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The EI Nifio/La Nina-Southern Oscillation (ENSO) is an interannual phenomenon involved in the tropical Pacific

Ocean—atmosphere interactions. In this paper, an asymptotic method of solving the nonlinear equation for the ENSO

model is created. And based on a class of oscillator of the ENSO model, the approximate solution of a corresponding

problem is studied by employing the method of homotopic mapping. It is proved from the results that the homotopic

method can be used for analysing the sea surface temperature anomaly in the equatorial eastern Pacific and the

thermocline depth anomaly of the atmosphere—ocean oscillation for the ENSO model.
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1. Introduction

The El Nifio/ La Nifio-Southern Oscillation
(ENSO) is an interannual phenomenon involved in the
tropical Pacific Ocean—atmosphere interactions. It is
a very attractive object of study in the international
academic circles.' =7 Lin et al also considered some
problems of this class in atmospheric physics, ocean
weather, dynamic system and so on.!8~13] The oscilla-
tory nature of ENSO requires both positive and neg-
ative ocean—atmosphere feedbacks. An initial posi-
tive sea surface temperature (SST) anomaly in the
equatorial eastern Pacific can reduce the zonal SST
gradient, and hence the strength of the southern os-
cillation circulation, resulting in weaker trade winds
around the equator. The weaker trade winds in turn
bring about ocean circulation changes that reinforce
the SST anomaly. This positive ocean—atmosphere
feedback or coupled ocean—atmosphere instability in
the equatorial Pacific leads to a never-ending warm
state occurring.

Recently a large number of scholars have inves-

tigated the relevant nonlinear problems. Approxi-

mate methods have been developed and improved, in-
cluding the mean method, boundary layer method,
matched asymptotic expansion method, and multiple
scale method.['*~18] Using the perturbation method,
Mo et al considered a class of nonlinear perturbation

[19—28]

problems. In this paper we consider a class of

ENSO model by using a simple and special method

for homotopic theory.[29:3]

The conceptual oscillator model should consider
the variations of both the eastern and western Pacific
anomaly patterns. As will be shown below, the oscilla-
tor model can be reduced to a simple oscillator model
by further making simplification and assumptions.

The western Pacific oscillator*® emphasizes the
role of the western Pacific anomaly patterns in ENSO.
In particular, off-equatorial SST and SLP variations
initiate equatorial wind anomalies in the western Pa-
cific. These wind anomalies force the ocean to progress
eastward to affect anomalies in the equatorial eastern
Pacific. If all delay parameters are set to be zero,[6:7]
we can understand why the slow ocean dynamical ad-
justment does not need the role of wave propagation.
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2. An ENSO model

Now we consider the sea—air oscillator of an ENSO
model, which may be described by the following equa-

tions:
i—f =ar +br — e T3, (1)
% — —er — Ruh, (2)
52% =dT — Ry171, (3)
53% =eh — R,o79, (4)

where T is the SST anomaly in the equatorial eastern
Pacific; h is the thermocline depth anomaly; 7;, where
i = 1,2, are the equatorial zonal wind stress anomalies
in the central Pacific and the western Pacific, respec-
tively; the model parameters a, b, ¢, d, e and ¢;, where
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T(t) = ZK,-Ai exp(At), (9)
4

h(t) =Y KiBiexp(\it), (10)

7‘1(75) = ZKzCz eXp()\it), (11)
4

() = Z K;D; exp(\it). (12)

Here \;, where i = 1,2,3,4, are characteristic roots
of the linear system (5)—(8), K;, where i = 1,2, 3,4,
are arbitrary constants, and A;, B;, C;, D;, where i =
1,2, 3,4, satisfy the following linear system:

i = 1,2, are positive constants; and the Ry, R;1, R aCi +bD; =0, (13)
and e, are positive damping coefficients. (Bn + A\i)Bi + cC; =0, (14)
It is easy to obtain the solution (T(t),h(t)), dA; — (R + X\)C; =0, (15)
71(t), T2(t)) of the linear system eB; — (Rya + AiD;) = 0. (16)
T
EZCL’H*FI)TQ, (5)
dh . ) 3. Homotopic mapping and ap-
—— = —CT1 — Iihh,
di P proximate solution
1
625 =dT — R-11, (7)
dr Introducing a set of(?%3% H; (T h, p) with X xI —
g = eh — Rya7, (8) R, where i =1,2,3,4, we have
|
Hy(T, h,p) = L1(T, h) — L1(uo, vo, wo, z0) + p(L1(uo, vo, wo, 20) + eT?), (17)

Hi(T,h,m1,72,p) = Liy(T, H, 1, 72,) — Li(uo, vo, wo, 20)

+pLi(uo, vo, wo, 20),

where 1=1,2,3,4. (18)

Here X = [0,00),4 = [0, 1], R = (=00, +00); (ug, vo, wo, 20)] is a zeroth-order approximate solution of the original

coupled system (1)—(4), and L; where 7 = 1,2, 3,4, are linear operators satisfying the following equations:

dT
Li(T,h,11,72) = T bra,

dh
LQ(Ta h7T17T2) = — +cm + th7

d d
L3(T,h,11,72) = Ezl —dT — R, Ly(T,h,11,72) = 532 —eh+ R;omo,

dt

Firstly, from Egs.(9)-(12), we can obtain

(') (t) = Z KiAi eXp()\it), (19)
4
w(t) =Y KiBiexp(\it), (20)

i=1

dt
dt
4
wo(t) = > KCiexp(\it), (21)
=1
4
20 (t) = Z KiDi exp()\it). (22)
=1

Obviously, from Eqgs.(17) and (18), the solution
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(T(t), h(t), 71(t), 72(t)) of coupled system (1)—(4) is
the solution of the H;(T,h,Ti,72,1) = 0 where j =
1,2,3,4,as p — 1.

Let

T = i T (t)p",

k=0

o0 o0
T = Zﬁk(t)pk, Ty = ngk(t)pk. (23)
k=0 k=0

h=>Y " hi(t)p",
k=0

By expanding the expressions (19)—(22) into the
power series of p, substituting them into the expres-
sions (17) and (18), and then comparing the coeffi-
cients of the same power in p on the right- and left-
hand sides of the resulting equations Hy (T, h,p) = 0
and H;(T,h,m1,72,p) = 0, where i = 2,3,4, we can
finally obtain the corresponding solutions as shown
below.

From the coefficients of zeroth power in p, we have
Li(T(),h(),Tl,TQ):Li(UO,’Uo,’wo,Zo), i:1,2,3,4.

Thus we obtain

4
T() (t) = Z KzAz exp()\it),

i=1
4
ho(t) = Z KiBi exp()\it),
=1
4
Tl()(t) = Z KZC’Z exp()\it),
i=1

4
TQQ(t) = Z KiDi eXp()\it).

i=1

From the coefficients of first power in p, we have

a7 . ’

it broy = —¢ (; KA, exp()mf)) , (24)
WL 4 e+ Buhy = 0, (25)
52% —dTy + Ryymy = 0, (26)
53% —eh1 + Ryom1 = 0. (27)

From Eqgs.(24)—(27), it is easy to obtain (T4 (t), h1(¢), 711, 721). Their derivation is tedious and is omitted

here.

Then we can obtain the first-order approximate solution of the coupled system (1)—(4):

4
Tapp(t) = Z K;Ajexp(A\it) +Ti(t),

i=1
4

Tlapp (t) = Z KZC’Z exp()\zt) -+ Tll(t), TQapp (t) = Z KZD1 eXp(AZt) + T21-

i=1

Here \;, where ¢« = 1,2, 3,4, are characteristic roots
of the linear system (5)—(8), K; where i = 1,2,3,4,
are arbitrary constants, and A;, B;,C;, D;, where
i = 1,2,3,4, satisfy the linear system (13)—(16) and
(T1(t), h1(t), 711, 721) is a solution of Eqgs.(24)—(27).

Similarly, we can obtain a higher-order approx-
imate solution for the coupled system (1)-(4). It
can be seen that it is easy to obtain a solution
(T;(t), h;(t), m1(t), m95(t)) where j = 1,2,3,..., suc-

4
happ(t) = Z K;B; exp(\it) 4 ha(t),

i=1
4

i=1

cessively.

4. Accuracy of approximate solu-

tion

Substituting the solutions (T (t), h;(t), 71, (t), T2, (t))
where j =0,1,2,..., into Eq.(23), and letting p = 1,
we have
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T=>Tt), h
k=0

We can also prove that the expressions (30) are
uniformly convergent in R x I. And then (f,i;, T1,72)
is a solution for the nonlinear problem (1)-(4).[2"]
From the expressions (30), we can obtain an approxi-
mate solution for the original reaction diffusion prob-
lem.

In order to explain the accuracy of the expressions
of the first approximate solution (28) and (29), we
now select some particular parameters of the model:!”!
a=15x10"2°Cm?-N-1.yr=1 b="75x10%°C-m?-
N-lyr 1 e=15x10°m? - N~l.yr=! d =3.6x10"2

1.2
1.0

0.8

0.6

0.4

& 02
0

—-0.2
—0.4
~0.6

— — homotopic approximation solution
—— simulation solution

0 1 2 3 4
t/yr
Fig.1. Comparison between simulation solution and ho-

motopic approximate solution.

T

= (), =Y (). (30)
k=0 k=0

°C~!.N-m2yr ' e =30x 103N -m™3 - yr !,
Ry =5.0yr7 !, Ryp = Ryo =2.0yr ! and let ey = 0.1
°C=2.yr~1, t € (0,4], [T, h,71,72] = [1,0,0,0]. Then
we have the curves of the SST anomaly 7" as shown in
Fig.1 and those of the thermocline depth anomaly h
in Fig.2 to make a comparison between the simulation
solution and the homotopic approximate solution.

From Fig.1 and Fig.2, we can see that the first
approximate solution obtained using the homotopic
method has a good accuracy.

0.3

— — homotopic approximation solution

0.4 —— simulation solution
O'50 0.5 1 1.5 2 25 3 35 4
t/yr

Fig.2. Comparison between simulation solution and ho-
motopic approximate solution.
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