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Based on the state equation of an ideal quantum gas, the regenerative loss of a Stirling engine cycle working with an

ideal quantum gas is calculated. Thermal efficiency of the cycle is derived. Furthermore, under the condition of quantum

degeneracy, several special thermal efficiencies are discussed. Ratios of thermal efficiencies versus the temperature ratio

and volume ratio of the cycle are made. It is found that the thermal efficiency of the cycle not only depends on high

and low temperatures but also on maximum and minimum volumes. In a classical gas state the thermal efficiency of the

cycle is equal to that of the Carnot cycle. In an ideal quantum gas state the thermal efficiency of the cycle is smaller

than that of the Carnot cycle. This will be significant for deeper understanding of the gas Stirling engine cycle.
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1. Introduction

Recently, quantum-mechanical cycles have been
intensively studied. The concept of quantum heat en-
gines was proposed and its optimum performance was
discussed in some papers.! =9 Some quantum heat en-
gine and refrigeration cycles working with an ideal
quantum gas, in which the quantum degeneracy of
gas is considered, have been investigated.'°=18 Some
significant results have been obtained.

It is well known that a Stirling engine cycle work-
ing with an ideal classical gas may possess the con-
dition of perfect regeneration through the use of a
reversible regenerator. The thermal efficiency of the
cycle may attain that of a reversible Carnot engine
cycle in the same temperature range. This conclusion
is only valid under the condition of high temperature
and low density. When the gas temperature is low
enough or the gas density is high enough, the ther-
modynamic behaviours of an ideal classical gas will
lose validity. Quantum degeneracy of gas will become
important, which will affect the performance of ther-
modynamic cycle. Therefore, it is significant to re-
search the performance of a Stirling engine cycle work-
ing with an ideal quantum gas. It will have many new
characteristics different from those of classical ther-

modynamic cycles.

In the present paper, we will investigate the in-
fluence of quantum degeneracy on the performance of
Firstly, the thermody-
namic properties of an ideal quantum gas are given,

a gas Stirling engine cycle.

based on the equation of state of an ideal quantum
gas. Secondly, the inherent regenerative losses of a
Stirling engine cycle working with an ideal quantum
gas are analysed, and the expressions for the thermal
efficiencies of the cycle are derived. Finally, the details
of expressions for the thermal efficiencies of the cycle
are discussed under the different condition of quantum
degeneracy. The characteristic curves of the ratios of
the thermal efficiencies to the Carnot efficiencies ver-
sus the temperature and volume ratios of the cycle are
generated. Therefore, the influence of quantum degen-
eracy on the performance of a gas Stirling engine cycle
is revealed.

2. Thermodynamic properties of

an ideal quantum gas

Based on quantum statistics, the pressure and the
number density of an ideal Fermi gas are given by!'"]

kT
P = g)\—3f5/2(2) (1)
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and

n= v oo %f3/2(2)a (2)
where ¢ is a weight factor that arises from the “in-
ternal structure” of the particles (such as spin), A =
h/(2rmkT)'/? is the mean thermal wavelength of the
particles, h is Planck’s constant, m is the rest mass of
the particles, k is Boltzmann’s constant, 7" is tempera-
ture of the gas, N is the total number of the particles,
and V is the volume of the gas, v is the occupied vol-
ume of the particle, z = exp(u/kT) is the fugacity of
the gas, p is the chemical potential of the gas, while

2" ldx

1 e}
fn(Z): F(n)/z*16x+1
0

is called the Fermi function, and I'(n) is the Gamma

function.
For an ideal Bose gas, the pressure and the num-
ber density are expressed as

kT
P = F‘%/Q(z) (3)
and N_N 1
— No
n=— o = F%/Q(Z)’ (4)

where Ny is the number of the particles in ground
state, while

" ldz

1 o0
gn(2) = I'(n) / z7le® — 1
0

is called the Bose function. The equation of state for

an ideal quantum gas may be written as

where F'(z) is called the correction factor which is de-
fined for a Fermi gas as

f%/2(z)
F(z)= . 6
(=) f3/2(2) ©)
The correction factor for a Bose gas is
P = 229 po, ™
93/2(2)

where T} is the temperature of Bose—Einstein conden-
sation. It is defined as

To(v) = A/v*/3, (8)

where A = h2/(27rmk {C(3/2)} 2/3)7 ¢(n) is Riemann—
Zeta function.

The internal energy, entropy and the specific heat
at constant volume of an ideal quantum gas are given
by

U= gNkTF(z), )
S = Nk [gF(z) — 1nz] (10)

and

ou 3 d
=|==] ==-Nk—=|[TF(T 11
ov = (57) = §Nhgplrr sl an
where F'(T,v) is a function of temperature 7" and vol-
ume v.

From Eqs.(10) and (11), the quantities of heat ex-
change in isothermal and isometric processes can be

P =nkTF(z), (5)  determined by
|
Qit = T(St — 5)) = NkT {g[F(zf) — F()] - (lnz —1In zi)} (12)
and
f
Qi = /C’V(T, v)dT = ;Nk[TfF(Tf,l/) — T F (T, v)], (13)

i

where indices i and f refer to initial and final states re-
spectively. On the basis of Egs.(12) and (13), one can
analyse the regenerative characteristics and the ther-
mal efficiency of engine cycle working with an ideal
quantum gas.

3. A gas Stirling engine cycle

A Stirling engine cycle is composed of two isother-
mal and two isometric processes. The entropy—
temperature diagram of a quantum Stirling engine cy-
cle is shown in Fig.1. @1, and Qg are the amounts of

heat exchanges between the working substance and
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Fig.1. The entropy—temperature (S — T') diagram of a
quantum Stirling engine cycle

5

heat reservoir at temperature 11, and Ty, respectively,
during the two isothermal processes. In order to im-
prove the performance of the cycle, a regenerator is
often applied in the two isometric processes. Qp. and
Q4a are the amounts of heat exchanges between the
working substance and the regenerator respectively,
during the two isometric processes. Vi, and Vy are,
respectively, the minimum and maximum volumes of
the gas. All heats Qr, Qu, Qbc, and Qg, are positive.
By using Egs.(12) and (13), the amounts of heat ex-
changes in the various processes of quantum Stirling
engine cycle may be expressed by

Qu = 5 NKTL[F () — F(za)] = NKTi(Inze — Inza), (14)
Qu = gNkTH[F(zb) — F(za)] = NkTu(Inzp, — In 2,), (15)
Qua = [ Cv(T.m)dT = NKITF (22) = TuF (za) (16)
d
and
b
Qe = [ CUT)AT = SNKTF (a0) - TLF (20, a7

[

where z,, 21, zc, and zq are the fugacity of the gas in the states a, b, ¢, and d, respectively. With the help of

Eqgs.(14) — (17), the work output can be derived:

W = Qu — Qun + Qda — Qe

= NkTu [F(zb) — F(2za) —Inzp + Inz,) + NETL [F(24) — F(2c) —Inzq + Inz.].

The quantities of TF(T, v) versus the temperature
for two different volumes are shown in Fig.2. Making
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Fig.2. The quantity of TF(T,v) versus the temperature
for two different volumes (v, = 1072°m3 and vy =
10~28m3).
use of Eq.(11) and comparing it with the slopes of the
two curves, one can obtain the following relationships

(18)
|
in Fermi gas (*He) and in Bose gas (*He):
Cy(T,vu) > Cy (T, 1) (19)
and
C‘];(T, VH) < CS(T, Z/L)7 T > To(l/L)7 (20)

respectively. Equation (19) indicates that in a Fermi
Stirling cycle the amount of heat exchange (g4, trans-
ferred from the regenerator is smaller than that of heat
exchange Q. transferred into the regenerator, the re-
dundant heat in the regenerator can only be released
into the cold reservoir in a timely manner. If not, the
temperature of the regenerator would be changed so
that the regenerator would not be operated normally.
The amount of heat absorbed from hot reservoir Qg
does not change. Thus, regenerative loss of the Fermi
Stirling engine cycle, AQ = Q4a — Qbc, is less than

Zero, i.e.
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3
AQ = Qo — Qv = SNk {Ti [F(22) = F() | + T Flz) = F(a)] | <0. (21)
From Eqs.(15) and (18), the thermal efficiency can be obtained by

W Tx [F(zb) —F(za) —lnzp+1n za] + 711, [F(zd) —F(ze) —lnzq+1n zc}
0" _ )

=2 = (22)
Qu (5/2)Tx [F(zb) - F(za)} ~ Tu(nz, — Inz,)

|
On the other hand, Eq.(20) means that in a Bose =~ changed and the regenerator would not be operated

Stirling cycle the amount of heat exchange QQq, trans-  normally. Heat absorbed from hot reservoir will in-
ferred from the regenerator is larger than that of heat  crease from Qu to Q. Thus, the regenerative loss
exchange Qp. transferred into the regenerator. The  of the Bose Stirling engine cycle is larger than zero,
inadequate heat in the regenerator can only be com-  ie. AQ = Qga — Qve > 0. From Egs.(15), (18) and
pensated from the hot reservoir in a timely manner. (21), heat absorbed from the hot reservoir and the
If not, the temperature of the regenerator would be  thermal efficiency can be obtained:

Qu = Qu +AQ
— NkTy [F(zb) - F(za)] + gNkTL [F(zc) - F(zd)} — NkTu(ln 2y — ln z,), (23)
and
s W Tx [F(zb) —F(za) —lnzp+1n za} + 715, [F(zd) —F(2e) —Inzq +1nz (24)
@u Tu[F() = F(za)| + STL[F(0) = F(za)] = Tu(nz, — n2)
|
On the basis of Egs.(22) and (24), one can discuss  and
the results in the following three special cases.
w T\ T+ 1L
F
. . =—=[1-==|— <1, 28
4. Discussion T Qn ( TH> 2Ty (28)
1) Under the condition of strong gas degeneracy, where Tp(v) = D/v? /3 is the Fermi temperature,

i.e. low temperature and high density, one can derive 95312/3 .
. . . D = (3x%h*)™"" /(2km) is a constant, vy and vy, are
the fugacity, correction factor, regenerative loss and . . o
) e . respectively the maximum and minimum volumes oc-
thermal efficiency of a Fermi Stirling cycle in the first . . . .
. . . cupied by an ideal Fermi particle, and n, = 1—T1,/Tu
approximation, respectively:

is thermal efficiency of a Carnot heat engine cycle.
) (v) = T

Inz = T ETF(V), (25) 2) Under the condition of weak gas degeneracy,
2T (v) 2T i.e. high temperature and low density, one can derive
F(T,v) = 5T 6Tr (1)’ (26) the fugacity, correction factor, regenerative loss and

thermal efficiency of a Fermi Stirling cycle in the first

2
m
AQ = EN]@’(TEI - Trf)(l/im - V;/B) <0, (27) approximation, respectively:

2= 4V2E/ (T3/2u> {1 + 2B/ (T3/2y) } (29)
F(T,v) = 1+Eﬁ, (30)
AQ = ;NkE (vt — vyt (1/T§I/2 - 1/Tﬁ/2) <0, (31)
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and

g = (T = T) (o /) + (/v — /o) (/T2 — 1)1

T ln(va /) + (1/2)E(1/vg — 1/v1) /Ty ?

; (32)

where £ = h3/ 32(7rmk)3/ 2 is a constant. Similarly, one can derive the fugacity, correction factor, regenerative

loss and thermal efficiency of a Bose Stirling cycle in the first approximation, respectively:
PENG) (G/T3/2y) [1 —2G/ (T3/2y)] , (33)

F(T}y)::l——(}/(Zﬁ/2y>, (34)

3

AQ=3

and

(Th = TL) In(vn /o) + GO/ = 1/w) (1T = 1/T?)

NkG(UyL—lﬁm)<Uyy2—1ﬁéﬂ)>0, (35)

Thn(vn/ve) + G(1 /v, = 1/vw) [ (1/T3 + 3/27%)

where G = h3/16(mmk)3/? is a constant. The tem-
perature of Bose — Einstein condensation is the lower
bound of that of a Bose gas in the Bose Stirling cy-
cle. Thus, one can only discuss the case under the
condition of weak gas degeneracy.

When the temperature is high enough, Eqs.(32)
and (36) may be simplified

=P =1-Ty/Tgq = ne. (37)

In this case, an ideal quantum gas becomes an ideal
classical gas and the working substance is always in
classical gas state throughout the cycle.

Ratios of thermal efficiencies versus the temper-
ature ratio for three different volume ratios, r, =
vu /vy, are shown in Fig.3, while the minimum vol-
ume and high temperature are fixed at vy, = 1072m3
and Ty = 177K, respectively. The maximum values

1.00
0994 e
0.98 1
. — " /ne P =107 el
IS I =5 e ]
= 097- n Jie T =
s e e T=2
e B /e r=10
0.969 conB/ne =5 Ty =177TK
- e 77B/"7c r=2 vy, = 10_29m3
0.95 T T Ll T Ll Ll T T
2 4 6 8 10
T

Fig.3. Ratios 7/nc of thermal efficiencies versus the tempera-

ture ratio 7 for three different volume ratios r,. The minimum

—29..3
m

volume and high temperature are given as vy, = 10 and

Ty = 177K, respectively. T1, > Tr(v1,) = 16.6K.

of 7 are restricted by Tmax = Tu/7Tr(vL) for a Fermi

cycle and Tiax = Tu/To(v) for a Bose cycle, where
Tr(vy) = 16.6K and Typ(vr) = 8.4K. Thermal effi-
ciency decreases with the increase of 7, and the ther-
mal efficiency of Fermi cycle is larger than that of
Bose cycle. It is noted from Fig.3 that for low values
of 7 the thermal efficiency of the Fermi Stirling cycle
is approximately equal to that of the Carnot engine
cycle.

Ratios of thermal efficiencies versus the volume
ratio for a constant maximum volume value, vy =
10~28m3,

vr, = 1072%m3, are shown in Fig.4, while high and

and a constant maximum volume value,

0.99 1 h
0.98 - T
o PR ¥ /ne vg = 10728m3
S - )
= 09749 ceee ¥ /e vy, =10729m3
g R rIB/nﬁ vy = 10728m3
0.96 g - ~7’IB/'I](; vy, = 10_291133
Ty = 177K, T, = 16.6K
0.95 T T T T T T T T
2 4 6 8 10
,r.l/

Fig.4. Ratios of thermal efficiencies versus the volume ra-
tio. The high and low temperatures are given as Ty =
177K and 71, = 16.6K, respectively.

low temperatures are fixed at Ty = 177K and 11, =
Fr(v1,) = 16.6K. For a constant vy, thermal efficiency
decreases with the increase of r,. For a constant vy,
thermal efficiency increases with the increase of r,.
Therefore, it is important to know that the thermal
efficiency can be improved by increasing the high vol-

ume.
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3) Under the condition of Ty > Tr(v) and
T, < Tr(vu), one can derive the fugacity, correc-

tion factor, regenerative loss and thermal efficiency

of a Fermi Stirling cycle in the first approximation,
respectively:

(T, v —4\/_E/ 3/2 [1+2E/( 73/2 )}7 (38)
(T, )71+E/<3/2)7 (39)
_ TF(Z/) 7T2 TL
i = - Gty "
. QTF(Z/) 7T2TL

F(Ty,v) = 5TL 6Tk (v)’ “
AQ— §NkD ( —2/3 _ _2/3) N SNkE(l/VL — 1) /T1/2 + 4DNI<:TL ( 2/3 V§/3) : (42)

and
TaIn(va/vL) — (3/5)D (1/VE/3 - 1/1/1%1/3) - BE(1/vn - 1/VL)/TPII/2 + (m*/4D) T¢ (VE/3 7 Vﬁ/g) (43)

o .

Ty In(vg/vL) +

Ratios of thermal efficiencies versus the tempera-
ture ratio for three different volume ratios are shown
in Fig.5, while minimum volume and high tempera-
ture are given as vy, = 107%*m?3 and Ty = 177K, re-

(1/2)E(1 /v — 1))/ TY?

creases with increasing r,. For a constant v, thermal
efficiency increases with increasing r,. The situations
in this figure are very similar to those in Fig.4.

spectively. The minimum value of 7 is restricted by 0.99
Tmin = T1/Tr(vi). When 7 goes to infinity, thermal
l o 0974 LT
0.98 & .
B i —10~-28m3
| ——- _ 29,3
. 0977 0.96 vy =10~
= =0 Tu = 177K, Ty, = 1K
L‘-;: aee= 1, =5 u=177K, T1, =
0.96 1 - Ty =2 0.95 ——————
1 3 4 5 6 7 8 9 10
Ty = 177K, v, = 1072%m3 -
14
0'95100 2(')0 3(')0 4(')0 500 Fig.6. Ratios ¥ /me of thermal efficiencies versus the vol-

’
Fig.5. Ratios of thermal efficiencies nF /mc versus the tem-
The
minimum volume and high temperature are given as vy, =
1029m? and Ty = 177K, respectively. T1, < Tr(vg) =
3.57K.

efficiency goes to its upper limit, which is lower than

perature ratio 7 for three different volume ratios.

unity. Ratios of thermal efficiencies versus the vol-

ume ratio for a constant maximum volume value,
VH 10~28m3,

value, v, = 1072°m3, are shown in Fig.6, while high

and a constant minimum volume

and low temperatures are given by Ty = 177K and
Ti, = 1K. For a constant vy, thermal efficiency de-

ume ratio r,. The high and low temperatures are given

as Ty = 177K and T1, = 1K, respectively.

In the zeroth approximation, the working gas is in
the classical gas state at temperatures near Ty while
it is in the completely degenerate gas state at tem-
peratures near 71,. In this case, Egs.(38)—(43) may be
simplified to

(T, v) —4\/_E/( T3/? ) (44)
F(Tw,v) =1, (45)
In 2(Ty, v) = £ (46)

Ty
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F(Ty,v) = QTF(V)7 (47) cycle is smaller than that of the Carnot cycle in the

511, same temperature range due to the quantum degen-

AQ = §NkD (1,52/3 _ 1,52/3) ’ (48)  eracy of an ideal gas. It is worth noting that in a

0 strong gas degeneracy, the thermal efficiency of the

and Fermi Stirling engine cycle is only a function of high
n" =1-(3/5)D (1/1/5/3 _ 1/1,;/3) /[Tuln(va /)],  and low temperatures. In a weak gas degeneracy, the
(49) thermal efficiency of the quantum gas engine cycle not

respectively. only depends on high and low temperatures but also

5. Conclusions

It can be seen clearly from the results obtained
above that the Stirling engine cycle working with an
ideal quantum gas does not possess the condition of
perfect regeneration, and the thermal efficiency of the

the maximum and minimum volumes. Meanwhile, the
thermal efficiency of a Fermi cycle is larger than that
of a Bose cycle. At a sufficiently high temperature,
an ideal quantum gas will turn to be an ideal classical
gas. Therefore, the thermal efficiency of the quantum
Stirling engine cycle is equal to that of a Carnot engine
cycle.
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