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By coupling the non-equilibrium extrapolation scheme for boundary condition with the multi-relaxation-time

lattice Boltzmann method, this paper finds that the stability of the multi-relaxation-time model can be improved

greatly, especially on simulating high Reynolds number (Re) flow. As a discovery, the super-stability analysed by

Lallemand and Luo is verified and the complex structure of the cavity flow is also exhibited in our numerical simulation

when Re is high enough. To the best knowledge of the authors, the maximum of Re which has been investigated by

direct numerical simulation is only around 50 000 in the literature; however, this paper can readily extend the maximum

to 1000 000 with the above combination.
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1. Introduction

As a mesoscopic numerical approach, the lat-

tice Boltzmann method (LBM) is originated from

the lattice-gas automaton (LGA),[1] but it overcomes

some drawbacks of the LGA, such as large statistical

noise, limited range of physical parameters, and non-

Galilean invariance.[2] In the past few years, we have

witnessed a rapid development of the method known

as LBM, In comparison with the conventional numeri-

cal algorithms, the kinetic features of the LBM enable

it to be more effective for simulating complex fluid

flows, such as thermal flows,[3,4] multiphase flows,[5,6]

porous media,[7,8] magnetohydrodynamic systems[9,10]

and so on.

The multiple-relaxation-time (MRT) LBM, as the

generalized LBM or the moment method, overcomes

some obvious defects of the lattice Bhatnagar–Gross–

Krook (LBGK) model, such as fixed Prandtl num-

ber and fixed ratio between the kinematic and bulk

viscosities.[11,12] In addition, what should be men-

tioned is, compared with the popular LBGK model,

which is also called the single-relaxation-time (SRT)

LBM, the stability of the LBM can be improved

greatly by incorporating the MRT scheme.[13] In re-

cent years, the MRT LBM has attained more and more

attention from many researchers, and been applied in

many fields. However, to our knowledge, the striking

stability was only analysed theoretically by Lallemand

and Luo,[13] and it has not been validated in practical

numerical simulation, especially when Re is high.

Numerical methods for two-dimensional steady

incompressible Navier–Stokes equations are often

tested on a very well known benchmark problem, the

lid-driven cavity flow. Despite the fact that the geom-

etry of the lid-driven cavity is very simple, the flow

retains a rich fluid flow physics manifested by multi-

ple counter-rotating recirculating regions on the cor-

ners of the cavity depending on the Reynolds number.

In the literature, there are many numerical methods

applied to this problem. The problem is studied ex-

tensively, but the investigated Re is finite. There is

an interesting phenomenon, that many studies derive

the same results only when Re ≤ 10000, but there are

few reports on higher Re, and this is an incentive to

our study of this problem and attempt to give some

illuminative results on high Re.

Among the numerous studies found in the liter-
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ature, it is necessary for us to give a brief survey of

some of the significant studies on the lid-driven cavity

flow. Ghia et al
[14] have applied a multi-grid strategy

and presented solutions for Reynolds numbers as high

as Re = 10000 with a 257×257 lattice. Hou et al
[15]

have used LBM for simulating the cavity flow with a

256×256 lattice and presented solution up to Reynolds

number of Re = 7500. Nallasamy and Prasad[16] have

presented steady solutions for Reynolds number up

to Re ≤ 50000. Zhou et al
[17] have investigated the

solutions of driven cavity flow for Reynolds number

as high as Re = 52900 with LBGK model. Rams̆ak

and S̆kerget[18] have presented some steady solutions

when Re up to 50000. Recently, Erturek et al
[19]

have pointed out that the solutions derived by Nal-

lasamy and Prasad[16] is inaccurate due to excessive

numerical dissipation caused by their first order up-

wind difference scheme and presented steady solutions

for Re ≤ 21000. In addition, it should be mentioned

that the combination of LBM with subgrid model

has been proposed by Hou[20] for simulating the two-

dimensional lid-driven cavity flow up to a Reynolds

number of 1000 000 on a 256 × 256 lattice.

The rest of this paper is organized as follows. In

Section 2, the two-dimensional MRT LBM and the

non-equilibrium extrapolation scheme for boundary

treatment are introduced. In Section 3, numerical

simulation on two-dimensional lid-driven cavity is per-

formed for testing the super stability of the method

and the Re is investigated to 1000 000. Summary and

conclusions are given in Section 4.

2. The MRT LBM and the

non-equilibrium extrapolation

scheme

2.1. The MRT LBM

For the sake of simplicity without losing general-

ity, we shall only consider the case of a simple nine-

velocity on a square lattice, the nine possible velocities

in the D2Q9 model are ci, i ∈ {0, 1, 2, 3, 4, 5, 6, 7, 8}

ci =















(0, 0), i = 0,

(cos[(i − 1)π/2], sin[(i − 1)π/2])c, i = 1, 2, 3, 4,

(cos[(2i − 9)π/4], sin[(2i − 9)π/4])
√

2c, i = 5, 6, 7, 8,

where c=∆x/∆t, ∆x and ∆t are the lattice grid space

and time step respectively. In MRT LBM, c is usually

set to be 1, i.e. ∆x = ∆t.

Recently, Lallemand and Luo[13] have concluded

that MRT model could be used for improving the nu-

merical stability of LBM, and performed the theoret-

ical analysis on the dispersion, dissipation, isotropy,

Galilean invariance, and stability characteristics of

a generalized lattice Boltzmann equation model pro-

posed by D’Humières.[11] In this paper, we will only

pay attention to the MRT model, which is proposed by

Lallemand and Luo.[13] In their model, a new column

vector of macroscopic variables and the distribution

functions are defined as follows:

|̺〉 ≡ (ρ, e, ε, jx, qx, jy, qy, pxx, pxy)
⊤

,

|f〉 = (f0(x, t), f1(x, t), f2(x, t), f3(x, t), f4(x, t), f5(x, t), f6(x, t), f7(x, t), f8(x, t))
⊤

,

where ⊤ denotes the transpose operator, and |̺〉 is related to |f〉, the relation between them can be expressed

as

|̺〉 = M |f〉, (1)
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where

M =
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0 0 1 0 −1 1 1 −1 −1
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








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























,

which is a 9×9 matrix transforming |f〉 to |̺〉. In the

column vector |̺〉, ρ is the density, e is the energy, ε is

the square of the energy, jx and jy correspond to the

x and y components of momentum, qx and qy corre-

spond to the x and y components of energy flux, pxx

and pxy correspond to the diagonal and off-diagonal

component of the viscous stress tensor. One of the im-

portant advantages of the above MRT model is that

macroscopic variables can be readily derived if the |f〉
is known. In addition, due to the conservation of the

mass and momentum before and after collision, the

total mass and momentum have no need to relax at

all.

The evolution equation of the model is

|fi(x + ci∆t, t + ∆t)〉 − |fi(x, t)〉 = M−1S[|̺(x, t)〉 − |̺(eq)〉], (2)

where S is a diagonal relaxation matrix:

S = diag(0,−s2,−s3, 0,−s5, 0,−s7,−s8,−s9), (3)

|̺(eq)〉 is the equilibrium values of the |̺(x, t)〉, which can be written as[13]

|̺(eq)〉 = (ρ, e(eq), ε(eq), jx, q
(eq)
x , jy, q

(eq)
y , p

(eq)
xx , p

(eq)
xy )

⊤

, (4)

where the equilibrium values of the non-

conserved moments in the above equations

e(eq), ε(eq), q
(eq)
x , q

(eq)
y , p

(eq)
xx and p

(eq)
xy can be also de-

rived from the following equations:[13]

e(eq) = −2ρ + 3(j2
x + j2

y),

ε(eq) = ρ − 3(j2
x + j2

y),

q
(eq)
x = −jx,

q
(eq)
y = −jy,

p
(eq)
xx = j2

x − j2
y ,

p
(eq)
xy = jx × jy.

(5)

It should be mentioned that the evolution process

of the MRT model still consists of two parts: collision

and propagation. The collision is executed in momen-

tum space

|f+
i (x, t)〉 = |fi(x, t)〉+ M−1S[|̺(x, t)〉 − |̺(eq)〉], (6)

but the propagation is executed in velocity space

|fi(x + ci∆t, t + ∆t)〉 = |f+
i (x, t)〉. (7)

Therefore, the evolution process includes the transfor-

mation between the momentum space and the velocity

space.

In addition, in order to let the density do not ap-

pear in the terms jx and jy, we also choose a modified

equilibrium distribution function proposed by He and

Luo,[21]

f
(eq)
i = wi

{

ρ + ρ0[3(ci · u) +
9

2
(ci · u)2 − 3

2
u2]

}

,

where wi is weight coefficients of the equilibrium dis-

tribution function, w0 = 4/9, w1 = w2 = w3 = w4 =

1/9, w5 = w6 = w7 = w8 = 1/36, the mean density ρ0

is usually set to be 1.0 in numerical simulation.

2.2. The non-equilibrium extrapolation

scheme

As Chen[22] said, ‘To a certain degree, achieving

self-consistent boundary conditions with a given accu-

racy is as important as developing numerical schemes

themselves’, which expresses that the treatment for

boundary condition is so crucial in LBM. MRT model

is more stable than the LBGK model, but the influ-

ence of treatment for the boundary condition is not

considered by Lallemand and Luo.[13] D’Humières et

al
[12] also have pointed out that the local analysis of
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MRT model does not consider boundary conditions

and therefore the system may be less stable in actual

simulations. So finding a scheme for the boundary

condition which is compatible with the MRT model

is also important in simulating complex fluid flows.

Until now, many investigations have been carried out

and several schemes have been proposed, such as

bounce back scheme, kinetic scheme, specular reflec-

tion scheme, etc. Recently, the non-equilibrium ex-

trapolation scheme is proposed by Guo et al
[23] for the

boundary condition, which is a second-order scheme in

numerical accuracy and compatible with the accuracy

of the LBM. Through mass numerical experiments and

comparison with other schemes, we find that the globe

stability of the MRT can be further improved by cou-

pling the non-equilibrium extrapolation scheme. The

superiority of the MRT model is exhibited in our nu-

merical experiments.

The boundary condition is usually given by

macroscopical variables, such as velocity or pressure.

The distribution function fi(x, t) is usually not given

directly at the boundaries. Therefore, we must de-

termine the distribution function at the boundaries

from the given macroscopic variables. Suppose xb

lies at the boundary and xf is the nearest node in

the fluid, and notice that the distribution function

fi(xb, t) can be decomposed into its equilibrium and

non-equilibrium parts,

fi(xb, t) = f
(eq)
i (xb, t) + f

(neq)
i (xb, t), (8)

where f
(eq)
i (xb, t) and f

(neq)
i (xb, t) are equilibrium and

non-equilibrium parts of fi(xb, t) respectively. Gen-

erally speaking, between the two macroscopic vari-

ables in f
(eq)
i (xb, t), density ρ and velocity u, only

one is given by the boundary condition. In the

non-equilibrium extrapolation scheme, the unknown

macroscopic variable is replaced by the known macro-

scopic variable at the node xf , and f
(neq)
i (xb, t) in

Eq.(8) can be replaced by f
(neq)
i (xf , t), so we can

derive all the unknown distribution functions at the

boundary from Eq.(8).

3. Numerical experiments

Numerical experiments are implemented on a two-

dimensional lid-driven cavity and the investigated Re

ranges from 20 000 to 1000 000. The two-dimensional

lid-driven cavity has been investigated by many re-

searchers with several kinds of methods.[15,17,19,24]

However, the maximum of Reynolds number in their

simulations is only around 50 000 and the presented

results have not apparent differences. Compared with

these existing results, the aim of the present work is

to verify the striking stability of MRT model, and si-

multaneously the shape and structure of the flow in

the lid-driven cavity are investigated when Re is very

high.

3.1. Selection of relaxation parameter

The configuration of the lid-driven cavity consid-

ered in this paper consists of a two-dimensional square

cavity whose top plate moves from left to right with a

uniform velocity U0, while the other three walls are

fixed. In our simulation, U0 is set to be 0.1, the

Reynolds number is defined in the problem as

Re = LU0/ν, (9)

where L = 1 is the height and width of the cavity, ν

is the kinematic viscosity which is defined as

ν =
1

3
(τ − 1

2
)∆t, (10)

so the relaxation time can be obtained from the

Eqs.(9) and (10) as

τ = 3U0/(∆t Re) + 1/2, (11)

the relaxation parameters in Eq.(11) can be chosen as

s1=s4=s6=0, s2=1.1, s3=1.0,s5=s7=1.2, s8=s9=
1

τ
.

3.2.Numerical results

Before demonstrating the results on high Re, the

accuracy of the MRT model is first tested through the

numerical comparison with other models, and the de-

tailed results listed in Table 1.

Subsequently, numerical simulations are car-

ried out on a 257×257 lattice for Re from 20 000

to 100 000, 513×513 lattice for Re=500000 and

Re=1000000; the corresponding relaxation param-

eter w = 1/τ can be derived from Eq.(11)

as 1.984 757 (Re=20000), 1.993 875 (Re=50000),

1.996 933 (Re=100000), 1.998 772 (Re=500000) and

1.999 386 (Re=1000000). To make the behaviour of

the flow numerically stable, the iterative time step

must be long enough, which is fixed at 1000 000 in

all numerical experiments. Here, some results includ-

ing the streamlines, the velocity, the mean velocity

and the root-mean-square (rms) velocity along verti-

cal and horizonal lines at various Reynolds number

are presented in the following figures.
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Table 1.The locations (x, y) of primary and secondary vortices

Re model xc yc xl yl xr yr

5000 MRT 0.5156 0.5352 0.0742 0.1328 0.8086 0.0742

SRT 0.5195 0.5352 0.0742 0.1328 0.8086 0.0742

Ghia.U 0.5117 0.5352 0.0703 0.1367 0.8086 0.0742

Hou 0.5176 0.5373 0.0784 0.1373 0.8078 0.0745

Erturk.E 0.5150 0.5350 0.0733 0.1367 0.8050 0.0733

7500 MRT 0.5117 0.5352 0.0664 0.1486 0.7891 0.0664

SRT 0.5156 0.5352 0.0742 0.1328 0.8047 0.0742

Ghia.U 0.5117 0.5322 0.0645 0.1504 0.7813 0.0625

Hou 0.5176 0.5333 0.0706 0.1529 0.7922 0.0667

Erturk.E 0.5133 0.5317 0.0650 0.1517 0.7900 0.0650

10000 MRT 0.5117 0.5313 0.0469 0.1593 0.7773 0.0586

SRT 0.5117 0.5313 0.0625 0.1563 0.7813 0.0625

Erturk.E 0.5117 0.5300 0.0583 0.1633 0.7767 0.0600

20000 MRT 0.5078 0.6094 - - - -

SRT 0.4883 0.5703 - - - -

Erturk.E 0.5100 0.5267 - - - -

(xc, yc): the location of primary vortex, (xl,r , yl,r): the locations of secondary vortex in the bottom corners.

From Fig.1, we can derive that the flow region

near the wall is the first part changed into turbulence,

but different parts of the flow domain remain at differ-

ent levels of turbulence activity and some parts may

remain laminar even though unsteady when Re is up

to 20 000. However, when Re ≥50 000, the flow in the

cavity becomes turbulent completely, even though the

plot of streamline for Re =50000 shows a relatively

stable primary vortex, however, the shape and the

structure of flow change greatly with time, this can

be validated by the plot of vortex. When Re is in-

creased to 100 000, the core of primary vortex changes

apparently and rotates with time, and the secondary

vortices become more oscillating. For Re as high as

500 000, there is no apparent or strict primary vortex

in the middle domain. When Re is further increased

to 1000 000, many small vortices appear in the middle

domain of the cavity, the whole domain becomes more

unordered than that reported in Ref.[20]. Apart from

looking at the distribution of components of the veloc-

ity and the mean velocity on the centrelines at various

Re in Figs.2 and 3, it will be quite instructive to see

how the rms velocity is distributed. The profiles of

the rms velocity on different centrelines at various Re

are presented in Fig.4. These plots show clearly the

effects of the high Re on the related pattern and some

results agree well with those reported by Hou.[20]
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Fig.1. The streamline and vortex contours of Re=20000, 50000, 100000, 500000, 1000000.

Fig.2. Computed u-velocity and v-velocity profiles on different centrelines at various Reynolds numbers.

Fig.3. The time-averaged velocity profiles on different centrelines at various Reynolds numbers.

Fig.4. The root-mean-square (rms) velocity profiles of u and v on different centrelines at various Reynolds numbers.
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With the increase of the Re, especially when the

flow changed into turbulence, the requirement for pre-

cision becomes more important and must be consid-

ered in practical numerical experiments. To present

an accurate result, the grid must be fine enough; how-

ever, due to the constraint of the computer’s efficiency,

the finest grid in the present work is only 1025×1025.

As an example, the effect of the grid is taken account

of only for Re=1000000; we find that the effect of

grid on the time-averaged velocity profiles on different

centrelines is very important. There is an important

changing point when the lattice is in the transition

from 257 × 257 to 513 × 513; however, there is no

great change when much finer lattice 1025 × 1025 is

applied, so the 513 × 513 lattice may be enough for

forecasting the time-averaged structures of the flow.

We also find that the plots of the time-averaged ve-

locity profiles on centrelines are closer to the low Re

case (Fig.3) with the finer grid, which can be a rea-

son for us to conclude that the results derived may

be wrong when the coarse grid is applied; the detailed

results are presented in Fig.5.

Fig.5. The time-averaged velocity profiles on different centrelines at different sizes of lattice.

It is a pity that there is no detailed literature on

simulating high Re flow in two-dimensional lid-driven

cavity, and no numerical results or experimental data

for verifying our numerical experiment. Further study

is needed.

4. Summary and conclusion

In the current study, the striking stability of MRT

model is further verified in our numerical simulation,

and some preliminary results for high Re flow in two-

dimensional cavity are presented. As for accuracy,

further study is greatly needed. The research work

of this paper can be seen as a continuation of our

previous work;[17,25,26] it is a little premature for us

to conclude that the MRT model can provide an ex-

act solution for lid-driven cavity flow due to lack of

comprehensive comparable results from direct numer-

ical simulation and experimental investigation under

high Re condition. However, it opens a door for us

to understand the behaviour of flow when Re is high

enough. In addition, it should be mentioned that the

non-equilibrium extrapolation scheme for boundary

condition also plays an important role in our simula-

tion, when other popular scheme for boundary, such as

the bounce back scheme, is coupled with MRT model,

the maximum of Re which can be tested is only about

10000. In fact, much higher Re also can be tested

by the proposed combination in this paper as long as

relaxation parameter w < 2(stable condition). In fu-

ture, the accuracy for presented results needs to be

verified by parallel computation with much finer grid.
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