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The trace identity is extended to the quadratic-form identity. The Hamiltonian structures of the multi-component
Guo hierarchy, integrable coupling of Guo hierarchy and (2+1)-dimensional Guo hierarchy are obtained by the quadratic-
form identity. The method can be used to produce the Hamiltonian structures of the other integrable couplings or
multi-component hierarchies.
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1. Introduction eration as
The theory of integrable Hamiltonian systems 5
with infinite dimensions has rapidly developed since [a, b] = Z aibjlei, ;]
the late 1960s. In 1988, Tul'! proposed an effi- WVZI
cient approach to searching for an integrable Hamil- _ 26: cie; =c = (c1, ca, - .. CS)T7 (1)
tonian hierarchy. Nowadays, using the Tu scheme, i—1

a lot of integrable systems with physical significance . )

. [2—5] which makes V; become a Lie algebra.
have been obtained. At present, a large num- A dine 1 leebra V. i tod
ber of multi-component integrable systems such as u C;)rres_rt)ﬁllhmi I?Op.agi) 1"2.1 5 ;S presenf t.re—
the multi-component TD hierarchy, Burgers hierarchy, Spectively wi ¢ following basis and cotnutation

etc., have been presented.5~1% However, the Hamil- operation:

tonian structures of these mul.ti—corrllponent integrable es(m) = e\, le:(m), ;(n)] = [es, ej])\ern 7
systems have not been deeply investigated because the

trace identity is not suitable for them. In this pa- 6 =12,..,85 myn=0,+1,+2,.... (2)

per, we extended the trace identity to the quadratic- . . .

. . . .. . . The linear isospectral problem that is constructed by
form identity. By using this identity, the Hamilto- -
. . . Vs can be taken as
nian structures of the multi-component Guo hierar-

chy, integrable coupling of Guo hierarchy and (2+1)- b = [U, 9] UV, e
dimensional Guo hierarchy are obtained. The method (3)
proposed in this paper can also be used to solve some e =[Vigl, A =0,

other problems of this kind. from which, the zero-curvature equation

Set Vi to be an s-dimensional linear space with

basis eq, €3, ..., e, and let V, =[U,V] (4)
a = Zaiei = (a1,a,...,as)7, is easy to derive, and we should give the following
i=1 definitions:
. d
b= Z bie; = (b1, ba,. .., bs)T rank(U) = rank(a) = a = const. ,
=1
d
be two elements of V; and define a commutation op- rank(V) = Taﬂk(&) = { = const. (5)
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Let the two arbitrary solutions Vi and Vi of Eq.(4)

with the same rank be linearly related by
Vi =~Vs, ~ = const. (6)

For a,b € V,, the s-order matrix R(b) is determined
by
0,7 = TR0 7)
and constant matrix F' = (fi;)sxs is determined by
F=FT, R(b)F = —(R(b)F)T. (8)
We introduce a quadratic-form identity functional
{a,b} = a™ Fb, a,beV,, (9)
and consider a functional
W ={V,U}+{A,V,—[U,V]}, UV, AecV, (10)

which has the following variation constraint condi-

tions:
VAW =V, — [U,V] =0, (11)
VyW =Uy— A, +[U, 4] =0. (12)
From the expressions (8), (9) and (7), we obtain
A, V] =Vy = %V, v = const. , (13)

then we obtain

5%{‘/, Uy} = xva% (M{v, g—Z}) :

1<i<l), (14)

where v is a constant to be determined. We call

a;(i = 1,2,3) is the ith column of the matrix a, then
G is a linear space.

Let a = (ai,ag,...,ap)T and 8 = (81, B, - - -,

Bu)Y, and define their products as a * 8 =
Bxa = (a1fi,a2fs,...,anfu)’ and a/f =
(a1/Br, /B2, ... an/Bur)T. If a = (a1,a2,a3) and
b = (b1, b2,b3) € Gpr, then a commutation operation
for GGy is defined as
[a,b] = (a3 * by — ag * b, ay * bs
—ag*bl,al*bg—ag*bl)T. (15)
It is easy to see that Gy is a Lie algebra. A corre-
sponding Lie algebra G is defined as
G = {a\",a € Gy, [aX™, bA"]
= [a, ]\t a,b € G} (16)

Taking the following isospectral problem:

1/)95 = [an]aUa V,l/f € él\/lv
wt = [Va ¢]7>\t = 07 (17)

where

o= (4 dn)

V= (’Ul, )\’Ug, )\’U3)T 5

— Ty—2m
Eq.(14) the quadratic-form identity. Uk = Z (O ms Vka s -+ Vheagm )~ A J
m>0
. . q:(QIaq27"'7qM)Ta
2. Multi-component Guo hierar-
chy and its Hamiltonian and r = (r1,r2,...,7)", solving
structure V, = [U,V] (18)
If Gy = {a = (aij)mx3 = (a1,a2,a3)} denotes a
set of matrices where M is a positive integer, and  gives rise to
|
V2,m+1 = Vi,mz + 7 * U3,m,
V2,me = —V1i,m + 4 * V3,m ,
V3, mt1z = @ * (V1ma + 7 % V3,m) — 7% V1m, (19)
a
v20=0, wv3o=0, Vip=ag, V1= "0 —Qlg+ 4*a*4q;
e
V21 =gz + 1), Us1=qxq.
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For an arbitrary natural number n, denoting

n V1,m
(n) _ 2n—2m
Vi =" Ao [ A :
=0
m )\’U37m

ARED A AL
then Eq.(18) can be written as
-V 4o v =vy - v (0

The terms on the left-hand side of Eq.(20) are of de-
gree > —1, while the terms on the right-hand side are
of degree < 0. Therefore,

V2 n+1
v Lo, v = - 0
T ¥V,
22
Denoting
n r
v —v™ LA, A, = (0 e 01.1,0)7,
the following zero-curvature equation:
Uy — V™ + [U,v™] =0 (21)
gives the integrable system
(G o)
— *V1,n
q )
Uty = a r
r : V1,nz —V2,nx
r
I A N e
Lso -o —v1,
q
V2.n
—J , (22)
—U1i,n

where J is a Hamiltonian operator.
From the expression (19),we obtain a recurrence
operator
“Tyd oy
_ q q
L=\ r 1 2 4" 1
O—*%0+q*x0 "r*x0 0“+0—*x+gx0 q*0
q q

)

which meets

V2,n+1 — V2,n

—V1,n+1 —U1i,n

Therefore, the expression (22) can be written as

0
) . (23)
q —aq

Ut =

When M > 1, the hierarchy (21) is a multi-component
Guo hierarchy; when M = 1, the hierarchy (21) re-
duces to the Guo system.

From the expression (15), we have

0 by by
[a.b]"=a" | —bs 0 —by | =a"R(}). (24)
b2 —bl 0

Solving the matrix equation (8) for F' yields

—Iy 0 0
F=| 0 —Iy 0 |, (25)
0 0 Iy

{a,b} = —aj x by — az *x by + az * bs. (26)

Hence, we obtain by using the quadratic-form identity

1
0 /A r 0 502
—(zvs — =< = AT =)\ 27
Su; (2“3 2 *”2) o 1 @7
—
2
Comparing the coefficients of A=2"*! yields
V2,n
~_ n - n) — -2 '
atans = avan) = (=2 |
Taking n = 1 in the above equation gives v = —1.

Thus, the Hamiltonian structure of the expression (22)
is derived as follows:

)

r Sr 0H

wp = Sl B DA =Ty

q 0 ou

t 5q
where
1
n — m T 1 (T * V2 n+1 — US,nJrl) .

Therefore, the expression (22) can be written as

r 0
Uy = =JL"
q —aq
t
9
—J| | .. (29)
oq

We observe that JL = L*J, Hamiltonian functions
Hi(l > 1) are involutive with each other and each
Hi(l > 1) is a common conserved density of the ex-
pression (22). Therefore, the multi-component Guo
hierarchy (22) is Liouville integrable.
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3. Integrable coupling of multi-component Guo hierarchy and its Hamil-
tonian structure

Consider a linear space

G = {a= (al,aQ,a3,a4,a5,a6)T}

with the commuting relations

[a,b] = (a3 * ba — ag x bg, a1 * bg — as * ba, a1 * by — ag * by, as * bs — as * by + ag * by
— g * by, a1 % bg — ag * by + ayg * by — a3 * by, a1 * bs — as % by + ay * by — ag * by) T . (30)
It is easy to verify that Gg is a Lie algebra, which leads to the resulting loop algebra
Gs = {a(\) = a\™,a € Gg, [a\™,bA"] = [a, b]A?™ 2", a,b € G} . (31)

Take the following isospectral problem:

¢z:[an]v UaVal/JGés,

(32)
Ve =[Vi], A =0.
According to the definition we can have the following expressions:
s Ul A uz Ug\ T T
= ———IMO——> V = V1 )\’UQ )\’Ug V4 )\’U5 )\’Uﬁ
( 2 b 2)\) 2 b b )\ ) )\ ) ( ) ) ) ) ) ) )
Ty—2 T (s
Vg = Z (Uklm’uka,’m; DR 7’UkM,TI’L) A m7 and U; = (%‘17 qi2y .- 7q'iM) B (Z = 17 2) 3745 k= 17 2) 3745 57 6)
m>0
Solving
Ve =[U,V] (33)
gives rise to
V2,m+1 = Ul,mz + U1 * V3 m,
V2, mz = —V1,m + U2 ¥ V3 m ,
U3,m+1z = U2 * ('Ul,mx + uq * 'U3,m) — Ul *Vi,m,
V5, m+1 = U4,ma + UL * ('U5,m + ug * 'U3,m) — Ug ¥ V2 m
V4m+1 = _(’U5,m+1w + ug * Uﬁ,m—i-l) — U4 *V1,m, (34)
V6, m1s = —U1 * (Vi + Uz * Vs mi1) — U3 * V1 s
V2,0 = V4,0 = V5,0 = V6,0 = 0, V3o =0Q, Vi0=0ar,
V1,1 = —QUage — QU1 + SUL ¥ Uy ¥ U1, v21 = a(uge +ur),
«
Uz = Uz kU2, Vgl = Quz,  Usy = 0, w41 =—0ug*uy.
|
And for an arbitrary natural number n, denoting V_(") =\"V — V_ﬁn) ,
V1,m .
then Eq.(18) can be written as
)\’Ugym
n
(n) _ A3 | onom v U, v = v v, (35)
V+ - A )

m=0 V4,m
where the terms on the left-hand side of Eq.(35) are of
degree > —1, while the terms on the right-hand side

)\’1)57m

)\’U&m
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are of degree < 0. Therefore, Denoting V(") = VJEn) + A, and
“U2nt1 U kv v u T
1% U1, 5+l U4
An: <0a A\ n,0,0, ;L\ 7)\—*vl,n) )
0 U2 U2
U1 *Vn the followi - t tion:
. 4(_2)+[U, Vﬁn)] _ S CR RS e following zero-curvature equation
Us,ntle + U4,n;\r21 U2 * U6t U — V" +[U,v™] =0 (36)
V6, n+1x — U2 * U5 nt1 . .
2 gives an integrable system
|
U
(E *vm) 0 —9—%0 0
U us " x w U2 V2.n U2.n
1
U Vi g — — * Vg, —-——30 -0 00 _ _
e I T N I B DY
us ’U57n+1x 0 0 8 0 U5,n+1 U5,n+1
U
ta t (% * U1 7L) — U6,n+1z 0 _6_4* 0 -1 8,41 V6,n+1
U o ’ u2

From the expression (34), we obtain a recurrence operator

L ¥ -0 — Wy 0 0
u9 w2
Pt % O + ug * 0 ugd 92 + ot * +us0 tug * O 0 0
L = u2 U9 7
9 —ugn e -0 Oug * +uy*
U2 Uz
07 (ug * 0 — uguy*) O~ (ug % ug * —ug x Ougx) O 1(ug %0 —u20?) 9O tug * Qugx
|
which meets From expression (30), we have
0 b3 b 0 bg bs
V2.n V2, n—1
—bs 0 —by —bg 0 —by
—Vi,n —Vl,n—1
=L . bg 7b1 0 b5 71)4 0
Us,n+1 Us.n [av b]T =a’
0 0 0 0 b3 b
V6,n V6,n
o ’ 0 0 0 —by 0 —b
by —b
Therefore, the expression (37) can be written as 0 0 0 b 0
=a"R(b). (39)
“ 0 Solving the matrix equation (8) for F yields
Uz —Qg
up = —JL" . (38) Iy 0 0 Iy 00
us aus
0 Iny O 0 Ins O
Y ! 0 0 Iy 0 01
F= M Mo (40)
. . Iy 0 0 0O 0 O
When taking us = uq = 0, the hierarchy (38) reduces
to the hierarchy (21). According to the definition of 0 Iy 0 0 0 0
integrable coupling, we know the hierarchy (38) is the 0 0 I 0O O O

integrable coupling of multi-component Guo hierarchy {a,b} =(a1 + as) * b+ (az + as) * by + (a3 + ag) * bs

(21).
4+ a1 * by + ag * bs + as * bg . (41)



1924

Dong Huan-He et al

Vol. 15

Hence, we obtain by using the quadratic-form identity

1
= 5(v2 +v5)
1
) up k(2 +vs) A U3*’U2+U4*’U6) .0 —(vg +v1)
-_— = - ) =AT7T=X" 2 42
5 ( o\ (v + o) A A (42)
V2
U3
Comparing the coefficients of A~2"*+1 yields
V2.n + Usn
1) U1,n + V4,n
5_(_U3,n+1 — Vg nt1 — Ut * (V2 + Vs n) — U3 * Vap — Us * Vgp) = (7 — 20)
u 2’02’»”
2U3,n
Taking n = 1 in above equation gives ¥ = —1. Thus, Hamiltonian structure of the expression (37) is derived as
follows:
|
the zero curvature equation
9 Up— V.4 [U,V] =0 (45)
U1y 5u1
9 may be written in a (2+1)-dimensional form
Uzt dug 0H,
Uy = =J § Hn =J ’ (43)
U3y 0 ou U,-V,+[U,V]+V,-U, =0, (46)
(SUg
uat J 6 which is regarded as the compatibility of the follow-
Oy ing Lax pairs. In this section, we try to seek for a
where multi-component (2+1)-dimensional integrable hier-
archy given by Tu’s scheme and the generalized zero-
H, = - %—H(US,n-H + V6,n+1 + UL * (V2,0 + Vs5) curvature equation. In the following, as an example

+ Ug * Vo + Us * Vo) -

Therefore, the expression (37) can be written as

1)
U1 0 61{;1
U au <
w=| 2| =JL =g v | H, . (44)
us aus %
us
us/, 0 5
(SU4

4. Multi-component (2+1)-dim-
ensional Guo hierarchy and its
Hamiltonian structure

Denoting
0 0 0 0 0 0

92 oz

of application, we obtain a multi-component (2+1)-
dimensional Guo hierarchy and its Hamiltonian struc-
ture.

Consider the following isospectral problem:

v, = U, Y], UaV;'(/}EéM,
o (47)
"bt:[vvw], )\t:O,
where
qg r A T
=(z,=%,51
U (2) 2)\) 2 M) s
V = (v1, Avg, Avg) T,
vy = Z (Uky s Vkgoms -+ - » Ukengom ) - A2
m>0
and ¢ = (q1, G2, an) Ty 7= (rire, )
Solving
V, = Ve =[U,V] (48)

gives rise to
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V2,m+1 = —Vl,my + V1,mz + 7 U3,m;
V2,my — V2,mz = —Vl,m +qx* U3,m;
v3,m+1y — VU3, m+lz = ¢ * (vl,my — V1,ma +rx US,m) — T *Vim, (49)

v =0, wv30=0, wv10=aq,

For an arbitrary natural number n, denoting

n V1,m
(n) _ 2n—2m
Vi =" Ao [ A :
m=0
)\’U37m

ARED A AL
then Eq.(18) can be written as
v )

=vi —v® vy,

-y

(50)

where the terms on the left-hand side of Eq.(50) are of
degree > —1, while the terms on the right-hand side
are of degree < 0. Therefore,

—V2,n+1
v v v = 0
T*Vin
-z
Denoting V(™ = V_ﬁn) + A,, and 4, = (0, )\% *
q
v1,n,0)T, the following zero-curvature equation:
Ui = V™M + VW +[u,v™ =0 (51)
gives an integrable system
r r
Ut — Uy = —
q q
t x
r r
(_ * vl,n) - <_ * Ul,n)
_ q z q Y
r
VUl,ne — Viny — a * (U2,7”Ll‘ - 'U2,ny)
r
0 @0
=1 r
P Oy = 0z) (9y — Ox) —U1n
V2,
=7 |, (52)
Vi,n

vo1 =gy — qy + 1),

(83
U3,1 = 54 *(,

(6%
'Ul,l:a(qgm_2qgvy+ny+rx_7“y)+EQ*Q*Q-

where J is a Hamiltonian operator.
From the expression (49), we obtain a recurrence
operator

T T
L0y —02) (0 — 0p) + —x
L (q (Oy = 0z)  (0y — 0a) .

A B
where
A= (0, — ay>g € (9y — 0)

+qx (8" — 0y g (8 — Ox)

r

B:agfaiﬂafay)a*

+qx (9,1 =0, (9y — 8s),
and L meets

V2.n V2. n—1

=L

—U1i,n —V1,n—1

Therefore, expression (52) can be written as

r Oz 0O r
Uy = =
q 0 0y q
t
+ JL" (53)
—aq

If we take 9, = 0, = 0, the system (53) reduces to
the Guo hierarchy.
In terms of F', we can obtain the symmetric ma-

trix
Iy 0 O
F= 0 —Iym 0 |, (54)
0 0 Iy
{a,b} = —a1 *x by —az *x by + a3 *xbs3. (55)
Hence,
oUu 1 oUu 1
{V;a_q}__gvla {Vag}__§v27
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and

oU 1 1
{V,a} = —57“*’()2 + 5)\’()3.

In a way similar to that in the last section, we have

4] v
—Hn _ 2,n 7
ou —U1n
1
Hn = —m(T *V2n — ’Ug,n_;,_l) .

Thus, we obtain the Hamiltonian structure of the
multi-component (2+1)-dimensional Guo hierarchy,

when n = 0, and Hy = —§¢ * ¢, that is

Hy, Q%

Hos ol B
6

Hon @z,

Hamiltonian structures of integrable coupling of other
hierarchies such as AKNS hierarchy, KN hierarchy and
so on, can be obtained by use of the quadratic-form
identity that is presented in this paper. Discussion of
problems of this kind will appear in another paper.
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