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In this paper, a new method for controlling projective synchronization in coupled chaotic systems is presented.

The control method is based on a partially linear decomposition and negative feedback of state errors. Firstly, the

synchronizability of the proposed projective synchronization control method is proved mathematically. Then, three

different representative examples are discussed to verify the correctness and effectiveness of the proposed control method.
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1. Introduction

Since the discussion of chaos synchronization

in the early 1990s,[1,2] this important subject has

been attracting much attention from scientists and

engineers.[3−11] Different types of synchronization

phenomena have been observed and studied in a va-

riety of chaotic systems, such as identical systems

synchronization,[1,2,11] phase synchronization,[3,4] lag

synchronization,[5,6] generalized synchronization,[7,8]

and so on. If a nonlinear system can be written as

ẋm = A(z)xm, ż = g(xm, z), the state vector xm has

a linear form related to its time derivative, the ma-

trix A(z) depends only on the variable z, then the

system is said to be a partially-linear system. Taking

z as the coupling variable, the response system can

be written as ẋs = A(z)xs. In the coupled partially

linear systems, it was found that the two identical

systems (drive and response) could be synchronized

to a scaling factor.[12] This type of chaotic synchro-

nization phenomenon is referred to as projective syn-

chronization (PS). Although there exists a linear re-

lation between the coupled systems, PS could not be

classified as generalized synchronization because the

largest Lyapunov exponent of the response system is

non-negative even when synchronization is achieved.

It has been also found that the scaling factor of PS

is sensitive to the initial values of the two coupled

systems.[12] Then, some criteria for the occurrence

of projective synchronization in chaotic systems have

been established.[13,14] Recently, a digital communi-

cation scheme has been proposed based on controlled

PS,[15] which shows that a chaos-based communica-

tion technique for transmitting M -ary digital signals

using controlled PS of coupled chaotic systems is su-

perior over conventional and other chaos-based digital

communication techniques in the sense of a low bit

error rate.

Several control methods have already been de-

veloped to achieve PS in coupled chaotic systems,

including controlling PS in the so-called partially-

linear chaotic systems and nonpartially-linear chaotic

systems.[10,16,17] In this paper, a new control method

for controlling PS in coupled chaotic systems is pre-

sented, which can be applied to coupled partially-

linear chaotic systems as well as coupled nonpartially-

linear chaotic systems.

The rest of this paper is organized as follows.

First, the new PS control method is put forward and

proved mathematically. Then, it is shown that PS is

achieved under the proposed control in three exam-

ples: the partially-linear chaotic Lorenz system and

the nonpartially-linear chaotic Chua circuit and Chen

system.

2. Proposed control method for

projective synchronization

A coupled chaotic system is described as follows:

ẋm = f(xm, z) , ż = g(xm, z) , ẋs = f(xs, z) + u , (1)
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where xm, xs ∈ Rn−1 denote the (n − 1)-dimensional

state variables of the drive and the response systems,

respectively, z ∈ R1 is a one-dimensional coupling

variable, which is the same in both the drive system

and the response system, and u ∈ Rn−1 is an (n− 1)-

dimensional vector controller.

Decompose the subsystem ẋ = f(x, z) into two

parts:

ẋ = A(z)x + Φ(x, z) , (2)

where the (n − 1) × (n − 1) matrix

A(z) =

























a11 a12 · · · · · · a1(n−1)

...
. . .

...
...

...

ai1 · · · aii · · · ai(n−1)

...
...

...
. . .

...

a(n−1)1 · · · · · · · · · a(n−1)(n−1)

























only depends on the variable z, and Φ(x, z) is a non-

linear vector function of x and z.

Theorem 1

If the vector controller in the coupled system (1)

takes the form of

u = α∗
Φ(xm, z) −Φ(xs, z) + M(α∗xm − xs) ,

where α∗ is the assigned scaling factor and

α∗ ∈ R, α∗ 6= 0 , M =











k1

. . .

kn−1











,

satisfying the condition

ki > aii +

n−1
∑

j=1
j 6=i

|aij | , i = 1, 2, . . . , n − 1 ,

where aii and aij are elements of matrix A(z), then PS

can be achieved between the drive and the response

systems in the coupled system (1).

Proof Define the error vector of PS as

e = α∗xm − xs . (3)

One then has

ė = α∗ẋm − ẋs . (4)

Substituting Eq.(1) into Eq.(4), one gets

ė = α∗f(xm, z) − f(xs, z)− u . (5)

It follows from Eq.(2) that ẋ = A(z)x + Φ(x, z). So,

Eq.(5) can be written as

ė = α∗(A(z)xm +Φ(xm, z))− (A(z)xs +Φ(xs, z))−u = A(z)(α∗xm −xs) +α∗
Φ(xm, z)−Φ(xs, z)−u . (6)

When the vector controller u takes the form described in the theorem, one obtains

ė = A(z)(α∗xm − xs) − M(α∗xm − xs) = (A(z) − M)e

=

























a11 − k1 a12 · · · · · · a1(n−1)

...
. . .

...
...

...

ai1 · · · aii − ki · · · ai(n−1)

...
...

...
. . .

...

a(n−1)1 · · · · · · · · · a(n−1)(n−1) − kn−1

























e . (7)

According to the Gershgorin theorem, the eigenval-

ues of matrix (A(z) − M) are located in the following

discs:

|λ − aii + ki| ≤
n−1
∑

j=1
j 6=i

|aij | ,

i = 1, 2, . . . , n − 1 . (8)

When

ki > aii +
n−1
∑

j=1
j 6=i

|aij | , let ∆ = ki −
(

aii +
n−1
∑

j=1
j 6=i

|aij |
)

,
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one has ∆ > 0, and ki can be written as

ki = aii +

n−1
∑

j=1
j 6=i

|aij | + ∆ ,

so that

|λ − aii + ki| =

∣

∣

∣

∣

∣

∣

∣

∣

λ +

n−1
∑

j=1
j 6=i

|aij | + ∆

∣

∣

∣

∣

∣

∣

∣

∣

≤

n−1
∑

j=1
j 6=i

|aij | . (9)

The disc described by Eq.(9) is located in the open

left-half complex plane. When all ki, i = 1, 2, . . . , n−1,

satisfy the condition

ki > aii +

n−1
∑

j=1
j 6=i

|aij | .

All discs described by Eq.(8) are located in the open

left-half complex plane, which implies that all eigen-

values of (A(z)−M) are located in the open left-half

complex plane, so e = 0 is the only asymptotically sta-

ble state of system (7), i.e. lim
t→∞

e = lim
t→∞

(α∗xm−xs) =

0. That is, the drive system and the response system

will achieve projective synchronization.

Since A(z) depends only on the variable z, which

is finite when the drive system is in the chaotic state,

the value of aii +
n−1
∑

j=1
j 6=i

|aij | is finite, implying that the

above proposed PS control method is feasible.

For coupled partially-linear chaotic systems,

ẋm = A(z)xm, ż = g(xm, z) , ẋs = A(z)xs ,

it should be noticed that whether or not this system

satisfies the condition of PS established in Refs.[13]

and [14], PS is always a solution of the coupled systems

under certain initial conditions. For example, when

the initial condition satisfies xs(0) = α∗xm(0), one

has ẋs = A(z)xs(0) = α∗A(z)xm(0) = α∗ẋm, hence

PS can be achieved in the coupled systems. To stabi-

lize the scaling factor to an assigned value independent

of the initial condition of the coupled partially-linear

systems, one can use a controller described in Theo-

rem 1. When PS is achieved, since α∗xm = xs, the

equivalent vector controller embedded in the response

system disappears.

For coupled nonpartially-linear chaotic systems,

ẋm = A(z)xm + Φ(xm, z),

ż = g(xm, z) , ẋs = A(z)xs + Φ(xs, z) ,

it should be noted that PS is not a solution of the orig-

inal coupled chaotic systems in general. For achiev-

ing PS in the coupled chaotic systems, therefore, a

controller described in Theorem 1 is needed. When

PS is achieved in such coupled nonpartially-linear

chaotic systems, the equivalent vector controller given

by u = α∗
Φ(xm, z) −Φ(xs, z) may not vanish.

3. Analysis of specific examples

In this section, the proposed projective synchro-

nization control method is applied to one partially-

linear chaotic system and two nonpartially-linear

chaotic systems. The partially-linear chaotic system

considered here is the Lorenz chaotic system[18] and

the two nonpartially-linear chaotic systems are Chua’s

circuit[19] and Chen’s system,[20] respectively.

The Lorenz system[18] is described by















ẋm = σ(ym − xm) ,

ẏm = (µ − z)xm − ym ,

ż = xmym − ρz

(10)

with σ = 10, µ = 60, ρ = 8/3. Taking z as the cou-

pling variable, the Lorenz system can be written in

the form of ẋ = A(z)x, ż = g(x, z). This shows that

it is a partially-linear chaotic system with

A(z) =





−σ σ

µ − z −1



 .

Since
∂f1

∂xm
+

∂f2

∂ym
= −σ − 1 < 0 ,

PS can be achieved in the coupled Lorenz systems

without control.[13]

To stabilize the coupled systems to an assigned

scaling factor α∗, independent of the initial condition

of the coupled systems, the vector controller described

in Theorem 1 is applied, so that the controlled re-

sponse system is given by







ẋs = σ(ys − xs) + k1(α
∗xm − xs) ,

ẏs = (µ − z)xs − ys + k2(α
∗ym − ys) .

(11)

Numerical simulation shows that 23 < z < 93.

According to Theorem 1, when k1 > −σ + σ = 0 and

k2 > −1 + |µ − z| > 36, PS with the assigned scal-

ing factor α∗ can be achieved in the coupled chaotic

systems (10) and (11).
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Simulation results are shown in Fig.1, where r

and θ denote the state variables in cylindrical coordi-

nates (r, θ, z) and the indices m and s denote the mas-

ter system and the slave system, respectively, where

r =
√

x2 + y2, tg(θ) = y/x. When PS is achieved,

we have rs cos(θs − θm)/rm = α∗ and the vector con-

troller u = 0, as pointed out above.

Fig.1. Controlled PS for the Lorenz system: (a) syn-

chronization trajectories (in the x− y plane) with the

assigned scaling factor α∗ = 3 and k1 = 0, k2 = 40,

(b) the variation of the ratio with respect to time.

Now, consider Chua’s circuit,[19] described by



















ẋm = α[ym − xm − f(xm)],

ẏm = xm − ym + z,

ż = −βym ,

(12)

where f(x) = bx + 0.5(a − b)(|x + 1| − |x − 1|), α =

9.78, β = 14.97, a = −1.31, b = −0.75.

When z is the coupling variable, since the sys-

tem is not a partially-linear system, PS is not a so-

lution of the coupled Chua circuits without control.

For achieving PS in the coupled Chua circuits, one

can add a controller in the response system. In

view of Eq.(2), the system can be decomposed as

ẋ = A(z)x + Φ(x, z), ż = g(x, z), where

A(z) =





−α α

1 −1



 ,

Φ(x, z) =





−αf(x)

z



 ,

g(x, z) = −βy .

The controlled response system can be written as







ẋs = α[ys − xs − f(xs)] + u1 ,

ẏs = xs − ys + z + u2 .
(13)

When the vector controller takes the form described

in Theorem 1, that is

u =





u1

u2





=





α(f(xs) − α∗f(xm)) + k1(α
∗xm − xs)

(α∗ − 1)z + k2(α
∗ym − ys)



 , (14)

and k1, k2 > 0, PS can be achieved in the coupled

system (12) and (13). When PS is achieved in this

coupled system, one has α∗xm = xs, so the equivalent

vector controller in the response system is

u =





u1

u2



 =





α(f(xs) − α∗f(xm))

(α∗ − 1)z



 . (15)

Figure 2 is the simulation results of coupled Chua

circuits (12) and (13), where r and θ are defined as in

Example 1. It can be seen in Fig.2(b) that the bigger

the k1, k2, the faster the convergence speed.

Finally, consider Chen’s system,[20] described by















ẋm = zym − bxm ,

ẏm = (c − a)z + cym − xmz ,

ż = a(ym − z) ,

(16)

with a = 35, b = 3, c = 28. Taking z as a coupling

variable, the system is not a partially-linear system,

so PS is not a solution of the coupled Chen systems
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without control.

Fig.2. Controlled PS for Chua’s circuit: (a) synchro-

nization trajectories (in the x − y plane) with the as-

signed scaling factor α∗ = −3 and k1 = k2 = 0.5, (b)

variation of the ratio with different convergence rates.

One can decompose Chen’s system into two parts,

ẋ = A(z)x + Φ(x, z), ż = g(x, z) ,

where

A(z) =





−b z

−z c



 ,

Φ(x, z) =





0

(c − a)z



 ,

g(x, z) = a(y − z) .

To achieve PS in the coupled Chen systems, the con-

trolled response system is taken as







ẋs = zys − bxs + u1 ,

ẏs = (c − a)z + cys − xsz + u2 ,
(17)

where the controllers take the form described in The-

orem 1, namely

u =





u1

u2





=





k1(α
∗xm − xs)

(α∗ − 1)(c − a)z + k2(α
∗ym − ys)



 . (18)

Numerical simulation shows that |z| < 25. In

this case, when k1 > 22 and k2 > 53, according to

Theorem 1, PS can be achieved in the coupled Chen

systems.

Simulation results are shown in Fig.3, where r and

θ are defined as in Example 1.

Fig.3. Controlled PS in the coupled Chen systems:

(a) synchronization trajectories (in the x − y plane)

with the assigned scaling factor α∗ = 2, k1 = k2 = 55;

(b) variation of the ratio with different convergence

rates.

It is clear from Fig.3(b) that the time to achieve

PS can be shortened with the increase of the feed-

back gains k1 and k2. When PS is achieved in the

coupled Chen systems (16) and (17), the equivalent
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vector controller in the response system (17) is

u =





0

(α∗ − 1)(c − a)z



 . (19)

4. Conclusion

In this paper, a new method for controlling pro-

jective synchronization in coupled chaotic systems has

been presented. The proposed control method is based

on a partially-linear decomposition and negative feed-

back of state errors. The projective synchronizability

of the coupled chaotic systems has been proved math-

ematically and verified by three different but repre-

sentative examples, including one partially-linear and

two nonpartially-linear chaotic systems.

It should be noted that the proposed control

method can be applied to a large class of chaotic sys-

tems.
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