2) = πkŻk + π̄kŻ∗
k −

θ

4π2
εijAiȦj + ξ̇A0

(

−J0 +
θ

2π2
εij∂iAj

)

+ ξ̇λ(1 − ZkZ∗
k)

+ ξ̇ξλ
(Z∗

k π̄k + Zkπk) + V (2)(Zk, Z∗
k , πk, π̄k, Ai, ξA0 , ξλ, ξξλ

) , (30)

where

V (2)(Zk, Z∗
k , πk, π̄k, Ai, ξA0 , ξλ, ξξλ

) = V (1)|Ωi=0 = −γ0πkπ̄k +
1

γ0
(DµZk)∗(DiZk) , (31)

where l = 1, 2, 3. The new variables of canonical one-form are

aZk
= πk , aZ∗

k
= π̄k , aπk

= 0 , aπ̄k
= 0 , aAi

= −
θ

4π2
εijAi ,

ξA0 = −J0 +
θ

2π2
εijAi , aξλ

= 1 − ZkZ∗
k , aξλ

= Z∗
k π̄k + Zkπk . (32)

The second-iterated symplectic matrix is given by

f (2)(x, y) =











































0 0 −1 0 0 −iπk −Z∗
k πk

0 0 0 −1 0 iπ̄k −Zk π̄k

1 0 0 0 0 −iZk 0 Zk

0 1 0 0 0 iZ∗
k 0 Z∗

k

0 0 0 0
θ

2π2
εij θ

2π2
εij∂x

j 0 0

iπk −iπ̄k iZk −iZ∗
k −

θ

2π2
εij∂x

i 0 0 0

Z∗
k Zk 0 0 0 0 0 0

−πk −π̄k −Zk −Z∗
k 0 0 0 0











































δ(x − y) . (33)

The matrix f (2)(x, y) is again singular. But based

on the zero-mode of the symplectic matrix f (2)(x, y),

no new constraint is found in the FJ formalism. The

singularity of matrix f (2)(x, y) can be eliminated by

means of a gauge-fixing term added to the Lagrangian

density. The gauge-fixing term plays the role of a new

constraint, which is given by

Ω4 = ∂iAi = 0 . (34)

Consequently, the set of constraints include

Eqs.(22), (23), (29) and (34). Now, from Eq.(11) we

obtain the matrix elements Ωab(x, y) as follows:

Ω14 = −∇2δ(x − y) , (35a)

Ω23 = −2ZkZ∗
k , (35b)

Ω32 = 2ZkZ∗
k , (35c)

Ω41 = ∇2δ(x − y) , (35d)

the other matrix elements are all zero. According to

Eqs.(35a–35d) and (10), the matrix Gab can be found

Gab(x, y) =























0 0 0
1

2∇2
x

0 0
1

2
0

0 − 1
2 0 0

−
1

2∇2
x

0 0 0























δ(x − y) . (36)

From Eqs.(8) and (20), we obtain

f̄−1
in =























0 0 1 0 0

0 0 0 1 0

−1 0 0 0 0

0 −1 0 0 0

0 0 0 0
π2

θ
εij























δ(x − y) . (37)
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According to Eqs.(9), (22), (23), (29), (34), (39) and

(37), we can obtain the nonvanishing set of equal-time

generalized FJ brackets

[Zk(x), πl(y)] =
[

δkl −
1

2
Zk(x)Z∗

k (y)
]

δ(x − y), (38a)

[Z∗
k(x), πl(y)] = −

1

2
Z∗

k(x)Z∗
k (y)δ(x − y) , (38b)

[πk(x), πl(y)] =
1

2
[πk(x)Z∗

l (y)

− Z∗
k(x)πl(y)]δ(x − y) . (38c)

[πk(x), π̄l(y)] =
1

2
[πk(x)Zl(y)

− Z∗
k(x)π̄l(y)]δ(x − y) , (38d)

[Zk(x), Ai(y)] = −
i2π2

θ
Zk(x)

1

∇2
x

εij∂x
j δ(x − y) . (38e)

The generalized FJ brackets correspond to the Dirac

brackets of the model.[8] This shows that the FJ quan-

tization formalism equals Dirac’s canonical quantiza-

tion formalism[23] in the system. Because the FJ quan-

tization formalism is based on the Lagrangian and the

Dirac canonical quantization formalism is based on the

Hamiltonian, it shows[24,25] that the method is more

direct and elegant than Dirac’s method. The equiva-

lence of the both methods needs to be discussed more.
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