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Stability with respect to partial variables

for Birkhoff systems∗
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In this paper, the stability with respect to partial variables for the Birkhoff system is studied. By transplanting the

results of the partial stability for general systems to the Birkhoff system and constructing a suitable Liapunov function,

the partial stability of the system can be achieved. Finally, two examples are given to illustrate the application of the

results.
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1. Introduction

The proposition on the stability with respect to

partial variables was first raised by Liapunov, and

elaborated by Malkin later. But its proof had not been

given until Rumjantsev first proved the stability theo-

rem and the asymptotic stability theorem with respect

to partial variables.[1,2] The stability with respect to

partial variables is from Liapunov stability, and its re-

search scope has been extended.[1] The Birkhoff sys-

tem is a kind of constrained mechanical system, and

there have been some results of research on the stabil-

ity of the system.[3−5] Recently, the conserved quan-

tity and stability for the Birkhoff system were studied

in Ref.[6], and the stability for the equilibrium of ro-

tational relativistic Birkhoff systems was discussed in

Ref.[7]. But the research on stability with respect to

partial variables for the Birkhoff system has not been

reported yet. In this paper, we study the stability with

respect to partial variables for the Birkhoff system. It

is clear that the results of the stability with respect to

partial variables for general systems are applicable to

the Birkhoff system. But it is very difficult to find a

suitable Liapunov function for the Birkhoff system.

2. Birkhoff equations

The Birkhoff equations have the form

(∂Rν

∂aµ
−

∂Rµ

∂aν

)

ȧν −
∂B

∂aµ
−

∂Rµ

∂t
= 0 ,

(µ, ν = 1, . . . , 2n) , (1)

where the function B = B(t, a) is called the Birkhof-

fian, and Rµ = Rµ(t, a) are called Birkhoff functions.

Now suppose that Eqs.(1) are nonsingular, i.e.

det
(∂Rν

∂aµ
−

∂Rµ

∂aν

)

6= 0 . (2)

Then from Eqs.(1) all ȧµ can be solved as

ȧµ = ωµν
( ∂B

∂aν
+

∂Rν

∂t

)

, (3)

which can be written as

ȧµ = σµ(t, a) , (4)

where

σµ = ωµν
( ∂B

∂aν
+

∂Rν

∂t

)

. (5)

3. Stability with respect to par-

tial variables

Suppose that

σµ(t,0) = 0 , (6)

and then take the null solution a = 0 of the system

(4) as the undisturbed motion. In order to discuss
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the stability with respect to partial variables for the

system (4), we take

x = (a1, . . . , am)T ,

y = (am+1, . . . , a2n)T ,
(m ≤ 2n) . (7)

Definition 1 The undisturbed motion a = 0 of

the system (4) is said to be stable with respect to par-

tial variables x, if for any given positive number ε > 0

there exists such a number δ = δ(t0, ε) that

‖x(t; t0, a0)‖ < ε , for all t ≥ t0 ,

when ‖a0‖ < δ. Otherwise, the undisturbed motion

a = 0 of system (4) is said to be unstable with respect

to partial variables x.

Definition 2 The undisturbed motion a = 0 of

the system (4) is said to be asymptotically stable with

respect to partial variables x, if it is stable with re-

spect to x and there exists such a number δ > 0 that

lim
t→∞

‖x(t; t0, a0)‖ = 0 ,

when ‖a0‖ < δ.

Clearly, the results of the stability with respect

to partial variables for general systems can be trans-

planted to the Birkhoff system. The corresponding

results are embodied in the following two theorems.

Theorem 1 If there exists a positive (negative)

definite function V (t, a) about partial variables x, and

its derivative is V̇ ≤ 0(≥ 0) along the curve of Eqs.(4)

or identically vanishing, then the undisturbed motion

a = 0 of the system (4) is stable with respect to par-

tial variables x.

Theorem 2 If there exists a positive definite

function V (t, x) about partial variables x, it has the

infinitesimal upper bound and its derivative V̇ along

the curve of Eqs.(4) is negative definite, then the

undisturbed motion a = 0 of the system (4) is asymp-

totically stable with respect to partial variables x.

The key issue and the difficulty in applying the

above theorems consist in how to construct a suitable

Liapunov function V (t, a), and no general method

of constructing the function. For an autonomous

Birkhoff system, the Birkhoffian, if it is positive defi-

nite, can be taken as the Liapunov function in order to

study the stability with respect to all variables.[5] For

discussing the stability with respect to partial vari-

ables, the Birkhoffian is also useful for constructing

the Liapunov function.

4. Illustrative examples

The following are two examples to illustrate the

above results.

Example 1 The Birkhoffian and the Birkhoff

functions of a four-dimensional Birkhoff system are

respectively

B =
1

2
{(a3)2 + 2a2a3 − (a4)2} ,

R1 = a2 + a3 , R2 = 0 , R3 = a4 , R4 = 0 . (8)

Birkhoff’s equations (1) give

−ȧ2 − ȧ3 = 0 , ȧ1 − a3 = 0 ,

ȧ1 − ȧ4 − (a2 + a3) = 0 , ȧ3 + a4 = 0 . (9)

This is the well-known Hojman–Urrutia problem.[8,9]

Equations (8) can be expressed as

ȧ1 = a3 , ȧ2 = a4 , ȧ3 = −a4 , ȧ4 = −a2 . (10)

Now, we discuss the stability of its null solution

a1 = a2 = a3 = a4 = 0 with respect to partial vari-

ables. Take

V (t, a) =
1

2
{(a2)2 + (a4)2}

+
1

2
{(a3)2 + 2a2a3 − (a4)2}2

≥
1

2
{(a3)2 + (a4)2} , (11)

which is positive definite with respect to variables a2

and a4. Taking the derivative V̇ of the above expres-

sion according to Eqs.(9), we have

V̇ = 0 . (12)

By using Theorem 1, we know that the null solution

of Eqs.(9) is stable with respect to partial variables a2

and a4.

Example 2 A Birkhoff system of second order is

R1 =
1

2
a2exp(γt) , R2 =

1

2
a1exp(γt) ,

B =
1

2
{(a1)2 + (a2)2 + γa1a2}exp(γt) ,

(γ > 0) . (13)

Birkhoff’s equations (1) show

−ȧ2exp(γt) − (a1 + γa2)exp(γt) = 0 ,

ȧ1exp(γt) − a2exp(γt) = 0 ,

i.e.

ȧ1 = a2 , ȧ2 = −a1 − γa2 . (14)



1934 Mei Feng-Xiang et al Vol. 15

We now study the stability of its null solution a1 =

a2 = 0 with respect to partial variables. Take the

Liapunov function as

V =
1

2
{(a1)2 + (a2)2} . (15)

Clearly, it is positive definite with respect to variable

a2, does not contain t explicitly, and possesses the in-

finitesimal upper bound. Taking the derivative V̇ of

the above expression according to Eqs.(14), we have

V̇ = −γ(a2)2 . (16)

This is negative definite with respect to a2. By Theo-

rem 2, the null solution a1 = a2 = 0 is asymptotically

stable with respect to a2.

5. Summary

The motion stabilization of the Birkhoff system is

an important part of the dynamics of the system. The

stability with respect to partial variables is a kind of

generalization of the general theory of Liapunov sta-

bility. The results in this paper are complementary

to the study of stability for the Birkhoff system, and

the key issue in its application is how to construct a

suitable Liapunov function.

References

[1] Wang Z L 1992 Stability of Motion and Its Applications

(Beijing: Higher Education Press) (in Chinese)

[2] Rumjantsev V V and Oziraner A S 1987 Stability and

Stabilization of Motion with Respect to Partial Variables

(Moscow: Nauka) (in Russian)

[3] Mei F X 1993 Chin. Sci. Bulletin 38 816

[4] Mei F X, Shi R C, Zhang Y F and Wu H B 1996 Dynam-

ics of Birkhoffian Systems (Beijing: Beijing Institute of

Technology Press) (in Chinese)

[5] Mei F X, Shi R C, Zhang Y F and Zhu H P 1997 Stability

of Motion of Constrained Mechanical Systems (Beijing:

Beijing Institute of Technology Press) (in Chinese)

[6] Xu Z X 2005 Acta Phys. Sin. 54 4971 (in Chinese)

[7] Fu J L, Chen L Q and Xue Y 2003 Acta Phys. Sin. 52

256 (in Chinese)

[8] Hojman S and Urrutia L F 1981 J. Math. Phys. 22 1896

[9] Santilli R M 1983 Foundations of Theoretical Mechanics

II (New York: Springer)


